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Chapter 1

Introduction

One of the main attractions of single trapped ions as optical frequency standards is
that they have extremely low susceptibility to environmental perturbations. These
perturbations include low-frequency electric and magnetic fields, and the light fields
used in cooling and interrogating the ion. These external fields can all lead to system-
atic shifts of the transition frequency. They must be characterized and understood
in order that the unperturbed transition frequency may be realized.

An optical frequency standard is being developed at NPL based on the electric
octupole transition in a single ytterbium ion. Figure 1.1 shows the partial term
scheme for '"™Yb*. The ?F7, state is the lowest lying excited state and it can only
decay to the ground state by electric octupole radiation. Consequently, it has an
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Figure 1.1: Term scheme of "'Yb'. Light at 467nm is used to drive the
2S1/2,0 = F7/2, 3,0 electric octupole transition.
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extremely long lifetime, of order several years [1], and the transition from the ground
state has a linewidth ~ nHz. The stability of the standard will therefore not be
limited by the intrinsic atomic lifetime, but rather by the linewidth of the laser used
to probe the transition.

Due to the weakness of the transition, a relatively high light intensity is required
to drive it. The electric field of the light induces an electric dipole moment in
the ion which then interacts with the electric field as a second-order effect. The
resulting ac Stark shift is covered in chapter 2. In the presence of a magnetic field,
the hyperfine levels are split due to the interaction of the field with the magnetic
dipole of the ion (Zeeman effect). There exist levels for which mr = 0 which
are insensitive to magnetic field to first-order. This has the advantage that there
is no linear Zeeman effect for transitions between levels with mr = 0 and the
®S1/2,0 —2 F7/2, 3,0 transition is used as the frequency reference. However, there is
a second-order effect, and this is explained in chapter 3. The ion is trapped in an
oscillating electric quadrupole field. The minimum of the potential coincides with
the zero of the electric field, therefore, in principle, the ion should not experience
any electric field. In practice however, small stray fields do exist, which are nulled
out as far as possible with compensating electrodes, but a small field will still always
be present at the ion. This gives rise to the quadrupole and dc Stark shifts which are
described in chapters 4 and 5. The ion is Doppler cooled with light at 369 nm, and
in the tightly confining trap, its motion is confined to less than the wavelength of
the light (Lamb-Dicke regime). In this regime there is no first-order Doppler effect.
The thermal motion of the ion and also micromotion at the trap drive frequency
do give rise to a second-order Doppler effect and this is discussed in chapter 6. At
room temperature, the electric and magnetic fields of the blackbody radiation from
the ion trap surroundings cause small frequency shifts via the dc Stark and Zeeman
effects as described in chapter 7. At the level of precision offered by an optical
atomic reference, one has to consider general relativistic effects, and this is covered
in chapter 8.

The purpose of this report is to provide a comprehensive review of all the known
systematic effects for the 1"'Yb" system. Previous work [2, 3, 4, 5] has studied these
effects in part, but here all the details have been drawn together for reference. Mat
Roberts did much the early work on systematic shifts and most of the above shifts
are calculated or at least estimated in his thesis [2]. The lead author calculated
the ac Stark shift [3] and has recently refined that work to include the effect of the
tensor polarisability in both the ac and dc Stark effects. The second-order Zeeman
effect was first calculated by Geoff Barwood and is detailed in the same paper as
the ac Stark effect [3]. A lot of the material in this report is taken from the thesis
of Peter Blythe [5]. This builds on an earlier paper [4] in which the systematic
shifts for a recent frequency measurement were evaluated and projections made as
to the realistic limits to the ultimate performance of the system. In particular,
P. Blythe has made the first calculation of the quadrupole shift of the octupole
transition in ytterbium. The author would also like to thank Stephen Lea for his
critical reading of the manuscript and for suggestions regarding the blackbody shift
and gravitational red shift.



Chapter 2

AC Stark shift

Currently, the most significant shift for the octupole transition in '"'Yb™ is the
light shift, or ac Stark shift. The electric field of the light induces an electric dipole
moment, p in the ion which then, as a second order effect, interacts with the electric
field of the light.

2.1 Theory

The Hamiltonian for the interaction of an external electric field E with an electric
dipole moment, p takes the form

where y = —e Y, r;. First let us consider the case of an atom with zero nuclear spin,
with states defined by the quantum numbers v, J and Mj;. In general, the electric
field is not parallel to the quantisation axis defined by the magnetic field therefore,
the Hamiltonian has both scalar and tensor parts and the light shift is given by [6]

1 1 (3M2 — J(J +1))

= T 5% E2__ en
AWEg 5% (vJ) 1% (vJ) J@T —1)

(3E? — E?), (2.2)

where scalar and tensor polarisabilities, cge. (7J) and uen.(J) have been introduced.
In the case of an AC electric field, E(t) = E,cos(wrt), the RMS value of the
electric field, (E?), is used in equation 2.2. Treating the interaction by second- order
perturbation theory, summing over transitions of angular frequency w to |y'J'), the
scalar polarisability is given in terms of reduced matrix elements by [6]

0ty = -2 5 L[0Tl R Tl )
sc. 3h(2J +1) 472 w— wr, Wt o
_ 2 el P 23
3h(2J + 1) by w2 — w% ’ .
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where both rotating and anti-rotating terms have been taken into account and p' is
a spherical tensor of rank 1.* The AC tensor polarisability is given by

AC _ 24 5J(2J - 1) v
Uen (1) = —(=)"% l6(2J+ 3)(J+1)(2J + 1)]
o ZJ:,(_)J’_J{ jl] jl] jl }WK'Yi!H_lLl;YL;JI)F (2.4)

One can see from the form of the numerator, that the tensor polarisability is zero
for states with J < 1. The oscillator strength, f, for the transition vJ — ~'J' is
defined by [7]

2mew
e T T (23)
where m, is the electron mass and g; = (2J + 1). The reduced matrix elements in
eqs. 2.3 and 2.4 may now be written in terms of oscillator strengths:

—g;f =

2
e (7)) = me(;]"‘ 1) ZJ:, w2gifwﬁ (29
v
AC _ ;€ 30J(2J — 1) v
Uen (V) = (=) e l(y +3)27 + 1)(J + 1)]
N2 R 91f
X,y,ZJ,( ) {J J J’}Uﬂ_w%. (2.7)

For an atom with nuclear spin, I, and states defined by the quantum numbers,
v, J, F and Mg, the Stark shift is given by
3ME — F(F +1))
F(2F —1)

1 1
AWy = —Qasc_('yJF)E2 — 7 Cten. ('yJF)( (3E? — E*). (2.8)

In the 1J-coupling approximation,

CVsc.('}’JI'?) = CVsc.(')’t]) (29)

_ rosar | FF = 1)(2F +1)(2J +3)(2J + 1)(J + 1) 1/2
cunlrF) = (e [FCEJRE 0 8]+
X{ 1; 1{“ ; }O‘“’“-('YJ)' (2.10)

2.2 Calculation

For the 2S5, F = 0 »?Fy7/5, F = 3, M = 0 transition in '""Yb%one must consider
the Stark shifts of the 2S;/0, F = 0 and *F7/, F = 3, Mr = 0 states. For the
%Sy /2, F = 0 state,

1
AvAC(S,1/2) = —Ea;}g (S,1/2) (E*) /h (2.11)
*In going from eq. 3.16 of [6] to eq. 2.3 the following relation has been used: (J'||p'||J) =
(=) =TTt [7].
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and
2

029(8,1/2) = — 3 9.7 (2.12)

2 2
2mev,J,w — Wi

The summation is evaluated using the oscillator strengths calculated in [9], for which
gsf > 0.01. The Matlab code for this calculation is given in appendix A.1, and
contains a list of the oscillator strengths and corresponding energy levels taken into
account. For light incident upon the ion at 467 nm,

> ngifw2 (S,1/2) = 1.2871 x 103! §? (2.13)
and AvAC(S,1/2) (E?)
(T> - (W) (214

For the *F7/5, F' = 3, Mp = 0 state,

1 1
AVAC(F,7/2,3,0) = _Eag\g (F,7/2)E*/h + 5041*0 (F,7/2,3)(3E? — E*)/h. (2.15)

ten.

Taking first the scalar polarisability,

2

AOF,7/2) = — Y 9,7 (2.16)

2 _ 27
8me g w? — wp,

The summation is evaluated using the code in appendix A.2, again using the oscil-
lator strengths calculated in [9].

> wfi fw2 (F,7/2) = 4.564 x 107! ¢ (2.17)
and A AC(F 7/2) <E2>
(—Sc'mH’Z ) =-12.13 (7(\/ /Cm)2> . (2.18)

The tensor polarisability for the *F7/, state,

e2\/7 sl 112 gsf
>.(=) /{7/2 - J,} . (2.19)

2
e A g W _wL

Uer (F,7/2) = —

The summation is evaluated separately for J' = 5/2,7/2 and 9/2.

. 1 1 2 9 f
NT'=7/2 _
%( ) {7/2 7/2 J }w?—wg

+1 /L x 11903 x 103 : J' =5/2
1/Ex1.4491 x 1073 J' =17/2

T3
+55V7 % 1.9246 x 10731 J' =9/2
= 1.477 x 10733 2 (2.20)

i



6  Systematic shifts in '"'Ybt: NPL Report CBTLM 31
This gives,

oS (F,7/2) = —5.505 x 10~* JV~2m?, (2.21)
The AC tensor polarisability of the 2F7/o, F' = 3 state,

25
Cien (F,7/2,3) = Sgoien (F,7/2)
= —4.915 x 107" JV~’m? (2.22)

and

(AVAC(F,7/2,3,0)> _ (—12.13(E2)—0.15(3(E3)—(E2>)>
mHz (V/cm)?
_ (—11.98(E2)—0.45(E§)> (2.23)
(V/cm)? ' '

The AC Stark shift of the 28, 5, F' = 0 —»?F7/y, F = 3, Mp = 0 transition,

AI/AC(281/2, 0—2F7/2,3,0) . L70(E?) — 0.45(E?) (2.24)
mHz B (V/cm)? . .
In terms of optical intensity, I = ce(E?),
AI/AC(2SI/27 0—*Frp,3,0)\ _ (0.641 - 0.171, (2.25)
Hz B W/em? .

2.3 Special case: E//B

For the special case where the electric field is assumed to be parallel to the quanti-
sation axis, given by the direction of the magnetic field, the ac Stark shift may be
derived by a simpler method and this serves as a useful check on the validity of the
theory in section 2.1. The ac Stark shift in this case is given by,

1
AWy = —EaAC(ryIJFMF)E{ (2.26)
where [3, 10]
2 IJFMzp|p, |y IJ' F'Mzp)|?
QA 2y wl(y Flu |’Y2 2l (2.27)
~ JF! W — wy,
The matrix element is related to a weighted oscillator strength by [7],
She2gnfr ([ F 1 F'\
TJF M|, |5 T' T F M2 = 222 90IF 2.28
(v |z |y )| ome \ a0 M ) (2.28)

so that

2

3e? F 1 F'

T S . (2.29)
me ~' J F! (w - wL) —M 0 M
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The hyperfine oscillator strength, grfr is related to the fine-structure oscillator
Strength7 ngJ7 by [11]

2
J I F
grfr = (2F + 1)(2F’+1){ oy } 91f1 (2.30)
giving,

2 2

2 F 1 F J I F
ot =2 s I _op 1)eF 1) N

me ~' JIF (w _wL) —M 0 M F 1 J
(2.31)

The summation is again evaluated using the oscillator strengths calculated in [9].
For the 28, /2, F' = 0 state one needs to consider excited states with J' =1/2, F' =1
and J' = 3/2, F' = 1, all other transitions being forbidden:

2 2
11 F 1/2 1/2 0
> ey par =
i (W? — wi) 00 0 F'o1 J

+5 X 55067 x 1072 :J' =1/2,F' =1
+§ X 73647 x 1072 : J' =3/2,F' =1
= 2.145 x 107%%¢? (2.32)

The ac stark shift of the *S; s, F' = 0 state is,

(S21D) g (B ) a9

For the ?F70, F = 3, M = 0 state one needs to consider excited states with J' =
5/2,F' =2, J = 7/2)F' = 4 and J' = 9/2,F' = 4 all other transitions being

forbidden:
. 2 2
> ngJ2 oF +1) ( 31 F ) { 7/2 1/2 3 } _
i (W? = wi) 00 0 Fo1 7

+45 x 11903 x 1073 J' =5/2, F' =2

+o0r X 14491 x 1073 J' =7/2, F' =4

+45 X 1.9246 x 1073 : J' =9/2,F' =4

= 1.9467 x 107322 (2.34)

The ac Stark shift of the *F7/5, F' = 3, Mp = 0 state is

(AVAC(IFH, P12/2,?%0)) = —12.43 (%) _ (2.35)

The ac Stark shift of the 2S; /5, F = 0 —=2Fy/5, F' = 3, My = 0 transition is

(AVAC(2SI/21,nOH;2 Fj2,3, 0)> =1.26 (%) : (2.36)




8  Systematic shifts in Y'Y bt: NPL Report CBTLM 31

10 T T T T T T
Data ———

9 | Fit 1
N 8 r .
T
2 7y |
© i + ) i
% 6 ) s
2 . 1+ = -
qg)- 3t
5 i
I 2 L + i

1 L .

0 1 1 1 1 1 1

0 1 2 3 4 5 6 7

Power / mW

Figure 2.1: Frequency measurement data, 13-15 March 2002. The slope of the
transition frequency as a function of power is 0.88 + 0.08 kHz/mW. The error
bars show the statistical frequency uncertainty and estimated power uncertainty.
The straight line is a weighted least-squares fit taking both power and frequency
uncertainties into account. Data are grouped by probe beam alignment and power.

In terms of optical intensity,

ApAC(2 _2p 1
( 14 ( 81/271?12 7/27370)> = 0.47 (W/Cm2> . (237)

If one sets I = I, in equation 2.25 then (Av*¢(2S;/5,0 —% F7)5,3,0)/Hz) = 0.47
I/(W/cm?) in agreement with the value derived by the different method.

2.4 Measurement

The shift has been observed and measured in our experiments. The most accurate
measurement of the coefficient of the shift was performed in 2002. The frequency
of the transition, measured using a femtosecond comb, is plotted as a function of
the probe laser power in figure 2.1. The power is then converted to intensity via a
measurement of the probe beam diameter at its focus. The beam diameter was mea-
sured by observing the power transmitted past a micrometer-mounted knife edge as
a function of micrometer position. This was done in both the vertical and horizon-
tal directions. The measured transmission was fitted with a theoretical transmission
function to obtain the beam diameters. It is this step which limits the accuracy of
the determination of the coefficient of the shift. The beam is approximately 5 pym
radius, and the micrometers have at best 0.5 ym accuracy. The measurements were
repeated three times for each direction, but the final uncertainty on the beam size
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was around 5% in each direction, leading to an 8% uncertainty in the estimated in-
tensity, before considering other sources of error. The uncertainty of the alignment
of the UV tracer beam on the ion, and of the overlap of the 467 nm and 369 nm
beams, is asymmetric, as the intensity can only decrease as the alignment drifts
from the original optimal setting. The uncertainty here is *9,%. The systematic
uncertainty in intensity calibration is T$;%.

The slope of the transition frequency as a function of power for this measurement
was 0.88 £+ 0.08 kHz/mW. Combining this with the measured spot size and related
uncertainties gives a measurement of the AC Stark shift coefficient as

(A§:C> = [0.48 +0.04 (stat.) T55F (syst.)] (ﬁ) _ (2.38)

In these experiments the electric field of the probe beam is at 65° to the z-axis,
therefore, E, = cos65°F and I, = cos?65°1. From eq. 2.25 one expects the ac Stark
shift to be

(A§:C> = [0.64 — (0.1786 x 0.17)] (W)

= 0.61 (W) : (2.39)

This is 1.60 above the experimental value; a reasonable agreement considering that
the theoretical calculation is the difference between two large, similar numbers. For
further discussion on the uncertainty in the calculated shift, see section 7.1.

2.5 Correcting for the shift

Two methods of correcting for the AC Stark shift have been used in these exper-
iments. The first, used only for the preliminary measurement of September 2001,
is to measure the beam size and power used in the experiment, and to calculate a
correction using a previously measured coefficient. This leads to large uncertainties,
of around 20% in the calculated intensity, largely due to the beam size measurement.
This error also appears twice — first in the measurement of the coefficient and then
in calculating the correction at a later date. This makes this method unsatisfactory
for high-precision work.

The second method is more direct, and misses out the beam size measurement
step. Here, the transition frequency is measured directly as a function of probe laser
power, and it is assumed that the beam size does not change between measurements.
The frequency can then be extrapolated back to zero probe laser power, and this
represents the unperturbed transition frequency. The uncertainties involved in this
method are otherwise common with the first method. These are the beam pointing
stability, the initial alignment accuracy of the 467 nm beam with the 369 nm tracer
beam, and the accuracy of the alignment of the tracer beam. These errors become
fractionally smaller as the beam diameter increases, and so defocusing the probe
laser beam is a good method of controlling the uncertainties, provided that there is
enough power in the beam to drive the transition at the required rate.
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2.6 Scaling of the AC Stark shift

While the AC Stark shift is currently the largest shift, it scales with the probe laser
linewidth in an advantageous manner. This scaling is not because the AC Stark shift
is dependent on the linewidth (to first order), but because the two are interlinked
by the experimental method.

The AC Stark shift is proportional to the intensity /. The transition rate is
proportional to the spectral intensity S, itself proportional to I/T" for a laser of
linewidth I'. The excitation probability for a single interrogation of the ion, of length
t, is proportional to St oc It/T’, assuming the interrogation is well below saturation.
By setting this quantity to be conserved, whatever the experimental configuration,
then generalisations about the scaling of the AC Stark shift with linewidth can be
deduced. Currently, the excitation probability is around 25% per interrogation at
line centre, for a pulse length of 300 ms, a beam waist of 10 ym, and 1 mW of laser
power in a 150 Hz bandwidth. Typical pulse lengths for the current state of the
experiment are around 100-300 ms. There is little to be gained from reducing this
further, as the experimental cycle becomes dominated by the state-detection time.
In the situation where ¢ is fixed, the AC Stark shift (proportional to I) is therefore
directly proportional to the linewidth. As the linewidth shrinks, the probe time ¢
must be extended, otherwise the linewidth of the laser will be Fourier-limited. In
this regime, the pulse length is inversely proportional to linewidth (¢ oc 1/T"). Hence,
for very narrow linewidths I oc I'?. This is illustrated in Figure 2.2, and possible
combinations of pulse length, beam power and beam size to obtain this are shown
in Figure 2.3.

Because of the extreme weakness of the octupole transition, and the currently
large size of the AC Stark shift it is often thought of as a major weakness of the
octupole transition amongst candidate frequency standards. Currently, it must be
accepted, it is a major limitation on our ability to make absolute frequency measure-
ments. However, the probe laser linewidth must be narrowed significantly to take
full advantage of the octupole transition. The quadratic scaling of the AC Stark
shift with linewidth means that the shift is vanishing for small linewidths.
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AC Stark shift/ Hz

102 101 10° 10t 102 10°
Linewidth / Hz

Figure 2.2: Approximate relationship between the AC Stark shift and probe laser
linewidth for typical operating conditions. The data are scaled from the current
conditions of I' = 200 Hz, I = 10" Wm™2 and ¢ = 0.3 s. A summary of the
operating conditions for this curve is shown in Figure 2.3.
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Figure 2.3: Possible operating conditions, as a function of probe laser linewidth, for
the AC Stark shift shown in Figure 2.2.(a) Probe beam power. (b) Probe beam
diameter at the ion. (c) Probe pulse length. All the conditions are extrapolated
from the current operating conditions at I' = 200 Hz.
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Chapter 3

Second-order Zeeman effect

The second-order Zeeman effect arises from the interaction of a magnetic field with
the 25/, and ?F7/, states. The transition frequency is not affected by the linear
Zeeman shift as the mp = 0 — mp = 0 component is used as the frequency
reference. However, this component is still affected by the second-order Zeeman
shift.

3.1 Theory

The energy shift induced by a magnetic field strength B is calculated using second-
order perturbation theory [12] and is given by

F'Mp|J,|F Mp)[?
W — Wp

AWy (F, M) = ~(g:15B) % I« (3.1)

where it has been assumed that the quantisation axis is set by the applied field, so
the matrix elements are zero for states of different M. The matrix elements can be
written in terms of Wigner 3j and 6 symbols [7]

(F'Mp|J|FMp)|? = I(I+1)(2]+1)(2F +1)(2F' +1)
2 2
F 1 F I F J
X (3.2)
—Mr 0 Mg F' 1 1
For the 2S;/5(F = 0) state in '"'Yb¥, the only non-zero matrix element is that with
the 2S1/2(F = 1, Mp = 0) state. The shift for this state in terms of frequency,

gJeB)2 |<10|Jz|00>|2 (33)

47m,

Av(0,0) = — (

AVHFS

The matrix element is equal to 1/2, g; = 2 and the hyperfine splitting Avyps =
12.643 GHz. This makes the shift coefficient for the 2S; o (F' = 0) state

(M) = —15.49 (£>2. (3.4)

mHz uT
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Figure 3.1: Second-order Zeeman shift of the octupole transition, and least-squares
fit.

For the *F7/2(F = 3, Mp = 0) state, the only non-zero matrix element is that with
the 2F7/o(F' = 4, Mp = 0) state and the shift,

gJeB)2 |(40]7,(30)[?
47m,

Av(3,0) = — ( (3.5)

AVHFS

The matrix element is 1/2, g; = 8/7 and Avgps = 3.620 GHz, giving

(5)-nn(z) om

The shift of the transition frequency is the difference between these two coefficients
and hence the predicted second-order Zeeman shift for the octupole transition in

YDht is 2
Av(? —*F B
( Y(2S12,0 7/2,3,0)> o176 <_T> | (3.7)
1

mHz

3.2 Measurement

Figure 3.1 shows a measurement of the shift where the transition frequency, mea-
sured using the femtosecond comb in plotted against magnetic field. The least-
squares fit to the measurement data gives a coefficient of the second-order Zeeman
shift Avzeeman = —1.72 £ 0.03 mHz (B/uT)?. This is in good agreement with a
previously measured value of —1.9 +0.3 mHz (B/uT)? [3], however, the theoretical
calculation does not precisely match the measured coefficient. Despite the discrep-
ancy of about 20% in the shift coefficient, the difference is equivalent to a less than
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3% error in the calculations of the individual level shifts and could be due to a
departure from LS-coupling for the ?F7/, state. The agreement observed between
theory and experiment is therefore reasonable.

3.3 AC Second-order Zeeman shifts

Because the shift is second-order, an oscillating perturbation will not average to
zero. For low frequencies w < wyrg, the coefficient of the shift is the same as for a
DC field. For a field composed of static and oscillating components,

(B*) = (Bho) + (Bic) (3.8)

The shifts can therefore be calculated separately and independently for the different
frequency components of a field. The shift caused by a low-frequency oscillating
field will be equal to that produced by a static field of the same strength as the
rms (root-mean-square) oscillating field strength. The most obvious source of such
a low-frequency magnetic field is the mains electricity supply.

For higher frequency fields, the shift is calculated in a similar manner to the AC
Stark shift. The energy shift for a field of angular frequency wj, interacting with a
state |vIJF Mp), summing over transitions of angular frequency w to |vIJ F'Mp),
is

(9suBB)?  W|(YIJ F'Mp|J,|yIJF Mg)|?
h Z 2

w? —wj

AWRC(y,1,J, F, Mr) = — (3.9)

JIFI

It is expected that this shift is much smaller than the DC shift due to the scarcity
of magnetic dipole transitions at optical frequencies, and the interaction with mi-
crowave magnetic dipole transitions is smaller than for DC by a factor [w/wg]?.
While the coefficient of the optical second-order Zeeman shift has not been fully
calculated, this is not an issue for the experiment. The shift scales with B2, and is
therefore a linear function of the intensity of an optical field, as with the AC Stark
shift. It is therefore automatically compensated for by the experimental method.

3.4 Reducing the shift

It is, at present, necessary to apply an external DC magnetic field to the trapped
1"l'Ybt jon. This is because there is a fluorescence null on the F = 1 — 0 component
of the 369 nm transition in zero field [13], and this is the component used for Doppler
cooling. This field is typically 200 uT, giving a shift on the order of 80 Hz. Due
to the accuracy of the calibration, the uncertainty on this is small (~ 3 Hz). This
can still be improved by working in a lower, or zero, magnetic field. To do this it
is necessary to spin the polarization of the Doppler cooling beam to prevent loss
of fluorescence [13]. The technique involves projecting two beams into the trap at
an angle to each other, and modulating the phase of the polarisation components
of the light such that all three polarisations have a different time-dependence. This
has been tested in "' Yb* and the technique does maintain fluorescence in magnetic
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fields down to a few tens of nanotesla. Below this, a narrower fluorescence null on
the 935 nm repumper transition begins to affect the fluorescence rate. This can also
be overcome by polarisation spinning, enabling work in zero (or very close to zero)
DC magnetic field. The field itself can be nulled very accurately by observation of
the Zeeman components of the octupole transition. The lower limit to the shift is
expected to be set by the 50 Hz field from the mains electricity supply. This has
been measured at around 500 nT in the current laboratory, and it is expected that a
mu-metal shield around the ion trap could reduce this to around 50 n'T. This shifts
the transition by just a few microhertz.
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Chapter 4

Quadrupole shift

The electric quadrupole shift is one of the more significant systematic shifts for
trapped-ion frequency standards. We follow the treatment of the shift by W. Itano
for the "Hg" ion [8]. The shift itself is caused by the interaction of the quadrupo-
lar spatial component of a DC electric field, with the quadrupole moment of an
atomic state. The 2S; /2 state has no quadrupole moment, so the shift of the 467 nm
transition is entirely due to the shift of the *F7, state.

The shift occurs only for states with J > 2, and does not affect the 2S;/, state.
The physical cause is the interaction of the electric quadrupole moment of an elec-
tronic state with a quadrupolar electric field, such as might be produced by the
electrodes of an ion trap. The shift for the 467 nm transition is caused by any
DC electric quadrupole field which may be present in the trap interacting with the
quadrupole moment of the ?F7,,(F = 3, Mr = 0) state in '"'Yb™.

4.1 Reference frames

Two co-ordinate systems are used in the following calculation. The first, ‘laboratory’
frame has co-ordinates (z,y, z), and has its z-axis aligned with the direction of the
magnetic field B. The ‘trap’ frame, denoted by primed co-ordinates (z',y’, '), has
its z-axis aligned with the trap z-axis, along the endcaps. The assumption is made
that any DC quadrupole field is being produced by DC offset potentials on the trap
electrodes.

4.2 The Hamiltonian

The Hamiltonian for the quadrupole shift is

2
Ho=VE®.0® = 3" (-1)*VE®Pe?) (4.1)
g=-2
where the Ef) are the quadrupole components of the electric field, and @(_23 are the
components of the electric quadrupole moment of the atom.
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4.3 The electric field
The quadrupolar field has the form, in the trap frame,
b (:El,yl, zl) — A [(IE’2 + yl2 _ 22:’2) +e (xIQ _ yl2)] , (4_2)

where A represents the quadrupole field strength. Henceforth it will be assumed
that the trap is radially symmetric and that e = 0. This simplifies the derivation
from that in [8] without losing the essential physics. In particular, both the electric
field gradient tensors and quadrupole moment operator have several components.
Setting ¢ = 0 allows us to ignore all but the ¢ = 0 components. The relevant
component of the electric field gradient tensor is

VE = —%d(i 2 (4.3)
The electric field gradient for this field, in the trap frame, is
VEY = —24. (4.4)
The Hamiltonian in the trap frame is simply
Hy = —240%. (4.5)

Note that the quadrupole moment is expressed in the trap frame here, and not in
the ‘lab’ frame defined by the magnetic field.

4.4 Matrix elements

The shift of a state |vJFMp) is given by the expectation value of the Hamiltonian
interacting with that state:

AE(yJFMp) = (yJFMp|Hg|yJF Mp). (4.6)

This is the expression in the laboratory frame. The states |vJF Mp) in the lab frame
are related to the states |yJFM') in the trap frame by rotation matrix elements

D%’;)MF (B), where (B) is the angle of rotation relating the two frames. Only one
angle is required for calculating the ¢ = 0 components due to the symmetry of the
situation.

WTFM') = 3 Dy, (8) 17 JF Mp). (4.7)

Mp

The matrix element which must be calculated to evaluate the shift is
(vJFMp|O |vJF Mp). (4.8)
It can be shown [8] that this can be written

(vJF Mp|O |y JF M) =

F x
(—1>F—MF<7JF||@<2>||7JF>(_MF . AZ)D‘(’2) (6. (9
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The rotation matrix element is D§*(8) = L (3cos? 8 — 1). The shift can therefore
be written

AE(yJFMp) = —A (3cos? 8 — 1) K1 (vJF||0@)||yJ F), (4.10)
with the constant K; defined by

Ky = (—1)P~Mr ( _AZF i ;;F ) | (4.11)

For the F;/(F = 3, My = 0) state, K; = —2,/2.

The remaining undefined quantity is the reduced matrix element
(YJF||©@@||yvJF). This can be related to the quadrupole moment of the state
O(vy, J) which is defined as the matrix element of the quadrupole operator for the
state of maximum M. That is

O(y,J) = (vJJ10§|vJ 7). (4.12)
In the IJ-coupling approximation,

(YT F||O[y(IJ)F) =

(—1)I+J+F(2F+1){Ii i ;}(_‘]J i j) Oy, 7).  (413)

Hence the shift (Equation (4.10)) can be written
(Ho) = —A(3cos® B — 1) K1 K>0(y, J), (4.14)

with the constant K, being defined by

K2:(_1)I+J+F(2F+1){ Ii ? ;}(_‘]J i j) : (4.15)

For the 2F7/2(F = 3, Mr = 0) state, Ky = +g\/§
2 3

Using the constants calculated above, K1 = —2\/2 and K, = +35./%, the

quadrupole shift for the *F7/5(F = 3, My = 0) state in '"Yb™ is

(Hg) = +2A (3cos?8—1) O(v,J). (4.16)

4.5 The quadrupole moment

To evaluate the quadrupole moment given in eq. 4.12, one needs to calculate the
quadrupole operator,

€
oY = —5 234 — 1)), (4.17)
J
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The summation is over all the atomic electrons, and z; and r; are the electronic
position operators. A closed atomic shell has no quadrupole moment, and so only
unfilled shells need be considered. Writing in terms of spherical harmonics, this is

4
01, ) = —e|f 5 (17J Yaul77J), (4.18)
but
<4f 2F7/2,mj = 7/2|1/20|4f 2F7/2,mj = 7/2) = <4f, mp; = 2|1/20|4f, my = 2) (419)

Therefore, the quadrupole moment can be written

4 2 prm . .
Oy, ) = e[ (i) [ [ Yis oYy sin Odtdg. (4.20)

The integrals over spherical harmonics can be written in terms of 3j symbols and
normalisation factors. In the general case [7],

27
/ / llml 1/227”2 lsms Sln 0d0d¢ =
v

0 0 O —my; Mo Mg
Therefore,
L 2 L L 2 L
O(y,J) = —(-1)* 220 +1 . 4.22
(v, ) = =(=D)"elrlr* )1 +>(000)(_L0L) (4.2

For the ?F7/, state in ''Yb* the quadrupole moment is due to the absence of an
electron , or hole in, an otherwise full f-shell. This changes the sign of the quadrupole
moment, from that calculated above, which was treated as a single electron in the
4f state, rather than a single hole. The orbital angular momentum is L = 3 for the
2F, /2 state. The quadrupole moment is therefore

O(4f, 7/2) = —e%(4f|r2|4f). (4.23)

4.6 Matrix elements of (r?)

The matrix elements of (r?) can be estimated from atomic structure calculations.
The Cowan atomic structure code [11] calculates atomic orbitals, and related prop-
erties, for many-electron atoms. From these calculations, the expectation values in
Table 4.1 have been found.

The value for '"Hg" agrees with that calculated in [8], using the same code.
The value for 38Sr* does not agree with the published value in [14]. However, if the
calculation is performed for the 4d orbital of neutral strontium, there seems to be
agreement [15]. This perhaps points to an error in the initialisation of the Cowan
code, though this has not been confirmed with the authors of [14].
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Species Orbital (r?) /a2

7Ly b+ af 0.657
7Ly b+ 54 10.8
19 g+ 50 2.32
88G+ 44 10.6
00+ 3d  6.64

Table 4.1: Expectation values of the squared electronic co-ordinate for various
atomic orbitals, in units of the Bohr radius ay.

The size of the 4f-orbital in '"'Yb* is particularly small. In common with the
5d orbital in mercury, it is not the ‘outermost’ occupied orbital. In both cases the
652 orbital is full, and the source of the quadrupole moment is a hole in an inner
shell. The d-orbitals in ytterbium, strontium and calcium ions are occupied by a
single electron, ‘outside’ completely full inner shells, which gives some indication as
to why those orbitals are relatively larger.

Using the calculated (r?), the quadrupole moment of the ?F75(F = 3, My = 0)
state in '"'YDb* s

O(4f,7/2) = -0.22ea;
= —9.83 x 107" Cm?, (4.24)

For the ion trap used in these experiments, the angle between the B-field and
the trap axis is 8 = 90°. The shift is then

(Hg) = 7.02x107"A4J

<HTQ> = 1.06 x 10~7A Hz. (4.25)

4.7 'Trap parameters

A rf trap of the end-cap design [16] is used in these experiments. A voltage, Vac =
291 V, oscillating at wrr = 27 x 12.8 MHz, is applied to the inner endcaps whilst
the outer endcaps are nominally grounded (Vpe = 0). The characteristic dimension
of the trap is the separation between the inner endcaps, 22y = 0.56 mm. The radius
of the endcaps, ry = 0.25 mm. The quadrupole field strength is given by

g(VDc + Vac COS(wRFt))
223 ’

A= (4.26)
where the parameter £, known as the efficiency of the trap, is characteristic to the
particular trap geometry and in this case is equal to 0.63(3). The time-averaged
force experienced by the ion in the trap gives rise to an effective harmonic potential.
The axial and radial secular frequencies of motion in the harmonic potential of an
ion, mass m, charge e are given by

_ BwrE
wsec - 2 ?

(4.27)
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where
e
and
4eEV]
+a, = —2a, = +% (4.29)
MZHWEE
265VAC

—¢: = +2¢, =+ (4.30)

Mmziwir
For the trap parameters given above, w, = 2w, = 27 x 1.846 MHz. Equation 4.28
is a first order approximation, which is sufficient for most purposes. However, if a
precise knowledge of the trap frequencies is required, as in section 4.8, the secular
frequencies may be calculated to a higher order in ¢ in which case the expression for

B is |
— _ a—1 _ 5a + 7 ) 3
p= (a 2(a—1)2 - qu2 T2(a— 1%(a_ 4:)q ) ) (4.31)

and w, = 2.050w, = 27 x 1.912 MHz

4.8 Estimating the shift

By assuming that the quadrupole field is caused by a common dc offset potential
Votiset 0N the upper and lower inner endcaps, relative to the outer endcap electrodes,
a typical values for A is estimated using

_ £ VOffset

A=
223

(4.32)

When no potential is deliberately applied, Vogset is expected to be in the range
+1 V, due to offset potentials on the electrodes. Possible sources of these potentials
include contact potentials between atomic ytterbium ejected from the trap ovens
and the tantalum of the electrode structure [17). The 1 V estimate is backed up
by the fact that micromotion compensation voltages required in the z direction are
typically £0 — 0.2 V. Using 1 V as a conservative estimate gives typical values of
A in the range 4.0 x 10® Vm~=2. The uncorrected quadrupole shift is therefore
expected to be approximately +0.4 Hz. By assuming that the field is produced by
the trap electrodes, it is possible to express the quadrupole shift in “hertz per volt
on the inner endcap”. This is an artificial, but practically useful, way to express the
shift and is unique to each individual trap. When this is done, the shift is 0.4 HzV~!.

4.9 Nulling the shift

It may be possible to control and reduce both the shift and its uncertainty by various
means. The first of these is that if frequency measurements are made for any three
orthogonal directions of the magnetic field, the quadrupole shift sums to zero over
the three measurements [8].
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A second method is to use the information provided by the secular frequencies
of the trapped ion to either infer the size of the quadrupole field, or to null it.
For our trap parameters, the predicted ratio of the trap frequencies for zero DC
quadrupole potential is r = w,/w, = 2.050. By adjusting the potentials applied to
the trap electrodes such that this ratio is realised, with good micromotion control,
then it is known that there is no DC quadrupole field in the trap, and the shift
has been nulled* [4]. The accuracy with which this ratio may be set is limited by
the knowledge of the trap efficiency £ which, from experimental characterization
of the trap is 5%. This corresponds to an uncertainty in 7 of 0.005 for r = 2.054.
The gradient dr/dVpc for our operating conditions is calculated to be 0.10 V1.
Combining these gives an uncertainty in locating Vpe = 0 of 0.02 V, corresponding
to a quadrupole shift of 7 mHz.

The trap frequencies can also be used to infer the quadrupole potential and
therefore can be used to measure the quadrupole moment. This will give a more
reliable measure of the quadrupole moment than the atomic structure calculations.
This method has recently been used at NPL to measure the quadrupole moment of
the upper state of the 674 nm electric quadrupole transition in %Sr* [18].

4.10 Related shifts

In a similar vein to the quadrupole shift, the 2F7/2 state may also have an electric
octupole shift, caused by any DC electric octupolar field in the trap interacting with
the electric octupole moment of the state. It is expected that this is much smaller
than the quadrupole shift both because the shift itself is weaker and because any
octupole field in the trap will be comparatively weaker than the quadrupole field.

There is also the possibility of a second-order quadrupole shift affecting the
2F7/2 state. Even in zero DC quadrupole field, there is still a strong (A ~ 3 x 10%)
AC quadrupole field, confining the ion. While the lowest-order quadrupole shift
calculated here averages to zero for this AC field, any second-order shift would not.
It is expected that this will again be smaller than the shift due DC quadrupole field,
or that due to the DC and low frequency Stark effect, as the coupling with other
atomic states occurs via the electric quadrupole interaction and the interaction is a
much weaker one than the electric dipole interaction.

Another shift which could occur, but has not been investigated in detail, is
a magnetic quadrupole (M2) shift. This would only affect the *F;/, state, and
is expected to be very small, for several reasons. The applied magnetic field is
small, and will have a correspondingly small magnetic quadrupole component. The
magnetic quadrupole interaction is also a weak one.

* Assuming the potentials on the outer endcaps are being adjusted, it is the common potential
of these which gives rise to the quadrupole shift, while the difference potential causes micromotion.
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Chapter 5

DC and low-frequency Stark shift

The dc Stark shift is simply the static-field equivalent of the ac Stark shift, discussed
in chapter 2. In a low frequency field, where the frequency is much lower than any
electric dipole transitions, the shift has the same coeflicient, the relevant physical
quantity being the mean-square electric field.

5.1 Theory

To re-iterate eq. 2.8, the light shift,
(BMZ — F(F + 1))

1 1
AWp = — 205 (Y F) B* = S 0nen (77 F) (BE; - E*). (5.1)

4 F(2F —1)
and
CVsc.(’y‘]}?) = CVsc.(')’J) (52)
L war [FEF—1D)@QF +1)(27 +3)(2J + )(J +1)]"?
een (VIF) = (=) [ 2F + 3)(F + 1)J(2T — 1)
x { L } ten (7). (5.3)

The polarisabilities, ase (vJ) and ogen.(vJ) are given in terms of reduced matrix
elements by [6]

oP(rd) = ‘3h(23+ i %: |<7J|Iuw||fwy>| (5.4)
DC _ 2r4 5J(2J - 1) v
Uen (J) = —(=)"5 l6(2J+ 3)(J+1)(2J + 1)]

which is also what one derives from the AC polarisabilities (equations 2.3 and 2.4)
in the limit wz, — 0. In terms of oscillator strengths,
2

DC e 91
J) = E .
e (’Y ) 7”e(2J + 1) 25 w2 (5 6)
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DC _ 2J e? 30J(2J — 1) v
en (J) = (—) — l(2J+ 3)(2J +1)(J + 1)]
% ’ZJ’(_)J’—J{ j[] j[] 5[ }gcj—éf (57)

5.2 Calculation

The calculation of the dc Stark shift is identical to that for the ac shift except that
in the summations, evaluated using the code in appendix A, the laser frequency is
set to zero.

3 %(s, 1/2) = 6.2477 x 10732 g2 (5.8)
,-YIJI
and be(3.1/2) \
AvP*(S,1/2 E
— 2 ) = 6643 | —— | . 5.9
() (/o) &9
95f _ —31 2
> =5 (F,7/2) =3.0448 x 107°'s (5.10)
,.YIJI
and be (g, 7/2) \
AvRC(F,7/2 E
—e 22 T2 ) = 8, — . 5.11
(FEm ) =5 7y -1
S ()2 11 2 |gsf _
by 772 7/2 J | w?
+1/E x 7828 x 107282 ¢ J' =5/2
—1/1 x9.866 x 1073252 . J' =7/2
+a5VT x 1.2754 x 107318 : J' =9/2. (5.12)
This gives,
ans (F,7/2) = —2.203 x 107 JV~2m?. (5.13)

The dc tensor polarisability of the 2F7/2, F = 3 state,

25
agg.(F7 7/27 3) = %agg(]—:‘a 7/2)

= —1.967 x 107" JV~*m? (5.14)

and

AVPO(F,7/2,3,0)\ _ (—8.093E% — 0.059§3E§ — E?)
( >ES_033E2<V43¢;E3> >
(V/cm)?

mHz

(5.15)
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The DC Stark shift of the 2S;/5, F = 0 —2F7/, F = 3, Mr = 0 transition,

(AI/DC (281/2, 0 —2 F7/2, 3, 0))

= AVPC(F,7/2,3,0) — AvPC(S,1/2)

mHz

—1.391E% — 0.178E*
- ‘) (5.16)

(V/em)?

5.3 Estimate of the shift

5.3.1 Micromotion

In the presence of stray DC electric fields, the ion is displaced from the trap centre
and experiences a non-zero electric field oscillating at the trap drive frequency. This
frequency is much lower than any transition frequency, therefore, the shift will be
equal to that produced by a static field of the same strength as the rms (root-mean-
square) oscillating field strength. The displacement may be reduced by applying
an electric field to cancel out the stray field, and the extent to which one can do
this determines the size of the shift. Displaced from the trap centre, the ion also
experiences excess micromotion at the trap drive frequency. The amplitude of the
ion’s motion is measured using a rf-photon correlation technique [19] and this is
used as a diagnostic for measuring and reducing the ion’s displacement and motion.
In order to estimate the size of the shift, the micromotion was first minimized, and
the experiment left to run for one hour, and then the micromotion was measured
again. This represents the typical maximum level of micromotion during frequency
measurements, as it was done at a time of relatively high micromotion drift. The
measured mean offset of the ion from the centre of the trapping potential was z =
70 nm, § = 150 nm, zZ = 310 nm where z is the displacement along the trap axis.
The electric field experienced by the ion is

TMWREF 2 _ _ B
(£%) = ( . ) (@a2)? + (w0y)” + (w:2)?) (5.17)
For the trap parameters given in section 4.7, using w, = 2w, = 2w, = 27 X

1.846 MHz, the total field strength squared is 28.1 (V/cm)2. The magnetic field
is applied along x, therefore one substitutes E, for E, in eq. 5.16 and the field
strength squared along the quantisation axis is 0.33 (V/cm)?. The DC Stark shift of
the 2S; /9, F' = 0 —2F7/9, F = 3, My = 0 transition is then estimated to be -39 mHz.

The stray electric field at the trap originates from the static charge built up on
the trap surrounds after loading the trap using electron bombardment and also from
the contact potential between ytterbium deposited on the trap electrodes and the
tantalum from which they are made. The electron charge leaks away after a period
of hours whilst the contact potential is relatively stable, and subsequently the drift
in the stray field reduces over time. More recently, photoionisation has been used
to load ions into the trap, precluding the use of electron bombardment, and further
reducing the drift in the stray field over time. With micromotion minimisation
performed in three dimensions, and under conditions where either photoionisation
has been used to load the trap, or when a period of hours has passed since loading
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Figure 5.1: Micromotion for three beam directions after minimisation to less than

5%.

by electron bombardment, the displacement of the ion is reduced to a much smaller
level. Figure 5.1 shows the micromotion after minimisation to less than 5% in three
directions. From the modulation amplitude of the rf-photon correlation signals, the
following displacements are derived: £ = +80 nm, § = +46 nm, Z = +2.6 nm. For
this data, a DC field has been applied to the inner electrode, to equalize the axial
and radial secular frequencies and w, = w, = w, = 27 X 1.33 MHz. The total electric
field squared experienced by the ion is then 1.21 (V/cm)2. Again the magnetic field
is applied along z so one uses E, in place of E, and the electric field squared along
the quantisation axis is 0.908 (V/cm)?. This gives rise to an estimated shift of
—1.84mHz or 3 parts in 10'%.

5.3.2 Secular motion

A more fundamental limit to the field experienced by the ion, is the secular (thermal)
motion of the ion in the trap. On average, the ion experiences the same electric field
for each degree of freedom, therefore the frequency shift of the ?F7/, state is simply
that due to the scalar polarisability, given in equation 5.11. Therefore, the DC Stark
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shift of the *S, /e, F = 0 =*F7/5, F = 3, Mr = 0 transition due to secular motion,

(AI/SDCC (281/2, 0 —2 F7/2, 3, 0))

mHz

= AvRC(F,7/2) — AvPC(S,1/2)

= —145 (ﬁ) . (5.18)

An ion at temperature, T, experiences an electric field [20],

(B?) = muwneksT (5.19)

e2

which at the Doppler limit, kineticenergy = 1/2kgT = fiy/4, where «y is the natural
linewidth if the Doppler cooling transition, becomes,

(E?) = % (5.20)

The transition used to cool '"'Yb*, at 369nm has a natural linewidth of 27w X
19.6 MHz, and the average total electric field squared experienced by the ion, (E) =
0.465(V/cm)?. This leads to a DC Stark shift of -0.07 mHz or 1 part in 10, which
is negligible compared to the shift arising from micromotion.

5.3.3 Total shift and uncertainty

The total fractional dc Stark shift with the minimum level of micromotion and with
the ion cooled to the Doppler limit, is estimated to be 3 x 10~'¥. The uncertainty on
the calculation of the dc polarisability is unknown, as there has been no opportunity
to calibrate this shift experimentally, but it is expected to be of the correct order of
magnitude, as the same calculation for the ac Stark shift gives a coefficient which
agrees reasonably well with the measured value, as discussed in section 2.4.
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Chapter 6

Second-order Doppler shift

6.1 Theory

The second order Doppler shift, like the DC Stark shift, is directly related to the
motion of the ion. If the ion is observed at an angle 6 to its direction of motion,
and is moving with a velocity v, the observed transition frequency vy is related to
the emission frequency vg,, by the relationship

vons _ Y1 = v/¢ (6.1)

Vem 1—(v/c)cosf

This can be expanded in powers of (v/c)

2 2
Yobs  _ (1-”——1—...) <1+Ec0s0+v—2c0s20+...>
c ¢

VEm 2¢2

1 2
= 1+Ec030+(c0s20——)v—+...
C 2/ c?
2

v v
= 1+ECOS0+2—C2COS20+"' (6.2)

The fractional shift in the transition frequency due to the second-order Doppler shift
is 3(v?/c?) cos 26.

6.2 Estimate of the shift

6.2.1 Micromotion

If the ion is displaced from the trap centre by stray fields, it undergoes excess
micromotion at the trap drive frequency. The timescale over which the ion is probed
is much longer than the period of this motion, therefore, one considers the mean-
square velocity of the ion in calculating the shift. This is given by

)= (5%) [0+ @)+ &
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where, g, is the AC stability parameter of the trap introduced in section 4.7. For
our particular trap parameters this is equal to 0.408.

At present, micromotion minimisation is performed for 2 dimensions only, and as
such, the dominant motion of the ion is perpendicular to the direction of observation
and § = 7/2. For the level of micromotion observed, the second-order Doppler shift
is calculated to be -0.05 Hz. With good micromotion minimisation in 3-D, as shown
in section 5.3.1 with Z = +80 nm, § = +46 nm, and Z = +2.6 nm, one calculates a
mean-square velocity, (v?) = 0.287ms™2 and the motion of the ion is at an angle of
55° to the probe beam. This gives a fractional shift of —5.5 x 10~!® or in absolute
terms, a shift of 0.4mHz. The maximum fractional shift, for a similar magnitude of
motion, but either along or perpendicular to the beam, is +1.6 x 1071®

6.2.2 Secular motion

The secular or thermal motion of the ion has a mean square velocity,
<v2> = 22w’ (6.4)

where, 2, is the amplitude of motion. In the case of a Doppler cooled ion, 2, = 20 nm
and the trap frequency, w, = 27 X 1.846 MHz thus (v?) = 0.05 m?s~2. The motion
of the ion is random, with no well-defined angle to the direction of observation,
therefore, the shift has an expectation value of 0. The uncertainty on the fractional
shift is 3 x 1071% or 0.2mHz in absolute terms. The total fractional second-order
Doppler shift, taking into account both secular and micromotion, is estimated to be
at most 2 x 10718,



33

Chapter 7
Blackbody shifts

The stainless steel vacuum chamber, its viewports, and the trap electrodes all con-
tribute to the blackbody radiation field experienced by the ion. The electric and
magnetic components of this field respectively lead to Stark and second-order Zee-
man shifts. The larger of these is the Stark shift.

7.1 Blackbody Stark shift

The blackbody radiation field is isotropic, therefore, the tensor polarisability does
not contribute to the shift. The peak of the blackbody spectrum at room temper-
ature lies well below the frequencies of electric dipole resonance transitions from
the S and F states. At 297 K, half of the intensity is at wavelengths longer than
14 pm, and 99% is longer than 5 pm therefore, the blackbody radiation field can
be approximated by a DC field of the same mean-square field strength and the dc
scalar polarisability is used to calculate the shift. The blackbody Stark shift of the
?S1/2, F' =0 —*Fq9, F = 3, Mp = 0 transition,

(AVBB(281/QI,DOH;2 F7/273,0)> — 145 (%) _ (7.1)

The electric field is calculated using Plank’s law for electromagnetic density (see for
example [21]):

3

€ 1 oo w
50 <E2> + 0 <BQ> = /0 eixp (%) - 1dw
w2k

= 7.2
15%3¢3 (72)

The energy in the magnetic field is equal to the energy in the electric field, thus

Ton )4 , (7.3)

(E?) = (7.94 V /cm)? (293 ’

where Tgp is the temperature of the radiation field. This gives a blackbody Stark
shift of -96 mHz at 297 K. The coefficient of the shift is —1.24 x 10~!* HzK—*.
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The largest uncertainty in the shift arises from the uncertainty in the coeflicient,
especially as it is the difference between the shifts of the 2S; /2 and 2F7/2 states which
are similar in value and have the same sign. The g-factors used in the calculation [9]
do not have associated uncertainties, however, they are used to calculate the lifetimes
of selected states for which experimental lifetimes are available. If one scales each
g-factor with the ratio of the experimental lifetime to the calculated lifetime, and re-
calculates the coefficient, one arrives at value for the blackbody shift of 57(10) mHz
at 297K, where the uncertainty is due to the uncertainty in the experimental lifetime.

Calculating the ac Stark shift using the same procedure, one arrives at a value
of 1.12 Hz I/(W/cm®). This is different from the experimental value of 0.48%5:5% Hz
I/(W/cm®) by more than a factor of two. In fact, making adjustments in the theory
using experimental lifetimes takes the calculated value further from the experimen-
tal value than if no adjustment is made at all, in which case it is 0.61 Hz
I/(W/cm®). There are some transitions with significant contribution to the polar-
isability for which no lifetime data is available, and perhaps it is the g-factor for
these that is cause of the discrepancy. Whatever the cause of the discrepancy, the
calculation of the blackbody shift must be treated with caution, and an uncertainty
of 100 % does not seem unreasonable. Either further refinement of the calculation
so that it agrees better with the measured ac Stark shift, or a direct measurement
of the blackbody Stark shift will be required before this uncertainty can be reduced.

One also has to consider the uncertainty in the measured temperature. The
shift has a dependence of —0.77mHz K~! at 297 K which is negligible compared to
the uncertainty in the coefficient. An interesting possibility would be if a future
definition of the second were to be defined at room temperature. In this case, the
uncertainty in the blackbody shift would be reduced to the part in 10'8 level for a
one degree uncertainty in the operating temperature.

7.2 Blackbody second-order Zeeman shift

The magnetic field strength is given by (B?) = 6.97x1072(T3p/293)* T2. This gives
a blackbody second-order Zeeman shift of -13 mHz, using the DC shift coefficient.
However, this is not appropriate, as around 99% of the radiation is at frequencies
higher than 1.8 THz (175 pm), and this is a much higher frequency than the 12.6 GHz
and 3.6 GHz transitions taken into account in calculating the DC shift coefficient.
Hence their contribution to the blackbody second-order Zeeman shift is very small.
There are magnetic dipole transitions in "'Ybt with wavelengths in the 1-3um
range, and it is likely that these will make a larger contribution to the coefficient,
but this has not been calculated.
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Chapter 8

Gravitational redshift

The gravitational redshift is a general relativistic effect, whereby clocks run compar-
atively slower in stronger gravitational fields. It is necessary to take into account the
height of a clock above some defined surface of constant gravitational field strength
when coordinating clocks in different locations to produce a global timescale. The
fractional shift in frequency, between two clocks at heights h; and ho,

A 1 rh Ah
av _ 2" g-dh~ 9
v 2 = c?
~ 1x107%m™! (8.1)

where height is defined as the distance above the mean geoid (a ‘mean earth’). The
uncertainty in the local value of g will be < 10™*, therefore the largest contribution
to the uncertainty will be in determining the height above the geoid. The best
accuracy to which this has been measured to date, is 0.3 m for the location of the
frequency standards at NIST, Boulder [22]. An absolute determination of this height
is only necessary if comparing clocks remotely and time transfer techniques, which
are currently only good to the part in 10'° level, must first be improved before this
limits the accuracy. For local comparison of clocks it is sufficient just to know their
relative heights, which it should be possible to do at the 0.1 m level.
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Chapter 9

Conclusion

9.1 Summary of coefficients

A summary of the well-known and characterised coefficients of the atomic systematic
shifts for the octupole transition is shown in Table 9.1. Shifts such as the second-
order Doppler shift and gravitational redshift are well-characterised shifts which
are independent of the atomic physics of ytterbium ions. Coefficients not included,
because they are not well known, include the blackbody and optical second-order
Zeeman shifts, the octupole shift and the second-order quadrupole shift.

9.2 Projected limits

Using the measured and calculated coefficients of the systematic shifts, it is possible
to estimate the typical sizes of all the shifts for current operating conditions. It is also
possible to project the levels to which the shifts may be reduced by improvements
in the experiment. The shifts and their uncertainties obtained by this process are
tabulated in Table 9.2, and plotted in Figures 9.1 and 9.2. The assumptions for the
projected shifts are:

AC Stark shift Moving from 1 mW of light, in a 200 Hz bandwidth, with a spot
size of 10 um and a pulse length of 0.3 s, to 20 mW of light in a 0.1 Hz

Shift Coefficient Units

AC Stark* (4878) x 10~° Hz W1 m?
DC Stark (FARPESE)  miy
Second-order Zeeman (—1.72+0.03) x 10° Hz T2
Quadrupole 1.06 x 1077 Hz V! m?
Blackbody AC Stark —1.24 x 10~ Hz K—*

Table 9.1: The well-characterised atomic systematic shifts of the octupole transition
in '"'Yb*. The uncertainties shown are from experimental calibrations. * Note: the
measured coefficient is with the electric field of the light at and angle of 25° to the
quantisation axis.
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bandwidth, with a 1 mm spot size and a 10 s interrogation time.

DC Stark shift The current estimate is based on ‘worst case’ measurements of
the motion of the ion, obtained by rf-photon correlation. These give mean
displacements of the ion from the centre of the rf field as +70 nm, +150 nm
and -310 nm along the z,y, 2 trap axes, respectively. The projection assumes
that micromotion is minimized in 3-D to the levels demonstrated in fig. 5.1.

DC second-order Zeeman shift The current applied DC field is 188 uT, and
it is anticipated that this can be reduced to near zero by using polarisation
spinning on the 369 nm and 935 nm transitions. A small field will be required
to set a quantisation axis for the ion, and separate the Zeeman components of
the 467 nm transition. The projected uncertainty assumes that the field can
be nulled only with the currently available accuracy of about 1 yT. In fact,
the field could be set much more accurately by observation of the Zeeman
components of the octupole transition.

50 Hz second-order Zeeman shift Based on measurements made on the NPL
strontium-ion frequency standard, the 50 Hz (mains electricity) field is ex-
pected to be 500 nT at the present time, and this can be reduced by a factor
of 10 with the addition of mu-metal shields around the trap.

Blackbody stark shift The shift is expected to remain the same size, as the op-
erating temperature of the experiment will not change in the near future. The
uncertainty is a rough estimate of our confidence in the theoretical calculation
of the DC Stark shift coefficient.

Quadrupole shift The effective quadrupole potential on the trap electrodes is as-
sumed to be rectangularly distributed between +1 V and -1 V at the present
time. It is expected that the uncertainty can be reduced to 0.02 V by moni-
toring the trap frequencies.

Second-order Doppler shift The current shift is estimated from measured mi-
cromotion amplitudes, as described for the DC Stark shift. The projected
shift assumes a Doppler cooled ion and micromotion minimized in 3-D at the
level shown in fig. 5.1.

The biggest single shift is currently the AC Stark shift, but as the linewidth of
the probe laser narrows, and interrogation times are extended, this shrinks to below
the blackbody Stark shift, and has a much smaller uncertainty.

Polarisation spinning of the cooling light at 369 nm has already been demon-
strated, and this should allow a large reduction of the second-order Zeeman shift.

After the second-order Zeeman shift, the largest systematic shift (in terms of its
uncertainty) is currently the quadrupole shift. This can be reduced to the projected
levels by monitoring the trap frequencies and adjusting the dc potentials applied to
the trap.

By minimizing micromotion in three dimensions the DC Stark and second-order
Doppler shifts can be reduced to very low levels, assuming that the ion is cooled
close to the Doppler limit.
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Systematic Shift Current/ Hz Projected/ Hz
AC Stark +(31+£12)x 102 +(4.6+0.5) x 1073
DC Stark —(39+39)x102 —(1.84+1.8) x 1073
DC Zeeman —61+3 (0+1.7) x 1073
50 Hz Zeeman —(4.3+04) x 107* —(4.3+0.4) x 107
BB Stark —(6+6) x 102 —(6+6) x 1072
Quadrupole 0+0.4 (0+8.6) x 1073
Doppler (0+5.0) x 102 (0+1.0) x 1073

Table 9.2: Current and projected systematic shifts and associated uncertainties for
the octupole transition. The assumptions behind these are outlined in the text.

1E-11 -
1E-12 -
1E-13 -
1E-14 -
1E-15 -
1E-16 -
1E-17 -
1E-18 -
1E-19 -
1E-20 -
1E-21 -

Fractional shift

1E-22 4 \ \ \

AC stark DC Zeeman BB Stark  DC Stark 50Hz Quadrupole  Doppler
Zeeman

Shift

Figure 9.1: Current (black) and projected (white) systematic shifts of the octupole
transition, as a fraction of the transition frequency.
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1E-11 4
1E-12
1E-13 +
1E-14 -
1E-15 4
1E-16 -
1E-17 4
1E-18 A
1E-19 A

Fractional uncertainty

1E-20 A
1E-21 +

1E'22 - T T T T T

AC Stark DC Zeeman BB Stark DC Stark 50Hz Quadrupole  Doppler
Zeeman

Shift

Figure 9.2: The uncertainties of current (black) and projected (white) systematic
shifts, as a fraction of the octupole transition frequency.

The blackbody Stark shift has the largest projected uncertainty and this will
limit operation of the standard to the part in 10'® level. There is potential for this
to be improved by direct measurement of the coeflicient, or indirectly, by measuring
the DC Stark shift coefficient. If the theory were to be refined, such that there was
better agreement between the experimental and calculated values of the ac Stark
shift, this would give more confidence in the calculation for the blackbody Stark shift
and could also lead to a reduction in its uncertainty. Alternatively, if an ‘operating
temperature’, near room temperature were defined, the shift, and its uncertainty,
would be reduced to the part in 10'¥level.

If the uncertainty on the blackbody Stark shift could be reduced by calibration
or measurement, the limiting factor in the projected systematic shifts would then be
the quadrupole shift. This is projected to be at the 1 x 107 level, though careful
measurement and calibration could reduce this uncertainty further. With a 0.1 Hz
laser linewidth, the line profile must be subdivided by a factor of 20 to achieve a
1 x 107! frequency measurement uncertainty. To reduce it further below the pro-
jected levels, the scheme of averaging frequencies measured for three perpendicular
directions of magnetic field can be applied [8]. The resolution of this technique is
limited by the laser linewidth and variations of other systematic shifts, and will re-
quire a laser much narrower than 0.1 Hz. For the near-to medium-term, it therefore
appears that the achievable performance will be around this level. This is based on
the assumption that shifts not dealt with here, such as the blackbody second-order
Zeeman shift, octupole shift, etc, are not significant on these scales.

For absolute frequency measurements, this analysis ignores issues involved in
relating the transition frequency to the SI second via caesium. Caesium standards
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have not reached, and may not reach, this level of accuracy. Once the projected
performance levels are achieved, as they are expected to be over the next few years
by a number of trapped-ion frequency standards, the case for re-definition of the
second in terms of an optical standard will grow. The low systematic shifts and
clear potential for further development offered by the octupole transition place it as
one of the strong candidates to be the next primary standard.
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Appendix A

Matlab code for calculation of
Stark shift

A.1 °S,pstate

% calculation of summation over excited states in Stark shift calculation
% using data from - Biemont et al J Phys B31,3321(1998).
% shift for 2S1/2 level

clear all

% energy gf 1/2 3/2

S=[ 27062 0.474 1 0;
28758 0.048 0 1;
30392 0.887 O 1;
32982 0.034 O 1;
33654 0.082 1 0;
34575 0.166 0 1;
39379 0.012 1 0;
43075 0.024 0 1;
44941 0.200 0 1;
45737 0.102 0 1;
46903 0.109 1 0;
47005 0.139 0 1;
47229  0.046 1 0;
56221 0.014 O 1;
65594 0.011 0 11;

% calculates gf/(w"2-wlaser~2)

% w=2.pi.100.c.lamdabar

% energy in cm™-1

% S level has energy 0 cm™-1

€=299792458; Jms~-1

wlaser=0; %s ~-1 % For calculation of DC shift
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Jwlaser=2*pi*100*c*21419; %s ~-1 % For calculation of AC shift
gfw2=S(:,1); gfw2=2*pi*100*c*gfw2;
gfw2=5(:,2)./(gfw2. " 2-wlaser."2);

S(:,3)=8(:,3) .*xgfw2;

S(:,4)=S(:,4) .xgfu2;

sum(S(:,3))

sum(S(:,4))

A.2 °Fypstate

% calculation of DC stark shift constant
% using data from - Biemont et al J Phys B31,3321(1998)

% shift for 2F7/2 level

% energy gf 5/2 7/2 9/2

F=[ 47912 0.011 0 1 0;
48900 0.121 0 1 0;
49301 0.242 0 0 1;
49498 0.177 1 0 O;
53721 0.011 O O 1;
56376 1.066 1 0 0
57765 3.6561 0 O 1;
58284 0.020 1 O 0O
58824 0.864 1 0 0
59090 3.286 0 1 0;
59269 0.1561 1 O O
59619 0.132 0 1 0;
610561 0.124 0 1 O;
61215 0.4656 0 0 1;
61374 0.087 1 0 0O
63234 0.589 1 0 0
63702 0.010 1 O O
63727 0.329 0 0 1;
64056 0.063 1 O O
64598 0.267 O 1 0
65093 0.092 0 1 O
65200 0.299 0 O 1;
65577 0.047 O 1 0O
66351 0.029 1 O O
66558 0.072 0 1 0O
67416 0.035 0 0 1;
67939 0.068 0 1 0
68450 0.108 O 1 O;
68549 0.013 O O 1;
69080 0.017 1 O 0O
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69395 0.047 O 1 0
70868 0.129 0 O 1;
70954 0.15 1 0 0;
71222 0.0156 0 1 0
71469 0.10 1 0 0;
73283 0.112 0 O 1;
73751 0.192 O O 1;
73967 0.012 O 1 O
74270 0.019 1 0 0y
74973 0.019 0 1 0
76561 0.083 1 O 0,
76170 0.083 1 0 0
76323 0.013 0 1 0
76676 0.263 1 0 0,
76839 0.103 1 O O
77449 0.016 O 1 0
77607 0.457 1 0 0,
774t 0.376 0 0 1,
77882 0.048 0 1 0,
78070 1.592 0 O 1;
78815 0.012 1 O O
79127 0.016 O O 1;
79629 1.408 0 1 0
80458 0.028 0 1 0
81313 0.083 1 0 0
81657 0.084 1 O 0,
81693 0.084 O 1 0
82892 0.046 1 0 0];

% calculate gf/(w"2)

% w=2.pi.100.c.lamdabar

% f level has energy 21419 cm™-1

€c=299792458; Yms~-1

wlaser=0; %s ~-1 % For calculation of DC shift
Jwlaser=2*pi*100*c*21419; %s ~-1 % For calculation of AC shift

gfw2=F(:,1) - 21419; gfw2=2%pi*100*c*gfw2;
gfw2=F(:,2)./(gfw2. " 2-wlaser."2);
F(:,3)=F(:,3).*gfw2;

F(:,4)=F(:,4) .*gfw2;

F(:,5)=F(:,5).*gfw2;

sum(F(:,3))

sum(F(:,4))

sum(F(:,5))

45
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