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ABSTRACTTolerance assessment is a key step in maintaining and improving quality in manufactured prod-ucts. This report describes how a class of design and tolerance speci�cations can be formulatedin terms of parametrized curves and surfaces and parameter and form constraints. The toler-ance assessment problem can then be addressed by optimization techniques. It is shown howmany important tolerance assessmentproblems can be formulatedas simplematchingproblemsfor which e�cient solution algorithms can be developed.
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NPL Report DITC 210/921 INTRODUCTIONThis report is concerned with mathematical techniques underlying computer-aided inspectionmethods used for checking whether a manufactured part is within tolerance and is aimed atthose who want to develop or use tolerance assessment software.Tolerancing questions feature strongly in the drive to improve quality in manufactured prod-ucts at all stages. At the design stage, once the functional requirement of a part has beenestablished, the designer will arrive at a part speci�cation which is in some sense optimal.Due to variability inherent in the manufacturing process the designer will also have to specifyhow far the manufactured product can depart from its optimal speci�cation and still meetits functional requirement. This is done by specifying various tolerances associated with thedesign.At the manufacturing stage, parts will need to be inspected and compared with their designand tolerancing speci�cation. The information gathered at this stage can be used in two ways.Firstly, parts which do not meet the speci�cation can be rejected (possibly for reworking).Secondly, the behaviour of the manufacturing process can be monitored, providing a feedbackcontrol mechanism which can tune the manufacturing system so as to minimise the number ofparts produced out of tolerance.A major part of the inspection process is the comparison of the manufactured part with itspeci�cation. One approach is to manufacture hard gauges and physically compare the partwith the gauge. For example, a part's maximum diameter can be checked by �tting it into aring gauge. The advantage of this method is that it gives a fairly unambiguous answer. Amongthe disadvantages of themethod is that it is in
exible. In particular, the tolerance speci�cationis e�ectively de�ned by the number and use of the hard gauges. Also, the method gives nodirect information about drifts in the behaviour of the manufacturing system.In a computer-aided inspection setting, a part is measured by a coordinate measuring system(CMS) yielding a data set X representing data points xi, i 2 I, related to the part's surface.The data set is then compared with the tolerancing information using tolerance assessmentsoftware. The advantages of this method are i) it can be 
exible since the tolerancing informa-tion is represented in software, ii) it is amenable to automation and iii) the assessment softwarecan also return information about the manufacturing process. A disadvantage of the method isthat without additional information it can only make statements about the data set X ratherthan the actual manufactured part.The process outlined above gives rise to a number of questions:1. Given a functional requirement and a design, what tolerancing information should besupplied in order that the manufactured part will achieve its functional requirement atminimal total cost (i.e. cost to the manufacturer and cost to the user over the part'slifetime)?2. How can tolerancing information be represented in a form suitable for computer-aidedassessment?3. How can data points representing a part be compared with its tolerance speci�cation andwhat information can be derived about the state of the manufacturing system?(0)[abf.tex.tol]gt.ps 1



NPL Report DITC 210/924. What is the best data distribution to ensure maximum representativeness with respectto the tolerances?This report concentrates on questions 2 { 4 with the main focus of attention on No. 3. We aimto formulate tolerance assessment problems in a way that allows for their solution through theapplication of optimisation techniques. Algorithms for solving tolerance assessment problemswill be described in a companion report [20]. In section 2 we give a general formulation oftolerance assessment in terms of optimisation and mathematical programming. In section 3,we discuss aspects of tolerance assessment problems which are of practical importance. Insections 4 to 7 we describe various tolerance assessment problems in terms of the generalframework. In section 8 we brie
y consider how some assessment problems can be simpli�ed.Section 9 contains our concluding remarks.1.1 NOTES AND REFERENCESAn excellent survey of the types of problems associated with tolerancing is given in [32]. Seealso [1], and [29, 30, 31, 23] and the references therein. Tolerance assessment has become animportant factor in a `total quality' approach to design and engineering pioneered by Demingand Taguchi; see e.g. [24, 5] for discussions on this `quality philosophy'. The di�cult problemof how to set tolerances to minimise total costs is considered in [27, 28]2 GENERAL FORMULATION OF TOLERANCE ASSESSMENTIn this section we outline the main components of tolerance assessment: the representation ofthe ideal geometry and tolerance information, measured data points and the comparison of themeasured data with the tolerance speci�cation.2.1 PARAMETRIZED CURVES AND SURFACESWe assume that the ideal design (on an engineering drawing or computer-aided design (CAD)system, for instance)canbe representedas a unionof componentseachofwhich is a parametrizedcurve or surface de�ned in a common frame of reference. For example, a circle in two dimen-sions is parametrized by its centre coordinates (a; b) and radius r0 and a particular circle isspeci�ed by giving the values of these three parameters. Thus, the ideal design can be speci-�ed by a �nite number nK of `elements' ak 7! Sk(ak), k = 1; : : :; nK, denoted collectively bya 7! S(a) with a = (a1; : : :; anK), along with actual values for the parameters ak. For simpledesigns, the total number of parametersmay be of the order of 10; for more complicated shapesincluding those designed using CAD tools, hundreds of parameters may be required. Note thatthe parameter values will refer to the �xed frame of reference of the design speci�cation.We sometimes refer to a 7! S(a) as the nominal form.2.2 TOLERANCESTolerances set limits on how far the manufactured workpiece can depart from the ideal andstill be regarded as acceptable. 2



NPL Report DITC 210/92Parameter tolerances. The simplest type of tolerances are those which relate only to thevalues of the parameters. For example, the ideal value for the radius of a circular arc maybe 100mm but circles with radii between 98 and 102mm could be acceptable. Similarly thedistance between two circle centres may ideally be 300mm but a separation between 295 and305 could be acceptable. These two tolerances can be expressed asjr0� 100j � 2;and j [(a1� a2)2+ (b1� b2)2]1=2� 300 j � 5:In general, each parameter tolerance can be expressed in terms of a function c, say, of theparameters a as an inequality of the form c(a)� 0:Each inequality usually involves only a subset of the parameters a. We will denote the set ofparameter tolerances by C(a)� 0:Form tolerances. Parameter tolerances relate to ideal geometries such as a circle speci�edin the design. The manufactured artefact will not be an ideal curve or surface but will haveform error, and tolerances will be required to de�ne the limit of acceptability of this error. Forexample, a tolerance on circularity of a curveC might require that there exist concentric circlesC1 and C2 of separation at most s such thatC lies betweenC1 and C2. This can be expressedmathematically as: there exist a, b, r1 and r2 withjr1� r2j � sand such that for all x = (x; y)2 C,r1 � [(x� a)2+ (y� b)2]1=2 � r2:In general, form tolerances relate points x on the surface of the workpiece with the parametersa of the nominal shape through inequalities of the formf(x;a)� 0:These constraints can be quite varied in nature involving not only departure from nominalform but also curvature and roughness, for example. We will denote the set of form tolerancesde�ned on data pointsX by F (X;a)� 0:The main di�erence between the parameter constraints and the form constraints is that theform constraints involve measured data while the parameter constraints do not.2.3 MEASURED DATA POINTSIn computer aided inspection, the comparison of the manufactured artefact with its speci�ca-tion is made through a data set, gathered by a coordinate measuring system (CMS), whichrepresents points lying on the surface(1) of the artefact. If the design is given in terms of (ideal)(1)The problem of probe radius deconvolution is not considered here; see Cox and Forbes [12], forexample. 3



NPL Report DITC 210/92parametrized surfaces ak 7! S(ak), k = 1; : : :; nK, the artefact will be made up of correspond-ing surfaces Sk and for each Sk, there will be a set of data points Xk = fxi : i 2 Ikg lyingin Sk, modulo measurement error. We will denote the combined set of measurements by X.Note that these data points will be given in the frame of reference internal to the CMS and ingeneral this frame will be di�erent from that used in the design speci�cation.2.4 TOLERANCE ASSESSMENTThe general tolerance assessment problem can now be stated as:Given a design speci�cation a 7! S(a);and a workpiece S with data points X lying on S, �nd parameters a (if they exist) whichsatisfy the parameter constraints C(a)� 0;and form constraints F (X;a)� 0:Example: Circle with tolerances on radius and circularity. Suppose a design speci�esa circle of radius 50:000� 0:050mm with a circularity (maximum departure from a circle) of0.020mm and we collect data pointsX = fxi = (xi; yi) : i = 1; : : :; 50g on the workpiece. Thecorresponding tolerance assessment problem(2) is:Find (if possible) a, b, and r0 which satisfy the parameter constraintsr0� 49:050 � 0;50:050� r0 � 0;and form constraints ri� r0+ 0:010 � 0;r0� ri+ 0:010 � 0; ) i = 1; : : :; 50; (1)where ri = [(xi� a)2+ (yi� b)2]1=2. 22.5 PROCESS CONTROLA supplementary problem, important for the control of the manufacturing process, is to give ameasure of the extent to which the tolerance constraints have been met. One measure can begiven by solving an optimisation problem derived from the assessment problem such as:Given a design speci�cation a 7! S(a);and a workpiece S with data pointsX lying on S, �nd parameters a� and s� to solve :maxa;s s;(2)See also section 3.2. 4



NPL Report DITC 210/92subject to the parameter constraints C(a)� s;and form constraints F (X;a)� s:If the maximum value is non-negative, then the solution a� will also solve the tolerance assess-mentproblemand, the greater themaximum, themorewithintolerancethepart (as representedby the dataX).Example: Circle with tolerances on radius and circularity II. In the example of thecircle in section 2.4, the related optimisation problem ismaxa;b;r0;sssubject to parameter constraints r0� 49:050 � s;50:050� r0 � s;and form constraints ri� r0+0:010 � s;r0� ri+0:010 � s; ) i = 1; : : :; 50;where ri = [(xi � a)2+ (yi � b)2]1=2, as before. Note that if s = 0:010 at the solution thenri = r0 indicating that the points lie exactly on a circle. However, the radius r0 need not be atits optimal value of 50.000. We can, though, formulate a normalised optimisation problemmaxa;b;r0;sssubject to parameter constraints r0� 49:050 � 0:050s;50:050� r0 � 0:050s;and form constraints ri� r0+ 0:010 � 0:010s;r0� ri+ 0:010 � 0:010s:If at the solution s is non-negative then the part will be within tolerance while if s = 1 thepart will be perfect (with respect to the tolerances imposed). 23 FEATURES OF TOLERANCE ASSESSMENT3.1 FEASIBILITY OF THE TOLERANCE CONSTRAINTS: OVER AND UNDERTOLERANCINGSuppose we are given a design speci�cation a 7! S(a) with ideal parameters a0, along withtolerance constraintsC(a)� 0 and F (X;a)� 0. An immediate requirement is to con�rm thatthe constraints are consistent. The simplest approach is to check that the ideal parameters a05



NPL Report DITC 210/92satisfy the constraints by evaluatingC(a0) and F (xi; a0) for a su�ciently representative(3) setof pointsX� = fx�i : i 2 Ig on S(a0).Once it has been established that the constraints are consistent, it may be interesting to seehow tight are the tolerances. For example, we may consider optimisation problems of the formmaxp pTGp;whereG is diagonal scaling matrix, subject to the constraintsC(a0+ p)� 0;to examine how far the parameters can stray from their ideal value of a0 and still satisfy theparameter tolerances.We may also examine the implications on form by choosing a suitable distribution of pointsX� = fx�i : i 2 Ig lying on S(a0) and solvingmaxmaxi2I jeijsubject to f(x�i + ei; a0) � 0:By lookingat optimisationproblemssuchas these, it maybe possible to showthat combinationsof tolerances are either too lax or too tight when compared with the designer's intention or thefunctional requirement. Importantly, these calculations can be performed at the design stageas part of the design process.Example: Tolerances on an arc of circle. Consider the following speci�cation of a circle:the circle is to pass through (0;5:0) and (0;�5:0) and have a radius of 100:0� 0:1. We canshow that if the radius is 99.9 then the circle passes though (0.1252,0) while if the radius is100.1 the circle passes through (0.1250,0). This shows that a tolerance of �1mm on the radiusimplies a much tighter tolerance of �0:1micrometres on where the circle crosses the x-axis; see[13] for a discussion on tolerancing problems associated with partial arcs. 23.2 AMBIGUITY OF THE TOLERANCE SPECIFICATIONTolerances de�ned using natural language terms are sometimes ambiguous.Example: Circle with tolerances on radius on circularity III. In the example ofsection 2.4, the tolerance on the radius of the circle was interpreted as applying to the radiusgiven by the average of the maximum and minimum distance from the points to the circlecentre and this gave rise to constraints (1). Another interpretation of the tolerances gives riseto the following (di�erent) assessment problem:Find a, b, and r0 satisfying the parameter constraintsr0� 49:050 � 0;50:050� r0 � 0;(3)See section 3.3. 6



NPL Report DITC 210/92and form constraints maxi ri� r0 � 0;r0�mini ri � 0;0:020� (maxi ri�mini ri) � 0; 9>=>; i = 1; : : :; 50: 2The formal speci�cation of tolerances in terms of parameter and form constraints removes theproblem of ambiguity in tolerance speci�cation and moreover facilitates greatly the automaticgeneration of tolerance assessment software from tolerancing speci�cations.3.3 MEASUREMENT STRATEGYOne of the most important factors governing the e�ectiveness of tolerance assessment is themeasurement strategy used to gather the data points X: i) the number of data points tocollect, and ii) their location on the workpiece surface. The strategy adopted will depend ona) functional requirement, b) stability of the manufacturing process and c) the nature of thetolerances. Clearly, the more data points that are collected, the more reliable the toleranceassessment is likely to be. However, economic considerations will limit the number of datapoints it is possible to gather and it will be necessaryto balance the need for reliable informationwith these constraints.Example: circularity of a lobed circle. Consider the problem of determining the cir-cularity of a lobed circle. This problem has practical importance since many manufacturingprocesses introduce lobing to surfaces of revolution. A circle with q lobes is described in polarcoordinates by r(�)= r0+Acos(q�+ �0);the circularity of such a circle is 2A. If we sample the circle at angles �i, i 2 I, then theestimate of circularity obtained from the points is bounded above by2a= maxi A cos(q�i+ �0)�mini A cos(q�i+ �0):We wish to choose �i so that this bound is as close to 2A as possible. If there are m pointsuniformly spaced around the circle, it is not di�cult to show that if m and q have no commonfactor, then A � a � A cos �m; m even;A cos2 �2m � a � A cos �2m; m odd:We note that for m odd, 2a underestimates the circularity by at least a factor of cos �2m andwe can therefore take as our estimate of Aâ = a= cos �2m � A cos �2m:Table 1 shows the value of cos �2m for m small and prime. Five points will detect 95% of thelobing if the number of lobes q is not a multiple of 5, while eleven points will detect 99% of thelobing if q is not multiple of 11. The use of an even number of points for detecting lobing isnot recommended. Figure 1 shows two distributions of six points on a three lobed circle; oneset marked � detects 100% of the lobingwhile the other set marked o fails to detect any lobing.7



NPL Report DITC 210/92Table 1 Values of cos �2m for small primes.m cos �2m m cos �2m5 0.9511 19 0.99667 0.9749 23 0.997711 0.9898 29 0.998513 0.9927 31 0.998717 0.9957 37 0.9991By contrast the seven points shown in Figure 2 detects 97.5% of the lobing, slightly above thetheoretical minimum given in Table 1.
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Figure 1. Two sets of six points uniformly spaced on a three-lobed circle. Thepoints marked � detect 100% of the lobing while the points marked � fail to detectany form deviation.
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*Figure 2. Seven points uniformly spaced on a three-lobed circle detect at least 97%of the lobing. 2The analysis in the example above exploits a knownmodel for the expected form error, namelylobing. In the general case, only partial models for the form error will be known and it may be8



NPL Report DITC 210/92necessary to use empirical models such as spline curves and surfaces to take into account theerrors in form introduced by the manufacturing process.In more detail, suppose the nominal form is given by a 7! S(a). We assume that the manufac-tured artefact S can be described as S = S(a)+ E(v):where the E(v) models the form error in terms of parameters v which represent known formerrors (such as lobing) and/or empirical errors. The measurement strategy problem is:Given tolerances on form represented by F (S;a) � 0; choose a �nite subset of points X � Ssuch that if F (X;a)� 0;then the tolerances on S also hold.A probabilistic approach to this problem can be adopted where it is assumed that the parame-ters a and v belong to known statistical distributions. For any givenX we determine (throughsimulation or otherwise) the probability that X will indicate correctly that the part is withintolerance. This information can be fed into a cost function V depending on, for example, thepotential costs of making a wrong decision and the cost of performing the measurements X.The optimal distribution can then be sought:minX V (X):It is clear that �nding a good de�nition for such a function is a non-trivial matter but in manyways it is key to developingan e�ective tolerance assessment and quality improvement strategy.Again, this type of calculation can be performed at the design stage.3.4 MEASUREMENT ACCURACYIn the discussiononmeasurementstrategyabove it is implicitlyassumed thatthemeasurementsX represent points lying on the surface of the artefact S. In fact each data point xi will besubject to a measurement error ei so thatxi = x�i + ei;with x�i 2 S denoting the point on S nearest xi. The tolerance assessment is performed usingX and if the errors ei are signi�cant compared to the form error (or the tolerances on the formerror), the e�ectiveness of assessment may be seriously undermined.Example: 
atness of surface tables. In the assessment of the 
atness of a surface table,the gradients between between pairs of points lying on the surface of the table are measured.These gradients are used to estimate the minimal separation of two parallel plane containingthe surface of the table (i.e., its 
atness). However the errors in the gradient measurementsmean that even if the tablewas perfectly 
at, the 
atness estimate would be non-zero; see [7, 9]2For simple tolerance assessment, the minimal requirement on measurement accuracy is thatthe measurements can be used to distinguish with a high probability of correctness betweenparts which are within and out of tolerance. For process control, it is also necessary to detectdrifts in the manufacturing process and this will demand greater accuracy.9



NPL Report DITC 210/923.5 MATHEMATICAL PROGRAMMING AND TOLERANCE ASSESSMENTThe tolerance assessment problem is, as stated in section 2.4:Find parameters a (if they exist) to satisfy the constraintsC(a) � 0;F (X;a) � 0: (2)A set of parameters a satisfying the constraints is known as a feasible point; the constraintsdivide parameter space into feasible regions and infeasible regions. Thus the tolerance assess-ment problem is to determine a point in a feasible region. Most problems of this nature aresolved by formulating an associated optimisation problemwhose solution will provide a feasiblepoint if one exists. For tolerance assessment we consider the optimisation problemmaxa;s s (3)subject to the constraints C(a) � s;F (X;a) � s:Note that this is the same formulation as that given for the process control problem in sec-tion 2.5. In general, algorithms to solve (3) will start with an initial estimate of a, determinethe maximal s satisfying the constraints and then iteratively adjust a so as to increase s. If it isonly required to �nd a feasible a, the algorithm can be stopped as soon as s becomes positive.Otherwise the algorithm can continue until a (local) maximum has been found. In this way,two problems can be addressed by the same algorithm: a part can be passed as acceptable assoon as a positive s has been found, and information about the manufacturing process can befound by determining the maximal s.In geometrical terms, the algorithm starts at a point in the infeasible region andmakes progresstowards the feasible region. s becomes positive when the boundary has been crossed and themaximal s is an estimate of the radius of the feasible region. If the part is out of tolerancethen the feasible region is empty.If the constraints in (3) are linear in the parameters a then the optimisation problem is alinear programming problem which can be solved using the simplex algorithm. More likely,the constraintswill be non-linear and non-linearmathematical programming techniqueswill berequired. For complicated artefacts with many components de�ned by many parameters, thetolerance assessment problem in its full generality presents considerable di�culties. Generalpurpose optimisation software, for example sequential quadratic programming routines avail-able in the NAG software library [21], can be applied to these problems but these algorithmsmay not be suitable for implementation in real time applications. In the following sections weconsider ways of simplifying the assessment problems.4 DECOMPOSITION OF MULTI-COMPONENT PROBLEMSFor many multi-component problems, the form constraints decompose into sets of form con-straints, one for each component Sk, so that the optimisation problem can be written as10



NPL Report DITC 210/92maxa;s s (4)subject to the constraints C(a) � s;D(Xk; ak) � s; k = 1; : : :; nK:Example: two hole problem. Suppose two holes are each required to have radius at least10mm and be set at 100�0:2mm apart. These tolerance constraints can be encoded as[(a1� a2)2+ (b1� b2)2]1=2� 99:8 � 0;100:2� [(a1� a2)2+ (b1� b2)2]1=2 � 0; (5)and h(xi� a1)2+ (yi� b1)2)i1=2� 10:0 � 0; i 2 I1;h(xi� a2)2+ (yi� b2)2)i1=2� 10:0 � 0; i 2 I2:The two sets of form constraints are independent of each other in that they have no parameterin common: the link between the parameters is provided by the parameter constraints. 2One method of �nding an approximate solution of (4) is to solve a sequence of problemsmaxak;sk sksubject to D(Xk; ak) � sk;to determine parameters âk and then evaluate the parameter constraints using these parame-ters.Example: two hole problem II. For the two hole problemwe can solve the twomaximuminscribed problems maxak;bk;sk sk (6)subject to h(xi� ak)2+ (yi� bk)2)i1=2� 10:0� 0; i 2 Ik;to determine âk, b̂k, and sk, k = 1; 2, and then evaluateh(â1� â2)2+ (b̂1� b̂2)2i1=2 : 2There are a number of advantages in proceeding this way:Reduction in complexity. The optimisation subproblems are of reduced complexity sincethey only involve a subset of the optimisation parameters a. In very broad terms, if the kthsubproblem involves nk parameters then the computational e�ort for the kth subproblem willbe proportional to n2k compared with (Pnk)2 for the original problem. The subproblems willlikely be easier to solve so that the iterative algorithms will take fewer iterations leading tofurther gains in e�ciency. 11



NPL Report DITC 210/92Tolerance information on each component. The solution of the kth subproblem willprovide information about the form of the kth subcomponent. For the general problem, thisinformation is not immediately available; its solution may indicate that the workpiece is out oftolerance without showing which individual subcomponents (if any) are out of form.Degenerate solutions. If in solving the amalgamated problem the maximal s is determinedby the form constraints of one subcomponent alone, then the parameters determining the othersubcomponents are likely to be ill-de�ned in that changing them has no e�ect on the maxi-mum of s. This phenomenon is known as degeneracy. Although general purpose optimisationsoftware should be able to cope with degenerate solutions, their presence usually degrades thee�ectiveness of the algorithms. The individual subproblems are less likely to be degenerate.Example: two hole problem III. In the two hole problem, if the �rst hole is signi�cantlysmaller than the second, then the coordinates of the second centre are ill de�ned: see Figure 3.
Figure 3. In the two hole problem, the maximal s may be determined solely by theposition of one circle. Both the dashed and dotted circles on the right are associatedwith the same value of the objective function. 2There are also a number of drawbacks for the approach:Solutions are approximate. The solution parameters âk to the subproblems may not sat-isfy the parameter constraints even although the part satis�es the tolerances. This re
ects thefact that solving the sequence of subproblems is not equivalent to solving the original problem.However, the solution parameters âk can be used as starting estimates in solving the completeproblem.Ill-posed subproblems. Although the complete tolerance assessment problemmay be well-posed it is possible that the subproblems are not.Example: two hole problem IV. Figure 4 shows a set of three points on each of the twocircles. The complete tolerancing problem de�ned by the parameter and form constraints iswell posed for this data in that there is a well de�ned local maximum for s: the constraints on12



NPL Report DITC 210/92the separation of the circle centres limit the size of the radii of the inscribed circles. However,each of the subproblems is ill-posed since the maximum inscribed circle to each set of the threepoints is not de�ned.
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Figure 4. In the two hole problem, the constraints on the separation of the circlecentres limit the size of the radii of the inscribed circles. 2The conditioning of the individual subproblems depends on the measurements Xk. The loca-tions of each set of measurements should be determined so as to lead to well-posed subproblemsand in this way avoid situations like the one illustrated above. These questions should be ad-dressed at the design stage when determining measurement strategy.5 GEOMETRIC ELEMENTSWe have argued that the decomposition of tolerance assessment into components is a sensibleapproach. In this section, we look at geometric tolerance assessment problems associated withthe simple geometric elements: lines, planes, circles, spheres, cylinders, and cones.Methods of parametrizing these elements are considered in [10, 17, 2]. The parametrizationof partial arcs and caps of spheres is considered in [18, 13]. Given a parametrized elementa 7! S(a)we can calculate the distanced(x;a) froma pointx toS(a) in termsof the parametersa.Zone tolerances. Zone tolerances specify the maximum deviation � from nominal form:Given a surface S of nominal form S(a), there must exist a such that for all x 2 Sjd(x;a)j � �:Given a set of data points X = fxi : i 2 Ig lying on the surface of S the related optimisationproblem can be expressed as mina;s ssubject to jd(xi; a)j � s; i 2 I:13



NPL Report DITC 210/92If the minimal s is less than � , then the tolerance has been met. The optimisation problemabove is a type of Chebyshev (minimax, L1) approximation problem. The commonly usedterms straightness, 
atness, circularity, sphericity, cylindricity and conicity refer to this typeof tolerance.Inscribing and circumscribing tolerances. Inscribing and circumscribing tolerances re-quire that an artefact can either �t inside an element of �xed size or can contain an elementof �xed size. The element for which these problems are de�ned are the circle in a �xed plane,sphere and cylinder. The associated optimisation problems are i) the maximum inscribingproblem:Given data pointsX = fxi : i 2 Ig, maxa;s ssubject to d(xi; a)� s; i 2 I;and ii) the minimum circumscribing problem:Given data pointsX = fxi : i 2 Ig, mina;s ssubject to d(xi; a)� s; i 2 I;For both problems d is the distance from a point to the circle or sphere centre or cylinder axis.Most functional requirementswill lead to a mixture of formand parameter tolerances, typicallya zone tolerance in addition to tolerances on radius (or angle for a cone).Despite the apparent simplicity of the element tolerance assessment problems, the nonlin-ear nature of the constraint equations means that these problems are far from `elementary'.For lines, planes, circles in the plane, and spheres it is in fact possible to reparametrize theelements so that the constraint equations are linear and this does indeed lead to simpler opti-misation algorithms. For the cylinder, cone and circle in three dimensions (or torus) no suchreparametrization is possible and e�ective algorithms have to embrace a minimal amount ofoptimisation technology.5.1 NOTES AND REFERENCESFor discussions on optimisation subject to constraints see for example, [14, 22, 16]. NonlinearChebyshev approximation problems have received much attention, including [26, 34, 25, 11].In particular, successful algorithms for solving linear Chebyshev approximation problems areavailable e.g. [6]. Tolerancing for circles is set out in BS3730 [8] and algorithms for the relatedoptimisation problemsare described in [3]. Algorithms for solvingtheminimumzone,minimumcircumscribed and maximum inscribed problems are described in [4]. These algorithms can bereadily adapted to incorporate constraints on the element parameters.14



NPL Report DITC 210/926 TEMPLATE MATCHINGIn this section we consider one of the simplest types of tolerance assessment problems wherethe only parameters are those de�ning a change in the frame of reference. It is also one of themost common in practice. Suppose as before that a 7! S(a) represents the nominal form withideal parameters a0. The surface S(a0) speci�es a �xed surface or template in a �xed frameof reference. Suppose also that data pointsX are gathered on the surface of a workpiece by aCMS. As noted in section 2.3, the coordinates of the data points xi will be in a di�erent frameof reference from that of S. The template matching problem is to �nd a frame transformationT which maps the data onto the template in such a way that the transformed data points willsatisfy the form constraints.To formulate this problem more explicitly, we write the transformation T as a combination oftranslations and rotations depending on parameters t.Example: A�ne transformation in two dimensions. A general a�ne transformationT in two dimensions is expressed in terms of three parameters t = (x0; y0; �) by" x̂̂y # = " cos� sin�� sin� cos� #" x� x0y � y0 # : (7)2The template tolerance assessment problem is:Given a template S(a0) and data pointsX = fxi : i 2 Ig representing points on an artefact Sof nominal form S(a), �nd t to satisfy the form constraintsF (X̂; a0) � 0;where X̂ = fx̂i : x̂i = T (t;xi); i 2 Ig.The associated optimisation problem is: maxt;s ssubject to F (X̂; a0) � s:Example: zone tolerances on a template. We can consider zone tolerances on the tem-plate of the form jd(x;S(a0))j � �;where d(x;S(a0) is the distance from a point x to the surface S(a0). Given a data set X =fxi : i 2 Ig of points on the surface of an artefact S, the tolerance assessment problem is:Find t such that jd̂(xi; t)j � �; i 2 I;where d̂(x;t) = d(x̂;S(a0)) = d(T(t;x);S(a0)):15



NPL Report DITC 210/92The associated matching problem is mint;s s (8)subject to jd̂(x;t)j � s; i 2 I:Note that (8) is a Chebyshev approximation problem in the parameters t.In some circumstances the tolerance � will be di�erent for di�erent parts (or components) ofthe template and this can be catered for by modifying the de�nition of d(x;S(a0)). 2Themajor advantage in formulating tolerance assessmentproblems as templatematchingprob-lems is that no matter how complicated the shape is, the only optimisation parameters are thetransformation parameters t since a0 is �xed. This means that practical algorithms can beimplemented for this type of tolerance assessment.7 PART MATINGOne of the most important tolerance assessment problems is to decide if two parts SX and SYwill �t together and if so how closely. We assume that the surfaces of parts SX and SY eachhave nominal form a 7! S(a) and we try to �nd a separating surface S(a) such that SX lieson one side of S(a) and SY lies on the other. This information can be encoded by separationconstraints of the form d(x;S(a)) � 0 � d(y;S(a));for x 2 SX and y 2 SY . We will denote the set of separation constraints generated bymeasurementsX and Y on SX and SY , respectively, byD(X;a) � 0 � D(Y ; a): (9)The general part mating problem can now be formulated as:Find a satisfying the parameter constraintsC(a) � 0;the separation constraints (9) and the form constraints (if any)FX(X;a) � 0;FY (Y;a) � 0:The problem implicitly requires one or two frame transformations to relate X and Y to thesame frame of reference.Example: separating circles. Consider a hole plate with nK holes and corresponding plugplate with nK circular plugs. The obvious question is: will the plugs �t in the hole plate? IfXk = fxi : i 2 Ikg (Yk = fyj : j 2 Jkg) are data sets gathered from circles in the hole (plug)plate, then this mating problem can be expressed as:Find an a�ne transformation T of the form given by equation (7) and circle centres ak andradii rk such thatkxi� akk� rk � 0 � kŷj � akk� rk; i 2 Ik; j 2 Jk; k = 1; : : :; nk;where ŷj = T (t;yj). 216



NPL Report DITC 210/927.1 MATING BY MATCHINGThe partmatingproblemoutlined above asks if a particular partSX representedby data pointsX will mate with a second part SY represented by data points Y . In practice, it is more usefulto set separate tolerances for the SX and SY parts so that any pair satisfying these toleranceswill mate. This can be done by de�ning a template S(a0) for the separating surface. Theassociated assessment problem decomposes into two template matching problems:Given data sets X and Y , �nd i) transformation parameters tX satisfying the one-sided con-straints D(X̂; a0) � 0;and form constraints F (X̂; a0) � 0;and ii) transformation parameters tY satisfying the one-sided constraints0 � D(Ŷ ; a0);and form constraints F (Ŷ ; a0) � 0;where X̂ = fx̂i = T (tX;xi); i 2 Ig;Ŷ = fŷj = T (tY ;yj); j 2 Jg:Weemphasise thattemplatematchingproblemsaremuch easier to solve than separatingsurfaceproblems.7.2 NOTES AND REFERENCES[33] also considers the hole and plug plate problem.8 APPROXIMATEMETHODSOne method of simplifying the tolerance assessment problem is to replace it by easier approx-imate problem! Before discussing how this can be done in practice, we make a few generalobservations.The tolerance assessmentproblemas stated in section3.5 is one of �ndinga point in the feasibleregionR for the constraints. Anymethodwhichgenerates pointswhich lie in the feasible regionwill be satisfactory. Thus we would like to �nd a simpler tolerancing problem whose feasibleregion �R has a high degree of overlap with that of the original problem. Furthermore, we canhope that by �nding a feasible point well inside �R (for example by �nding the maximum ofthe related optimisation problem) there will be a high probability that the point so generatedwill be feasible for R. We may be able to choose a measurement strategy which improves theprobability, perhaps to a certainty.If we can indeed �nd a simpli�ed tolerance assessment problem with good properties then wemay ask why the original assessment problem was posed in the �rst place. With adequatedesign, the tolerance speci�cation should be such that the related assessment problem is as17



NPL Report DITC 210/92simple as possible subject to meeting the functional requirements. More likely, we can �nd anapproximate problem which generates points to solve the original problem in the majority ofcases and can be used as starting estimates for feasible points for the remainder. Note that toshow a part is out of tolerance, the original problem must be solved.We turn now to methods of simplifying the assessment problem.Reducing the number of parameters. We have alreadydescribeda numberways in whichthis can be done: see sections 4, 6, 7.1.Replacing constrained optimisation by unconstrained optimisation.Example: Least-squares approximation. Zone tolerance assessment problems generateChebyshev approximation problems where we are required to minimise the maximum of aset of functions jd(xi; a)j: a constrained optimisation problem. If instead we minimise theroot-mean-square of these functions we get a least squares unconstrained optimisation problemmina Xi2I d2(xi; a);which can be solved using the Gauss-Newton algorithm, for example, to determine the (locally)optimal â. We can then (over-)estimate the zone separation by(maxi d(xi; â)�mini d(xi : â))=2: 2Replacing nonlinear problems by linear problems.Example: minimum zone circle. The minimum zone circle problem is:Given a data set X = fxi : i 2 Ig, mina;b;r0maxi jri� r0j (10)where ri = [(xi� a)2+ (yi� b)2]1=2.We consider instead the problem mina;b;r0maxi jr2i � r20j: (11)If we set � = a2+ b2� r20, we haver2i � r20 = x2i + y2i � 2xia� 2yib+ �;which is linear in the parameters a, b and �. Thus (11) is a linear Chebyshev approximationproblem which can be solved by linear programming methods.18



NPL Report DITC 210/92We can compare the solutions to the two problems. Suppose the minimum � of (10) is attainedwith radii r�i , r�0 and the minimum � of (11) is attained with radii r̂i, r̂0. Then,� � maxi jr̂i� r̂0j = maxi fjr̂2i � r̂20j=(r̂i+ r̂0)g;� maxi jr̂2i � r̂20j=mini (r̂i+ r̂0);� �=(r̂0+mini ri);� �=(r̂0+ (r̂0� �)1=2):Thus solving the linearised minimum zone circle problem gives an upper bound for � .Conversely, � � maxi jr�2i � r�20 j = maxi f(r�i + r�0)jr�i � r�0jg;� maxi (r�i + r�0)�;� (2r�0+ �)�:We can rearrange the last equation to read� � �=(r�0+ (r�20 + �)1=2);which will give a lower bound for � if we have an upper bound for r�0. Unfortunately, this willnot always be the case. 2While approximate methods can be very valuable for �nding feasible points and supplyinginitial estimates of parameters, their indiscriminate use could lead to confusion. For example,a suppliermay insist a part is within tolerance and a customermaintain it is not simplybecausethey use di�erent approximations for the tolerance assessment problem. Ideally, the customerand supplier should agree the design and tolerance speci�cation, the measurement strategy andmethod of assessment early in the design process.8.1 NOTES AND REFERENCESSee, for example [22, 15] for methods for least squares approximation. Algorithms for leastsquares element �tting are described in [17, 19].9 SUMMARY AND CONCLUSIONSThe tolerance assessment problem is vital to e�ective quality improvement and it is importantthat all issues, from functional requirement, tolerance speci�cation, measurement strategy toassessment algorithms are thought through and analysed at the design stage.Design and tolerance information can be stated in terms of nominal form, parameter con-straints, and form constraints involvingmeasured data points. The associated tolerance assess-ment problem requires �nding a point (a set of parameter values) which is feasible with respectto the constraints. This problem can be solved using mathematical programming techniqueswhich in addition can supply important information about the behaviour of the manufacturingprocess. 19



NPL Report DITC 210/92Tolerance assessment problems in their full generality require signi�cant algorithmic sophisti-cation and computational e�ort. However, many important tolerance assessment problems canbe posed as simpli�ed matching problems for which practical algorithms can be developed andimplemented as software.10 ACKNOWLEDGEMENTSThe work reported on here was carried out as part of the `Mathematical Algorithms forMetrol-ogy' project in the National Physical Laboratory's Length programme. This programme is insupport of the National Measurement System and is funded by the Department of Trade andIndustry. Project members G T Anthony, B P Butler, Dr M G Cox, S A Hannaby and Dr PM Harris have contributed to this work. In particular, Gerald Anthony and Maurice Cox gavemany helpful comments on drafts of this report.11 REFERENCES[1] American Society of Mechanical Engineers, New York. Dimensioning and Tolerancing,ANSI Standard Y14.5, 1982.[2] G. T. Anthony, H. M. Anthony, M. G. Cox, and A. B. Forbes. The parametrizationof fundamental geometric form. Technical Report EUR 13517 EN, Commission of theEuropean Communities (BCR Information), Luxembourg, 1991.[3] G. T. Anthony and M. G. Cox. Reliable algorithms for roundness assessment accordingto BS3730. In M. G. Cox and G. N. Peggs, editors, Software for Co-ordinate MeasuringMachines, pages 30 { 37, Teddington, 1986. National Physical Laboratory.[4] G. T. Anthony et. al. Chebyshev reference software for the evaluation of CMM data.Technical report, Commission of the European Communities (BCR Information), Lux-embourg. In preparation.[5] T. B. Barker. Quality engineering by design: Taguchi's philosophy. Quality Assurance,13(3), September 1987.[6] I. Barrodale and C. Phillips. Solution of an over determined system of linear equationsin the Chebyshev norm. ACM Trans. Math. Softw., 1(3):264{270, September 1975.[7] K. G. Birch and M. G. Cox. Calculation of the 
atness of surfaces; a least-squaresapproach. Technical Report MOM 5, National Physical Laboratory, Teddington, 1973.[8] British Standards Institution, London. BS 3730: Assessment of Departure from Round-ness, 1982.[9] British Standards Institution, London. BS 817: Speci�cation for Surface Plates, 1988.[10] BritishStandards Institution,London.BS 7172: British Standard Guide to theMethod ofAssessment of Position, Size, and Departure from Nominal Form of Geometric Features,1989.[11] A. R. Conn and Y. Li. An e�cient algorithm for nonlinear minimax problems. Techni-cal Report CS-88-41, University of Waterloo Computer Science Department, Waterloo,Ontario, Canada, November 1989. 20



NPL Report DITC 210/92[12] M. G. Cox and A. B. Forbes. The reconstruction of workpiece surfaces from probe coor-dinate data. In Proceedings of the Mathematics of Surfaces V Conference. In preparation.[13] M. G. Cox, A. B. Forbes, and P. J. Scott. Partial arcs in manufacturing design andinspection. Technical report, National Physical Laboratory, Teddington. In preparation.[14] A. V. Fiacco and G. P. McCormick. Nonlinear Programming { Sequential UnconstrainedMinimization Techniques. Society for Industrial and Applied Mathematics, Philadelphia,1990.[15] R. Fletcher. Practical Optimization, Vol. 1. John Wiley and Sons, Chichester, 1980.[16] R. Fletcher. Practical Optimization, Vol. 2. John Wiley and Sons, Chichester, 1981.[17] A. B. Forbes. Least-squares best-�t geometric elements. Technical ReportDITC 140/89,National Physical Laboratory, Teddington, 1989.[18] A. B. Forbes. Robust circle and sphere �tting by least squares. Technical Report DITC153/89, National Physical Laboratory, Teddington, 1989.[19] A. B. Forbes. Least squares best �t geometric elements. In J. C. Mason and M. G. Cox,editors, Algorithms for Approximation II, London, 1990. Chapman & Hall.[20] A. B. Forbes et. al. Algorithms for geometric tolerance assessment. Technical report,National Physical Laboratory, Teddington. In preparation.[21] B. Ford, J. Bentley, J. J. DuCroz, and S. J. Hague. TheNAGLibrary `machine'. Software- Practice and Experience, 9:56{72, 1979.[22] P. E. Gill, W. Murray, and M. H. Wright. Practical Optimization. Academic Press,London, 1981.[23] R. Jayaraman and V. Srinivasan. Geometric tolerancing: I. Virtual boundary require-ments. IBM Journal of Research and Development, 33(2):90{104, March 1989.[24] R. N. Kacker. Taguchi's quality philosophy: analysis and commentary. Quality Assur-ance, 13(3), September 1987.[25] W. Murray andM. L Overton. A projected Lagrangian algorithm for nonlinear minimaxoptimization. SIAMJournal for Scienti�c and Statistical Computing, 1(3):345{370, 1980.[26] M. R. Osborne and G. A. Watson. An algorithm for minimax approximation in thenonlinear case. Computer Journal, 12:63{68, 1969.[27] D. B. Parkinson. Tolerance of component dimensions in CAD. Computer-Aided Design,16(1):25{32, January 1984.[28] D. B. Parkinson. Assessment and optimization of dimensional tolerances. Computer-Aided Design, 17(4):191{199, May 1985.[29] A. A. G. Requicha. Toward a theory of geometric tolerancing. International Journal ofRobotics Research, 2(4):45{60, 1983.[30] U. Roy, C. R. Liu, and T. C. Woo. Review of dimensioning and tolerancing: representa-tion and processing. Computer-Aided Design, 23(7):466{483, September 1991.[31] V. Srinivasan and R. Jayaraman. Geometric tolerancing: II. Conditional tolerances. IBMJournal of Research and Development, 33(2):105 { 124, March 1989.21



NPL Report DITC 210/92[32] V. A. Tipnis. Research opportunities in mechanical tolerancing. Technical report, Ameri-can Society of Mechanical Engineers, New York,August 1989. Results of an internationalworkshop sponsored by the National Science Foundation held in Orlando, Florida, U.S.A,1988.[33] J. U. Turner. Relative positioning of parts in assemblies using mathematical program-ming. Computer-Aided Design, 22(7):394{400, September 1990.[34] G. A. Watson. The minimax solution of an overdetermined system of non-linear equa-tions. Journal of the Institute of Mathematics and its Applications, 23:167{180, 1979.

22


