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ABSTRACT
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1 Introduction

The work described here constitutes a continuation of work undertaken as part of the
first and second Software Support for Metrology (SSfM) programmes concerned with
testing the numerical correctness of software for computations identified as important to
metrology and provided as components within proprietary software packages and
libraries. It builds upon previous work [1, 2, 3, 4, 5] by testing additional calculations
implemented by recent releases of some of the software packages previously tested.

In the first SSfM programme, a general methodology for testing the correctness of
scientific software was promoted. The methodology is based on the design and use of
reference data sets and corresponding reference results to undertake “black box” testing
of the software, together with the use of quality metrics and performance measures to
make objective comparisons between reference results and the results returned by the
software under test for the reference data sets.

In the second SSfM programme, a web-based facility was provided to enable users to
generate, for a number of key computations, reference data sets and corresponding
reference results appropriate to their own applications. The facility takes the form of
data generators implemented in Java in such a way as to provide portability of the
generators (across computer platforms), as well as flexibility and reproducibility of the
reference data sets generated. The facility was further developed in the third SSfM
programme to provide the functionality of a testing service. The facility has two modes
of operation. In the first mode, the user is provided with reference data sets with
corresponding reference results. In the second mode, the user is provided only with
reference data sets, but may upload test results to be compared with the corresponding
reference results (which are hidden from the user).

In the third (and current) SSfM programme, testing has been carried out on software for
the following computations:

e C(Calculation of sample (arithmetic) mean and standard deviation,
e Straight-line (ordinary) regression, and
e Polynomial (ordinary) regression.

This report describes the application of the methodology to software for the following
additional computations:

e Discrete Fourier transform, and
e Inverse discrete Fourier transform.

Reference pairs, comprising reference data sets and corresponding reference results,
have been generated using Matlab as reference software. Results are presented for
recent releases of the Microsoft Excel and LabVIEW software packages; Origin, a
spreadsheet-based program for data analysis and presentation; Mathcad, a calculation
package widely used in metrology and engineering; and the NAG and IMSL Fortran
libraries.

The report is organised as follows. Section 2 gives an overview of the methodology
employed for evaluating the numerical correctness of the results produced by scientific
software. Section 3 provides a specification of the computations that are the subject of
this report, as well as listing the particular software (functions or modules) for
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undertaking these computations that are tested. Section 4 considers issues of
implementation arising from the application of the methodology for the variety of
software languages and packages covered. For each computation, sections 5, 6 and 7
provide, respectively, specifications of the performance parameters used to define the
reference data sets, the performance measures used to compare reference and test
results, and the procedures used to generate reference data sets and corresponding
reference results. Section 8 presents, and provides an interpretation of, the results of the
testing while section 9 contains conclusions.

2 Methodology

The procedure employed in evaluating the test software' is described in this section. A
general methodology for evaluating the numerical correctness of the results produced
by scientific software has been used. The basis of the approach is the design and use of
reference data sets and corresponding reference results to undertake “black box”
testing of the software. The reference data sets and results are generated in a manner
that is consistent with the functional specification of the test software, and the results
returned by the test software for the reference data sets are then compared objectively
with the reference results using quality metrics or performance measures. Finally, the
performance measures are interpreted in order to decide whether the test software meets
the requirements and is fit for its intended purpose. The methodology is described in
several reports and papers [1, 6, 7, 8, 9], and is illustrated by a case study [10].

The testing procedure is divided into the following stages:

Documenting the specification of the test software,

Specifying reference data sets,

Specifying performance measures and testing requirements,

Generating reference pairs, i.e., reference data and corresponding reference results,

Interfacing to the test software and providing test results, and

AN

Determining, presenting and interpreting values of the performance measures.

These stages are based upon previous recommendations [1] but modified to suit testing
from the perspective of a user of proprietary software packages and libraries. During
the software development process, the first stage would be specifying the test software,
and the fifth implementing the test software and providing test results, though in
practice these are carried out with varying degrees of formality. The application of the
procedure by a software developer is presented in a case study [10]. Recording the
results of the first stage is important because it serves to define the basis of the testing
undertaken, and to make clear any assumptions made about the test software.

Note that the testing process involves the use of software in addition to the test software
itself, for example, for generating reference data sets and corresponding reference
results, and evaluating and presenting quality metrics and performance measures.
Therefore, the correctness of the results of the testing (and conclusions inferred from
the results) depends on the quality (correctness) of this additional software.

" The term test software used throughout this report refers to the software under test, and not the software
employed to do the testing.

Page 2 of 22



NPL Report DEM-ES 016

3 Specification of Test Software

This section provides specifications for the computations that are the subject of this
report, viz.,

1. Discrete Fourier transform, and
2. Inverse discrete Fourier transform.

It also lists the software (functions or modules) for undertaking these computations that
have been tested. Matlab [11] is used as reference software for the generation of
reference data and corresponding reference results for the calculations of both the
discrete Fourier transform and the inverse discrete Fourier transform (section 6).

The Fourier transform is a widely-used tool that defines a relationship between a signal
h(t) in the time (or space) domain and a representation Y(f) of the signal in the
frequency domain. The essence of the Fourier transform of a signal is to decompose the
signal into a sum of sinusoids of different frequencies. The Fourier transform is defined
by [12, 13, 14]

Y(f)= f‘”h(t)e-mf‘ dt,
and the inverse transform by
h(t) = f“"\/(f)ez”ift df

where | = V1. These relationships show that h(t) and Y(f) may be considered to be a

(transform) pair, and as two different representations of the same function, one based in
the time domain and the other in the frequency domain. In general, the Fourier
transform Y(f) is a complex quantity, and is expressed either in terms of Cartesian (real
and imaginary) or polar (magnitude and phase angle) components.

In many applications of the Fourier transform, the signal h(t) is sampled, i.c., the value
of the signal is recorded, at uniformly spaced intervals in time (or space). The discrete
Fourier transform (DFT) provides estimates of the Fourier transform of h(t) at discrete
values of frequency, with the estimates calculated in terms of a finite number of
sampled values of the signal.

Let the vector

of length m contain values h; = h(t)) of h(t) sampled att;=(1- 1)4, 1 =1, ..., m, where 4
is the sampling interval. Then, the DFT of h is a vector

of Fourier coefficients defined by

m
Yo =3 he 0 g,

1=1
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The relationship between the Fourier transform Y(f) of h(t) and the DFT y of h is given
by
Y(f)= 4y,
where fi are the discrete values of frequency
k
- < k=0 0
mA 2
The inverse discrete Fourier transform (IDFT) provides a means of recovering the
sampled values h from the DFT y. The formula for the IDFT is

fie

I & -1k
o= 3y e m,
m

1=1

and differs from the formula for the DFT only in terms of the sign of the exponential
and the division by m.

The problem of evaluating the DFT (or IDFT) can be expressed as a matrix-vector
multiplication. However, the algorithm of choice is the fast Fourier transform (FFT)
[12], which significantly reduces the number of arithmetic operations necessary to
perform the evaluations. Most (if not all) of the software tested in this work implements
the FFT algorithm for evaluating the DFT and IDFT. Note that the aim of this work is
to test the numerical correctness of software implementations of the DFT and IDFT,
and not the computational efficiency of those implementations.

The Fourier transform is equally applicable to real and complex signals and many
software packages can calculate the DFT for both types of signal. The testing described
in this report, however, is concerned only with real signals.

3.1 Discrete Fourier transform

The following test software for the computation of the DFT is considered:
IMSL [15] function DFFTRF.

Microsoft Excel [16] Fourier Analysis tool (part of the Analysis ToolPak).
Origin [17] FFT tool.

NAG [18] function CO6FAF.

Mathcad [19] function fft.

LabVIEW [20] function fft.

AN

3.2 Inverse discrete Fourier transform

The following test software for the computation of the IDFT is considered:
1. IMSL function DFFTRB.

Microsoft Excel Fourier Analysis tool (part of the Analysis ToolPak).
Origin FFT tool.

NAG function CO6FBF.

Mathcad function ifft.

A
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6. LabVIEW function ifft.

4 Interfacing to the test software

Software implementations of the DFT and IDFT may differ in:

e The length of signal vector (for the DFT) or number of Fourier coefficients (for the
IDFT) that are permitted, and

e The format that is taken by the output of the DFT and/or the input to the IDFT, i.e.,
the representation of the signal in the frequency domain.

When carrying out the testing described in this report, it is important to be aware of the
differences between the software tested to ensure that:

e Software for the DFT and IDFT are properly used and results provided by the
software are properly understood, and

e The calculation of performance measures is implemented in terms of quantities that
are directly comparable.

This section describes, for each software package, the constraints that apply to the input
parameters of the functions tested, and details of the formats of the input and output
parameters of the functions and how those formats relate to those used by the Matlab
(reference) functions. An overview of the implementation of the testing methodology is
also given.

4.1 Constraints on inputs

While Matlab, IMSL and LabVIEW place no (explicit) constraint on the number m of
sampled values (or Fourier coefficients), other software packages require that m is a
power of 2 and/or lies between stated lower and upper bounds as follows:

e NAG.

The largest prime factor of m must be less than or equal to 19 and the total number
of prime factors of m, counting repetitions, must not exceed 20.

e Microsoft Excel.
m must be a power of 2 not greater than 4096.
e Origin.

No constraint is placed on m, but truncation or padding is applied to produce a
signal (for the DFT) or vector of Fourier coefficients (for the IDFT) whose length is
a power of 2.

e Mathcad.

m must be a power of 2 greater than or equal to 8.

4.2 Conversion to “standard format”

The input vectors required for and output vectors generated by the calculations are not
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in the same format for all the packages.” In some cases, therefore, pre-processing is
required to convert the reference data sets to the format required by the test software,
and post-processing is required to convert the test results to a standard format in order
to ensure that the performance measures are calculated in terms of quantities that are
directly comparable.

4.2.1 Discrete Fourier transform

Consider the DFT result returned by Matlab. For a real signal h consisting of an even
number m of sampled values,’ the Matlab fft function returns a vector consisting of m
complex Fourier coefficients. There is redundancy in the output — the output vector y
can be written as

Ty ] v A ]
Y, Yy + iy Ael”
Ym/2 Y2+ Ym2 Ay 8
y= =% = : (M
Ym/241 Y /241 An/2

R T Lo
Ymzez || yms = Waia | | Ania®

L Y | yRogyl | L AT

and, therefore, may be represented compactly by the m real numbers
YL sees Yo aits Yaseees Ymsas O, equivalently, by the (m/2 + 1) amplitudes A,,..., A, ,,., and
the (m/2 — 1) phase angles ¢@,,...,4,,,,.

While the outputs of the DFT calculations in Microsoft Excel, LabVIEW and Origin are

of identical format to that of Matlab™* ° , the outputs from Mathcad, NAG and IMSL are
different.

Mathcad outputs a scaled and more compact version:

R

Yi
| yé‘—:jyi
Jm| oo
ym/Z_Jym/Z

R
ym/2+1

NAG outputs the vector of real numbers

? The Numerical Mathematics Consortium (www.nmconsortium.org) is a network whose aim is to
standardise on a core set of mathematical functions, including the (fast) Fourier transform.

3 Throughout this report, the number m of data points used is even.

* From the Origin FFT graphical user interface, under the “Settings” tab, the output options “Normalize
Amplitude” and “Shift Results” must both be unticked and the “Exponential Phase Factor” “~1 (Electrical

Engineering)” radio button must be selected in order to obtain results in the same format as returned by
Matlab.

> Origin returns two columns containing the real and imaginary parts of the DFT rather than a single
column of complex values.

Page 6 of 22


http://www.nmconsortium.org/

NPL Report DEM-ES 016

R

Yi

R

Y>

g
\/E m/2+1 |

I
ym/2

I

Y,

IMSL outputs the vector of real numbers

.
Y
Ys

R
ym/2

I
ym/2

R
_ym/2+1_

In order that the performance measures for the DFT are calculated in terms of quantities
that are directly comparable, Mathcad, NAG and IMSL outputs (test results) are
converted to the same format as the reference results provided by Matlab.

4.2.2 Inverse discrete Fourier transform

Consider the IDFT result returned by Matlab. For a given input vector y of m Fourier
coefficients that are conjugate symmetric as in equation (1), the Matlab ifft function
returns a vector h consisting of m real values:

hl
h=|: |
hy,
While the inputs to the IDFT calculations in Microsoft Excel, LabVIEW and Origin are

of identical format to that of Matlab, i.e., as given by equation (1), Mathcad, NAG and
IMSL require input vectors having formats

Vi yi
v 2 23
ys = ¥ : Y2
: . | Ym/2w | and E >
Y2 = Vo Y2 Ym2
Y241 : Y2
L y; i _yrl;/2+1_

respectively, and all three packages output scaled versions of h:
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Jm| ¢
hm
When testing the calculation of the IDFT using Mathcad, NAG and IMSL, inputs
(reference data sets) are converted from the format required by Matlab to the format
required by the test software.

In order that the performance measures for the IDFT are calculated in terms of
quantities that are directly comparable:

e Complex outputs (test results) returned by the test software are converted to real
quantities by ignoring their (numerically small) imaginary part.

e Mathcad, NAG and IMSL outputs are converted to the same format as the reference
results provided by Matlab.

4.2.3 Implementation of the testing methodology

For each function tested, a reference data set and corresponding reference results are
generated in Matlab. A “program” (or equivalent) is then implemented in the language
or package of which the function is a part to undertake the following generic operations:

1. Load or import the reference data set and reference results,

2. Convert (if required) the reference data set to the format required by the test
function,®’

3. Apply the (test) function to the reference data set to obtain test results,
4. Convert (if required) the test results to standard (Matlab) format,

5. Compare the test and reference results by the evaluation of a performance measure,
and

6. Write the value of the performance measure to (an ASCII text) file.

These operations are repeated for a number of reference data sets (see sections 5 and 7).
The performance measures used to compare the test and reference results are defined in
section 6.

5 Specification of Reference Data Sets

Performance parameters are used to capture the properties of data sets that would be
encountered in practice and to describe the range of admissible inputs to the test
software. By varying an individual performance parameter, sequences of data sets may
be generated, with the sequence forming a graded sequence in cases where the
performance parameter relates directly to the condition or “degree of difficulty” of the
problem represented by the data. By investigating the performance of the test software
for such graded sequences, it is possible to identify cases where the test software is

% No conversion is required when testing the calculation of the DFT.

" For convenience, when testing the calculation of the IDFT in Mathcad, the conversion of the reference
data set is implemented in Matlab, i.e., the reference data set loaded into Mathcad has already been
converted to the required format.
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based upon a poor choice of mathematical algorithm.

Reference pairs, comprising reference data sets and corresponding reference results, are
generated by starting with a reference problem and applying reference software to it to
produce corresponding reference results. Matlab is used as reference software with the
functions fft and ifft applied (see below) to reference data to produce reference results.
The Matlab functions are based on the FFTW library® [21], a library of high quality
software for the DFT and IDFT, which won the Wilkinson Prize for Numerical
Software in 1999.”

For the testing described in this report, reference pairs are generated in two ways:

e Assign parameters that define a signal, generate the reference signal and then
generate the corresponding reference Fourier coefficients.

e Assign parameters that define amplitudes and phases, generate the reference Fourier
coefficients and then generate the corresponding reference signal.

For each of the above methods, three types of signal are considered, giving a total of six
different reference data types:

Signal is the sum of a polynomial and random noise.

Signal is the sum of periodic functions and random noise.

Signal is made up of samples drawn randomly from a probability distribution.
Fourier coefficients consist of random amplitudes and random phases.

Fourier coefficients consist of decaying amplitudes and random phases.

S T o e

Fourier coefficients consist of a limited number of non-zero amplitudes and phases.

For each reference data type, a reference signal and a reference set of Fourier
coefficients are generated in the manner described in section 8. Tables 1 to 6 list the
performance parameters used to define each reference data type. The table also gives
the values assigned to each performance parameter. A number of sequences of
reference data sets are generated, where each sequence corresponds to setting the values
for all but one of the performance parameters equal to default values and varying the
value of the remaining parameter according to the information provided in the table.

6 Specification of Performance Measures

Performance measures or quality metrics are used to quantify the performance of the
test software for the reference data sets to which the test software is applied.
Furthermore, by relating the values of these metrics to the requirements of the user, it is
possible to assess objectively whether the test software meets these requirements and is
therefore “fit for purpose”.

¥ See www.fftw.org. The web site contains much information about algorithms and software for the FFT,
including benchFFT, a program to benchmark FFT software, by measuring the performance and
accuracy of publicly available FFT implementations (see www.fftw.org/benchfft/). The concern here,
however, is with the accuracy (rather than the performance) of software provided with proprietary
software packages and libraries (rather than specific algorithms running on particular computing
architectures).

? The Wilkinson Prize is sponsored by the National Physical Laboratory, the Numerical Algorithms
Group, Ltd., and the Argonne National Laboratory.
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Performance parameter Values defining sequences of reference data sets

Number of points 27 28 27 210 2! 10*
Polynomial order 1 3 5 7 9 11
Noise standard deviation 0 10 107 10 10" 10°

Table 1: Values for performance parameters for the specification of type 1 reference
data sets for the computation of the DFT and IDFT. Default values for the performance
parameters are shown in bold.

Performance parameter Values defining sequences of reference data sets

Number of points 27 28 2° 210 2! 10*
Number of periodic functions 1 5 9 13 17 21
Noise standard deviation 0 10 107 10 10" 10°

Table 2: As Table 1 except for type 2 reference data sets.

Performance parameter Values defining sequences of reference data sets
Number of samples 2’ 28 2° 210 2! 10
Probability distribution type Rectangular Triangular Gaussian
Sample mean 0 10 10* 10° 10°
Sample standard deviation 1 10° 10* 10° 10°

Table 3: As Table 1 except for type 3 reference data sets.

Performance parameter Values defining sequences of reference data sets

Number of points 27 28 2° 210 2! 10
Amplitude mean 1 10 10? 10° 10* 10°
Amplitude standard deviation 0 0.005 0.05 0.5 5 50

Table 4: As Table 1 except for type 4 reference data sets.

Performance parameter Values defining sequences of reference data sets
Number of points 27 28 2’ 210 2! 10*
Decay constant 0.5 1 1.5 2 4 8
Noise standard deviation 0 10 107 10 10" 10°

Table 5: As Table 1 except for type 5 reference data sets.

Performance parameter Values defining sequences of reference data sets

Number of points 27 28 2° 210 2! 10*

Number of non-zero
amplitudes and phases

1 5 9 13 17 21

Table 6: As Table 1 except for type 6 reference data sets.
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For the computation of the DFT, the following performance measure is used:

Jabs{y™ - y~)]
Jabsly=)]

Ivl-|2x

abs( yl) \/(Re(yl ))2 + (Im(yl ))2
abs(y)=| = :

abs(Yn) | | J(Re(y,)) +(Im(y,))

test

P(h)= y* #0, 2)

where

and

ref

h denotes the input reference data set and y* and y
reference results comprising complex Fourier coefficients (section 4.2.1).

are, respectively, the test and

For the computation of the IDFT, the following performance measure is used [5]:

H htest _ href
H href

P(y) = , h™ =0, (3)

where y denotes the input reference data set and h*" and h™ are, respectively, the test
and reference results comprising real signal values (section 4.2.2).

The performance measure P(X) provides an indication, for the reference data set X, of
the relative accuracy of the test result compared with the reference result.

7 Generation of Reference Pairs

This section provides specifications for the calculation of reference data sets and
corresponding reference results for the computations that are the subject of this report.
In each case, the inputs, outputs and the procedure for the calculation of reference data
sets and corresponding reference results are given.

Reference data sets for both the DFT and IDFT are generated at the same time. For each
reference data set type, the outputs of the data generator are:

REF
h™,

e Reference signal and

e Reference Fourier coefficients y**".

For reference data sets of types 1, 2 and 3, a reference signal is first defined. The
corresponding reference Fourier coefficients are obtained by applying Matlab’s fft
function to the reference signal. For reference data sets of types 4, 5 and 6, reference
Fourier coefficients are first defined. The corresponding reference signal is obtained by
applying Matlab’s ifft function to the reference Fourier coefficients.
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7.1 Type 1reference data sets

The inputs for the data generator are:

Number of points m,
Polynomial order n,
Noise standard deviation &, and

Random number seed S.

The procedure implemented (in Matlab) by the data generator for the computation of
the DFT and IDFT is as follows:

1.
2.

Generate linearly spaced values X;, i =1,...,m, in the range [-1,1].

Generate a vector a of polynomial coefficients @, | =1,...,n, sampled from the
Gaussian distribution with mean zero and standard deviation one.

Calculate the vector p of polynomial values
p; = p(x,a) = éa|T|—l(Xi)’ i=1...,m,

where T,(X) is the Chebyshev polynomial of degree | (order | + 1) defined by the
recurrence relation [22]

T,00=1 T,0=% T,(x) = 2XT, , () =T, , (%), 122.

Generate a vector I of random numbers r,, i =1,...,m, sampled from the Gaussian

distribution with mean zero and standard deviation .

Set h**" = p+r.

Apply the Matlab fft function to h**" to obtain reference Fourier coefficients y**".

7.2 Type 2 reference data sets

The inputs for the data generator are:

Number of points m,
Number of periodic functions n,
Noise standard deviation o, and

Random number seed S.

The procedure implemented (in Matlab) by the data generator for the computation of
the DFT and IDFT is as follows:

1.
2.

Generate linearly spaced values X, i =1,...,m, in the range [-1,1].

Generate random numbers a,, | =1,...,n, sampled from the rectangular distribution
R(0,1).

Generate random numbers f,, | =1,...,n, sampled from the Gaussian distribution
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with mean zero and standard deviation 0.1.

Generate random numbers o,, | =1,...,n, sampled from the rectangular
distribution R(0,27).

Calculate the vectors p, of values p,; = a, sin(2zf,x; +o,), i=1L....m, I =1,...,n.

Generate a vector I of random numbers r;, i =1,...,m, sampled from the Gaussian

distribution with mean zero and standard deviation .

M=

Set h"" =3 p, +r.

Apply the Matlab fft function to h**" to obtain reference Fourier coefficients y*"".

7.3 Type 3reference data sets

The inputs for the data generator are:

Number of samples m,
Probability type P,

Sample mean X,

Sample standard deviation G, and

Random number seed S.

The procedure implemented (in Matlab) by the data generator for the computation of
the DFT and IDFT is as follows:

l.

Generate a vector I of random numbers r, i=1,..,m, sampled from the

distribution of probability type P with mean X and standard deviation G.
Set h**" =r.

Apply the Matlab fft function to h**" to obtain reference Fourier coefficients y*"".

7.4 Type 4 reference data sets

The inputs for the data generator are:

Number of points m,
Amplitude mean A,

Amplitude standard deviation &, and

Random number seed S.

The procedure implemented (in Matlab) by the data generator for the computation of
the DFT and IDFT is as follows:

1.

Generate random numbers A, i=1,....m/2+1, sampled from the rectangular

distribution with mean A and standard deviation .

2. Generate random numbers ¢, i=2,...,m/2, sampled from the rectangular
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3.

4. Apply the Matlab ifft function to y**" to obtain reference signal

distribution R(0,2m).

Set yREF _

Al
A28j¢2
Am/ze j¢m/2
Am/2+l

_j¢m
Ap,e

Aze*Wz

7.5 Type 5reference data sets

The inputs for the data generator are:

Number of points m,

Decay constant D,

Noise standard deviation &, and

Random number seed S.

h REF

The procedure implemented (in Matlab) by the data generator for the computation of

the DFT and IDFT is as follows:
1.

Generate random numbers I, i=2,....m/2+1, sampled from the Gaussian

distribution with mean zero and standard deviation c.

Set A =1, A =e ™™ —r, i=2,...,m/2+1.

Generate random numbers ¢, i=2,...,m/2,

distribution R(0,2m).

Set yR =

Al
A2e1¢z
Am/ze i#mi2
Am/2+1

_j¢m
Am/ze ”

Aze—i¢z

sampled from the rectangular

Apply the Matlab ifft function to y**" to obtain reference signal h*"".
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7.6 Type 6 reference data sets

The inputs for the data generator are:

e Number of points m,

e Number of non-zero amplitudes and phases n, and
e Random number seed S.

The procedure implemented (in Matlab) by the data generator for the computation of
the DFT and IDFT is as follows:

1. Generate random indices 1 <i, <m/2+1, I =1,...,n.

2. Generate random numbers 'E& , I =1,...,n, sampled from the rectangular distribution
R(0,10).

3. Generate random numbers 5' , 1 =1,...,n, sampled from the rectangular distribution
R(0,2m).

4. Set A=0,i=1..m/2+1,and ¢ =0, i=2,...,m/2.

5. Set A =Z1, I=1....n, and ¢, =¢7|, I=2,...,n

A
Aze i#

A /ZeWm/z
m

Am/2+1
_J¢ /2
Am/2e "

6. Set yREF =

Aze_j¢2
R REF

7. Apply the Matlab ifft function to y*™ to obtain reference signal

8 Presentation and interpretation of results

In testing the calculations of the DFT or IDFT, given:
e A test software package,

e A reference data set type, and

e A performance parameter,

up to six values of a performance measure may be obtained (one for each value of the
performance parameter).

In the results below, only the maximum value of a performance measure is presented as:

1. There is no requirement to compare the values of the performance measure
corresponding to different values of a performance parameter.

2. The values of the performance measure corresponding to different values of a
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performance parameter are generally of the same order'® and, for the purpose of the
testing in this report, it is only this order that is of interest.

Particular points to note include:

1. For packages (Mathcad, Excel 2003) that are unable to process reference data sets
with 10* points (section 4.1), no value of the performance measure is available for
that number of points.

2. Although Origin will process reference data sets containing 10* points, the data set
is padded to produce a data set containing 2'* = 16 384 (the next highest power of 2)
points before processing occurs. As the result of the processing will also contain 2'*
points, the performance measures given by equations (2) and (3) cannot be
calculated. No performance measure is therefore available for 10* points for Origin.

8.1 Discrete Fourier transform

Tables 7 to 12 show, for each reference data set type, the maximum values of the
performance measure for each test software package for the calculation of the DFT.

Package Performance parameter
Number of Polynomial Noise standard

points order deviation
Matlab 0 0 0
Mathcad 1x10" 1x10" 1x10"
Excel 7x107"° 6x 10" 5x 10"
Origin 7 x 107" 4x107" 4x10"
NAG 5x10"° 4x10"° 3x 10"
IMSL 4x10"° 3x10"° 3x10"°
LabVIEW 3x10"° 3x10"° 3x10"°

Table 7: Maximum values of the performance measure P(h) for type 1 reference data
sets for calculation of the DFT.

Package Performance parameter
Number of Number of Noise standard
points periodic deviation
functions

Matlab 0 0 0
Mathcad 2x 10" 2x 10" 2x 10"
Excel 6x 107" 4x107" 6x 107"
Origin 7 x 107" 3x 1077 3x 107"
NAG 4x 107" 3x10" 3x10"°
IMSL 4 %107 3% 10" 3x 107"
LabVIEW 4 %107 3x 10" 3x 10"

Table 8: As Table 7 except for type 2 reference data sets.

' For example, for testing of the calculation of the DFT for Excel, reference data set type 1 and
performance parameter polynomial order, the six values of performance measure obtained are 6 x 107,
4x107,5%x107"5,4x 10", 5 x 10" and 4 x 1075, with the maximum value of 6 x 107" displayed in the
table of results.
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Package Performance parameter
Number of Probability Sample mean Sample standard
samples distribution type deviation
Matlab 0 0 0 0
Mathcad 1x10™" 1x10™" 2x 10" 2x10"
Excel 5x107" 4x107" 4x10" 4x107"
Origin 4x107" 2x 10" 3x 1077 3x 107"
NAG 4x 107" 2 x 107 3x 107 3x 10"
IMSL 3x 107 2x 107" 2x 1070 3x107"°
LabVIEW 5x 107" 2x 107" 2x 107" 3x107"°
Table 9: As Table 7 except for type 3 reference data sets.
Package Performance parameter
Number of Amplitude mean Amplitude
points standard
deviation
Matlab 4x10"° 3x10"° 3x 107"
Mathcad 2x10" 2x10" 2x10"
Excel 5x107"° 4x107" 5x 107"
Origin 6x 107" 3x 107 3x 107"
NAG 5x10"° 3x10"° 4x10"°
IMSL 4x10"° 3x10"° 3x10"°
LabVIEW 7x 107" 3x 10" 3x 10"

Table 10: As Table 7 except for type 4 reference data sets.

Package Performance parameter
Number of Decay constant | Noise standard

points deviation
Matlab 4x10"° 3x 10" 3x10"°
Mathcad 2x 10" 2x 10" 2x 10"
Excel 5x107" 4x107" 4x107"
Origin 7x107"° 3x 107" 3x 107"
NAG 5x107"° 3x10"° 4x107"
IMSL 4x10"° 3x 10" 3x 10"
LabVIEW 7x 107" 3x 107" 3x 10"

Table 11: As Table 7 except for type 5 reference data sets.
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Package Performance parameter
Number of Number of non-
points zero amplitudes
and phases
Matlab 3x10"° 3x 107"
Mathcad 2x 10" 2x 107"
Excel 5x 107" 4x10"
Origin 7 x 107" 4x107"
NAG 5x107"° 4x10"°
IMSL 4x10"° 3x10"°
LabVIEW 7x 10" 3x 10"

Table 12: As Table 7 except for type 6 reference data sets.

The values of the performance measure for Matlab for the calculation of the DFT for
reference data set types 1, 2 and 3 are all zero. This is to be expected as the reference
and test results are identical (with both generated using the Matlab fft function). The
values of the performance measure for Matlab for the calculation of the DFT for
reference data set types 4, 5 and 6 provide a measure of the consistency of Matlab’s ifft
and fft functions, i.e., the extent to which application of the ifft to reference Fourier
coefficients to obtain a reference signal followed by application of fft to the reference
signal gives the original reference Fourier coefficients. For all reference data sets and
all other test software except Mathcad, the values of the performance measure are of the
order of 10" or 10"°. These results indicate that the numerical accuracy of the test
software is high for this calculation and these data sets. For Mathcad, the values of the
performance measure are typically of the order of 10™'* or 107",

8.2 Inverse discrete Fourier transform

Tables 13 to 18 show, for each reference data set type, the maximum values of the
performance measure for each test software package for the calculation of the IDFT.

Package Performance parameter
Number of Polynomial Noise standard

points order deviation
Matlab 3x 10" 4x107" 4 %107
Mathcad 1x10™" 1 x 10" 1 x 10"
Excel 5x 107" 5x 107" 3x 107"
Origin 7 x 107" 2x 107" 2x 10"
NAG 4x 107" 4x107" 3x10"°
IMSL 3x 10" 3% 10" 3x 107"
LabVIEW 5x1071° 4x107"° 3x 10"

Table 13: Maximum values of the performance measure P(y) for type 1 reference data
sets for the calculation of the IDFT.

Page 18 of 22



NPL Report DEM-ES 016

Package Performance parameter
Number of Number of Noise standard
points periodic deviation
functions

Matlab 4 %107 3x 107" 3x107"°
Mathcad 8§ x 107" 8x 107" 8§x 107"
Excel 4x107" 4x 107" 5x10"
Origin 5% 107" 2x 107" 1x107"°
NAG 5% 107° 4x 10" 3x107"°
IMSL 4 %107 3x107"° 3x107"°
LabVIEW 1x107"° 3x10"° 3x10"°

Table 14: As Table 13 except for type 2 reference data sets.
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Package Performance parameter
Number of Probability Sample mean Sample standard
samples distribution type deviation
Matlab 3x10"° 3x10"° 3x10"° 3x10"°
Mathcad 7x107" 7x 107" 1x10™" 1x10"
Excel 3x 10" 3x 107" 4x107" 4x107"
Origin 3x 107" 1x10" 1x107"° 2x 107"
NAG 4x10"° 3x10"° 3x10"° 3x10"°
IMSL 3x 107" 3x 10" 3x 10" 3x10"°
LabVIEW 5x 107" 3x10"° 3x 10" 3x10"°
Table 15: As Table 13 except for type 3 reference data sets.
Package Performance parameter
Number of Amplitude mean Amplitude
points standard
deviation
Matlab 0 0 0
Mathcad 1x10" 1x10" 1x10"
Excel 4x107" 4x10" 4x107"
Origin 5% 107" 1x10" 1x107"°
NAG 5x10"° 3x10"° 3x10"°
IMSL 4x10™"° 3x 10" 3x10"°
LabVIEW 7x 1071 3x 10" 3x 10"
Table 16: As Table 13 except for type 4 reference data sets.
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Package Performance parameter
Number of Decay constant | Noise standard

points deviation
Matlab 0 0 0
Mathcad 1x10" 1x10" 1x10"
Excel 4x 107" 4x 107" 3x 107"
Origin 5x 107" 2x 107" 1x10"
NAG 5x10"° 3x10"° 3x 10"
IMSL 4x10"° 3x10"° 3x10"°
LabVIEW 7x10"° 3x10"° 3x10"°

Table 17: As Table 13 except for type 5 reference data sets.

Package Performance parameter
Number of Number of non-
points zero amplitudes
and phases
Matlab 0 0
Mathcad 1x10" 1x10™"
Excel 3x107"° 4x107"
Origin 5x 107" 2x 107"
NAG 5x107"0 4x10"°
IMSL 3x10"° 3x10"°
LabVIEW 6x 10" 3x 10"

Table 18: As Table 13 except for type 6 reference data sets.

The values of the performance measure for Matlab for the calculation of the IDFT for
reference data set types 4, 5 and 6 are all zero. This is to be expected as the reference
and test results are identical (with both generated using the Matlab ifft command). As
for the testing of the DFT, the values of the performance measure for Matlab for the
calculation of the IDFT for reference data set types 1, 2 and 3 provide a measure of the
consistency of Matlab’s fft and ifft functions. For all reference data sets and all other
test software except Mathcad, the values of the performance measure are of the order of
10"° or 107'°. The results indicate that the numerical accuracy of the test software is
high for this calculation and these data sets. For Mathcad, the values of the performance
measure are typically of the order of 107 or 107",

9 Conclusions

In this report we have described the application of a general methodology [1] for testing
the numerical correctness of scientific software to functions for the calculations of the
discrete Fourier transform and inverse discrete Fourier transform. The functions tested
are taken from a number of proprietary software packages and libraries, including the
NAG and IMSL (FORTRAN) libraries, Microsoft Excel, Origin, LabVIEW and
Mathcad. Matlab has been used as reference software for the generation of reference
pairs, comprising reference data sets and corresponding reference results.

Each stage of the methodology, from documenting the specifications of the functions
tested through the definition of performance parameters and performance measures to
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the presentation and interpretation of the results of the testing, has been described. In
this way, and by stating any assumptions made in the application of the methodology,
the testing undertaken is made repeatable and as objective as possible given the (“black-
box”) nature of the testing.

The results obtained and conclusions drawn from the testing undertaken must be
interpreted in the context of the particular calculations considered, and do not
necessarily relate to other functions of the software libraries and packages considered.
The black-box testing described here has been carried out in such a way that the
functions have been used without taking account of information elsewhere (where it
exists), for example, as contained in publications or posted on the internet. This mode
of use is deliberate, since we believe it accords with that adopted by most users
generally, and within metrology in particular. Furthermore, it allows for the consistent
testing of the functions given the differing quality and quantity of information provided
with each.

Some particular conclusions are as follows:

e The results for Matlab that are non-zero (DFT for reference data set types 4, 5 and
6, and IDFT for types 1, 2 and 3) indicate a high consistency between Matlab’s
functions fft for the DFT and ifft for the IDFT.

e All the software tested for the calculations of the DFT and IDFT, apart from
Mathcad, return test results for the reference data sets that can be considered to have
a numerical accuracy comparable to that expected from reference software.

e For Mathcad, the values of the performance measures are generally 10° or 10* times
greater than those for the other packages.
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