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ABSTRACT

There are classes of problems in metrology for which little or no distributional
knowledge is available concerning the values of the input quantities to a model of
measurement. Consequently, non-parametric methods have value when applied to
such problems. So-called ‘re-sampling’ methods are discussed and applied to two
problems, one concerning environmental and the other dimensional measurement.
These problems have very different character, and the re-sampling approaches
used are selected accordingly. Further, consideration is given to an approach for
the provision of a coverage region for the values of multivariate quantities that
makes no assumption about the distribution for the values of these quantities. The
approach is applied to a problem in electrical metrology.
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1 Introduction

Metrologists frequently work with models of measurement. These models relate
input quantities about which information is available to an output quantity (or
quantities) about which information is required. A main concern is to provide an
estimate of the value of the output quantity, the measurement uncertainty associated
with this estimate, and a coverage interval (corresponding to a stipulated coverage
probability) for the value of the output quantity. Approaches based on the use of
the Guide to the Expression of Uncertainty in Measurement (GUM) [4] are widely
used for this purpose. These approaches require that probability distributions are
assigned for the values of the input quantities. The GUM concentrates on the use
of estimates of the values of the input quantities and uncertainties associated with
these estimates, derived from these distributions, together with the use of the law
of propagation of uncertainty and the assignment of a Gaussian distribution to the
value of the output quantity, to derive the required information. GUM Supple-
ment 1 [3] applies the propagation of distributions [15] directly to the assigned
distributions for the values of the input quantities to determine the distribution for
the value of the output quantity (thus avoiding the Gaussian assumption), from
which the required information is obtained.

There are problems in metrology where the only knowledge of the values of the
input quantities is in the form of samples of measurement of those quantities. If
the samples are of adequate size, at least 15, say, such problems can be addressed
using non-parametric methods of statistical analysis that make intensive ‘re-use’ of
these measurements. They are in contrast to the methods in the companion report,
‘Statistical error modelling’ [12], which are based on assigning statistical models
to the deviations associated with the measurements. These so-called ‘re-sampling’
methods [17, 18] (section 2) provide an approximation to the distribution for the
value of the output quantity, from which the required information can be extracted.

Two applications of re-sampling methods are given. One application is in the area
of air quality (section 3), where a trend model is used to help understand and
predict pollution levels of ground-level ozone, given measurements over a period of
time [13, 14]. The form of re-sampling used is typical of that applied to regression
problems.

The other application of re-sampling is in the area of roundness assessment [1]
(section 4), where the profile is measured of a section of a component whose
deviation from perfect form is sought. The type of re-sampling used takes account
of the fact that the measurements contain mutual dependencies in the form of serial
correlation. Failure to account for this effect would provide invalid uncertainties
associated with the component and the measuring instrument.

A further non-parametric method considered in this report is a distribution-free
approach to derive a coverage interval for the value of a quantity or a coverage
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region for the values of a set of quantities (section 5). The method uses estimates
of the values of the quantities and the associated standard uncertainties and, if
appropriate, covariances, to derive the coverage region.

The method is illustrated by an application in electrical metrology [4] (section 6)
relating to the determination of the resistance and reactance of a circuit element.

2 Re-sampling methods

This section reviews the class of non-parametric methods known as re-sampling
methods, especially the use of ‘bootstrap re-sampling’ [5, 6, 17, 18], to evaluate
uncertainties associated with measurement results.

Bootstrap re-sampling can be considered as a means for approximating the distri-
bution for the value of a quantity such as one derived from regression parameters
(section 2.5). In this approach, no assumption is made about the nature of the
uncertainties associated with the measurements.

The bootstrap is based on the use of the measurements to construct further mea-
surements. Such measurements do not contain (because they cannot) further infor-
mationper se. However, they can assist in approximating the distribution for the
value of a quantity using estimates of the value of the quantity derived from the
‘new’ measurements. These estimates are considered to mimic those that would
have arisen had it been possible to sample from the population from which the
given measurements are deemed to have been drawn.

Let the provided measurements of the values of a quantityX = (X1, . . . , XN )T

be denoted byx = (x1, . . . , xN )T. Let y denote an estimate of the value ofY , the
quantity (the mean or median would be a simple example) to be formed fromX
using a known model of measurementY = f(X). Consider a discrete probabil-
ity distribution assigned to the value of eachXi (section 2.1) and sample from
each of those distributions to provide a ‘new’ set ofN measurements,x1 =
(x1,1, . . . , xN,1)T. Denote the corresponding value of the output quantity for these
measurements byy1.1 Derive such a ‘new’ set of measurements many times,M ,
say, giving in all ‘re-samples’x1, . . . ,xM , and corresponding estimatesy1, . . . , yM

of the value ofY . With the bootstrap, this set of values is taken as the basis of an
approximation to the distribution for the value ofY .

Some problems, especially regression problems, have input data that is hierarchical
in nature. Rather than there being a single input data set, there is aset of setsof
input data. For instance, a single data set might constituteN triplets of spatial

1For instance, if the original measurements werex = (1.2, 1.3, 1.0, 1.5)T and Y were the
arithmetic mean, theny = 1.25. A re-sampled set of measurements isx1 = (1.3, 1.5, 1.2, 1.2)T,
for whichy1 = 1.30.
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co-ordinates, representing points on a surface in three-dimensional space. The set
can be represented as a regular array, e.g., as anN × 3 matrix. An hierarchical
data set might consist of a number of data sets each of that type. It would have two
hierarchical levels. No clear distinction is made or necessary, however, between
single and hierarchical data sets. For instance, suppose there are several,L, say,
sets of data, each identical to the above single data set, except for the numerical
values of the third co-ordinate. The composite data set can be represented as
anN × 3 × L matrix, and regarded, if it is helpful to do so, as a single data
set.

There can be several hierarchical levels. Hierarchical data will in general have
different uncertainty structure at each level. For instance, at one level the data
might exhibit mutual dependencies, but mutual independence at another. Any
method of evaluating the data would need to respect the various structures in order
to provide valid uncertainties associated with the values of the quantities of interest.

No attempt is made here to develop a general theory that can be applied to classes
of problems involving hierarchical data. Rather, a particular problem, in roundness
assessment, is considered, and a suitable approach based on re-sampling applied.
The manner in which this problem is treated may help to provide an indication of
how other regression problems involving hierarchical data can be handled using
bootstrap re-sampling. For the purpose of this report, eachxi above can where
appropriate be regarded as a realization of the ‘value’ of a vector-valued quantity,
for instance. This is the case for the roundness application in section 4. Further
comments in the context of regression problems are made at the end of section 2.7.

Another class of re-sampling methods is known as the jack-knife [17, 18]. It is a
useful class if the concern is with providing an estimate of the value of the output
quantity and the standard uncertainty associated with that estimate. It is not suitable
for providing a coverage interval for the value of the output quantity. The use of
the jack-knife is not considered further in this report.

2.1 Bootstrap implementation

The basis of a generic bootstrap (algorithm) can be presented as follows.

1. Consider an output quantityY defined functionally in terms ofN input
quantitiesX = (X1, . . . , XN ):

Y = f(X).

2. Given is a samplex = (x1, . . . , xN )T of the values ofX.
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3. Assume that theXi, i = 1, . . . , N , are mutually independent, whose values
are each assigned the same (approximate) probability density function (PDF)2

ĝ(ξ) =


1/N, ξ = x1,
...

...
1/N, ξ = xN ,
0, otherwise.

4. Select a numberM of bootstrap samples to be made.3

5. Forr = 1, . . . ,M , generate a bootstrap sample:

(a) TakeN ‘draws’ xr = (x1,r, . . . , xN,r)T from the PDF̂g(ξ).

(b) Form the corresponding value ofY :

yr = f(xr).

6. Apply the considerations of section 2.2 to provide an approximate distribu-
tion functionĜ(η) for the value ofY .

7. Apply the considerations of section 2.3 to provide an estimatey of the value
of Y , the measurement uncertaintyu(y) associated with this estimate, and
a coverage interval (corresponding to a stipulated coverage probability) for
the value ofY .

2.2 Approximate distribution function

In general, suppose a set of realizations of the value of a quantity is available.
If all the items in the set can be regarded as equally probable realizations, they

2This choice follows from the application of the Principle of Maximum Entropy [31]. Letpi

denote the probability to be assigned to the valueX = xi. Then thepi are to be determined such
that the entropy

−
m∑

i=1

pi log pi

is maximized subject to the condition that their values sum to unity. For this purpose, the turning
point of the Lagrangian

L(p, λ) = −
N∑

i=1

pi log pi + λ

(
N∑

i=1

pi − 1

)
,

wherep = (p1, . . . , pN )T and λ is the Lagrangian parameter, is to be determined. The result
is pi = 1/N , i = 1, . . . , N . This argument is a simplification, since thexi are realizations of the
value of acontinuousquantity. A solution to handle this aspect properly requires a more sophisticated
argument.

3Generally,M should be chosen to be as large as possible.
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can be used to form an approximation to the distribution function for the value of
the quantity. The set of realizations may be the consequence of an application
of an implementation of the propagation of distributions. It may be the result
of the use of bootstrap re-sampling (section 2.1). It may stem from some other
calculation or consideration. For the first-mentioned case, the Joint Committee for
Guides in Metrology has produced a supplement to the Guide to the Expression of
Uncertainty in Measurement (GUM) [4] concerned with the propagation of distri-
butions, and its implementation using Monte Carlo simulation, for the purposes of
uncertainty evaluation [3]. The manner in which the approximate distribution is
determined from a set of realizations of the value of a quantity is reviewed. Also
reviewed is the determination from this distribution of an estimate of the value
of the quantity, the associated uncertainty, and a coverage interval for the value
of the quantity. Some implementation details of the manner in which bootstrap
re-sampling can provide a set of realizations were given in section 2.1.

SupposeM realizationsyr, r = 1, . . . ,M , of the value of a quantityY are
available. An approximation̂G(η) to the distribution functionG(η) for the value
of Y is obtained as follows. Sort the valuesyr, r = 1, . . . ,M , into non-decreasing
order. Denote the sorted values byy(r), r = 1, . . . ,M . Assign uniformly spaced
cumulative probabilitiespr = (r − 1/2)/M , r = 1, . . . ,M , to the ordered val-
ues [11].4

Form Ĝ(η) as the piecewise-linear function joining theM points(y(r), pr), r =
1, . . . ,M :

Ĝ(η) =
r − 1/2
M

+
η − y(r)

M(y(r+1) − y(r))
, y(r) ≤ η ≤ y(r+1), r = 1, . . . ,M − 1.

(1)
The values ofy(r) (or yr), when assembled into a histogram (with suitable cell
widths) form a frequency distribution that, when normalized to have unit area,
provides an approximation̂g(η) to the PDFg(η) for the value ofY . Calculations
are not generally carried out in terms of this histogram, the resolution of which
depends on the choice of cell size, but in terms of the approximationĜ(η) to the
distribution functionG(η). The histogram can, however, be useful as a visual aid
to understanding the nature of the PDF, e.g., the extent of its asymmetry.

2.3 Estimates, associated standard uncertainties and coverage inter-
vals

The expectation̂y of the functionĜ(η) (expression (1)) approximates the ex-
pectationy of the PDFg(η) for the value ofY . The standard deviationu(ŷ)
of Ĝ(η) approximates the standard deviation ofg(η) and is taken as the standard

4The valuespr, r = 1, . . . , M , are the midpoints ofM contiguous probability intervals of
width 1/M between zero and one.
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uncertaintyu(y) associated withy. To a good approximation,5 for an adequately
large value ofM , ŷ can be taken as the arithmetic mean

ŷ =
1
M

M∑
r=1

yr,

formed from theM valuesy1, . . . , yM , and the standard uncertaintyu(ŷ) deter-
mined from

u2(ŷ) =
1

M − 1

M∑
r=1

(yr − ŷ)2.

Let α denote any value between zero and1 − p, wherep is the required coverage
probability. The endpoints of a100p % coverage intervalIp(Y ) for the value ofY
areG−1(α) andG−1(p + α), i.e., theα– and(p + α)–quantiles ofG(η). Theβ–
quantile is the value ofη such thatG(η) = β. The choiceα = 0.025 gives the
coverage interval defined by the 0.025– and 0.975–quantiles, providing anI0.95(Y )
that is probabilistically symmetric. The probability is 2.5 % that the value ofY is
smaller than the left-hand endpoint of the interval and 2.5 % that it is larger than the
right-hand endpoint. Ifg(η) is symmetric about its expectation,Ip(Y ) is symmetric
about the estimate of the output quantity valueY , and the left-hand and right-hand
endpoints ofIp(Y ) are equidistant fromy.6

A value ofα different from 0.025 would generally be appropriate were the PDF
asymmetric. Usually the shortestIp(Y ) is required, because it corresponds to the
best possible location of the value ofY within a specified probability. It is given by
the value ofα satisfyingg(G−1(α)) = g(G−1(p + α)), if g(η) is single-peaked,
and in general by the value ofα such thatG−1(p + α) − G−1(α) is a minimum.
If g(η) is symmetric, the shortestIp(Y ) is given by takingα = (1− p)/2.

The shortestIp(Y ) can generally be obtained computationally from̂G(η) by deter-
miningα such thatĜ−1(p+α)−Ĝ−1(α) is a minimum. The law of propagation of
uncertainty, as in the GUM [4], provides the shortest such interval for the Gaussian
distribution assigned to the value ofY .

Figure 1 shows an example of a distribution functionG(η) and the equiprobabilistic
and shortest 95 % coverage intervals.

2.4 Regression models

Emphasis is placed on the use of the bootstrap withinregression problems, which
constitute a large fraction of mathematically formulated problems in metrology, in-

5Exact expressions for̂y andu(ŷ) are available [11].
6For a symmetric PDF for the value ofY , the procedure would, for a sufficiently large value

of M , give the same coverage interval for practical purposes as taking the product of the standard
uncertainty and the coverage factor that is appropriate for that PDF. This PDF is generally not known
analytically.
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Figure 1: A distribution functionG(η) corresponding to an asymmetric PDF. Broken
lines mark the endpoints of the probabilistically symmetric 95 % coverage interval and the
corresponding probability points, viz., 0.025 and 0.975. Solid lines mark the endpoints
of the shortest 95 % coverage interval and the corresponding probability points, which
are 0.006 and 0.956 in this case. The lengths of the 95 % coverage intervals in the two
cases are 1.76 units and 1.69 units, respectively.

cluding calibration, geometric assessment (more on both of which is given below),
data fusion, experimental data analysis, conformity assessment and key compar-
isons [2, 7, 9, 10, 11, 20, 21].

Within regression there are areas where ‘immediate’ application of the bootstrap
brings advantages. There are other areas where straightforward application would
be invalid, because, e.g., there are mutual dependencies in the measurements that
exist, but which have not been quantifieda priori. A main purpose of this section is
to review the conventional use of the bootstrap for regression problems. Section 4
considers, through a comprehensive example in dimensional metrology concerning
roundness assessment, how a more complicated case involving correlated data can
be addressed.

Regression models that depend linearly on their parametersA = (A1, . . . , An)T

of the form

F (A;T ) =
n∑

j=1

Ajφj(T ),

where theφj(T ) denote an appropriate set of linearly independent functions, are
often used in metrology. They are typically used to model sets of data(ti, xi),
i = 1, . . . ,m, where theti represent measurements of the values of a stimulus vari-
able and thexi measurements of the corresponding values of a response variable.
Often the uncertainties associated with theti are regarded as negligible compared
with those associated with thexi. That is the case considered here, although the
approach is capable of extension.
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The parameters in the regression model are often determined by minimizing with
respect toA the differences between thexi and the corresponding model val-
uesF (A; ti) in a weighted least-squares sense, i.e., by minimizing the sum of
the squares of the weighted residual deviations,

m∑
i=1

w2
i e

2
i (A), (2)

where
ei(A) = xi − F (A; ti)

is the unweighted residual deviation and the weightwi is ideally taken as

wi = 1/u(xi),

the reciprocal of the standard uncertainty associated withxi.

Sometimes other measures are used in place of expression (2), for instance, the
sum of absolute weighted residual deviations,

m∑
i=1

wi|ei(A)|.

Denote bya = (a1, . . . , an)T the estimate ofA obtained by minimizing one of
the measures. Only the least-squares measure is considered subsequently in this
report.

2.5 Quantities derived from regression models

In many problems, e.g., calibration and geometric form assessment, it is necessary
to consider a quantity (or quantities) that is a functionh(A), say, of the regression
parametersA, to formh(a) and to evaluate the uncertainty associated withh(a).
For instance, in calibration, the functionX = F (A;T ) would represent a cali-
bration curve relating stimulusT and responseX. The ‘inverse function’T =
ψ(A;X), say, would be used to form the value of the stimulusT corresponding
to a value of the responseX. In geometric assessment,X = F (A;T ) would
represent an actual geometric feature on a manufactured object. The nominal form
of the feature according to the design specification would be a geometric element
such as a circle or an ellipse. The departure of the assessed feature from, say, a
circle, is a measure of the imperfection of the feature. Thus, ifT denotes angle
andX radius, andF (A;T ) is a Fourier representation of a ‘near-circular’ feature,
the feature imperfection, or ‘out-of-roundness’ (often simply termed ‘roundness’)
is

h(A) = max
T

F (A;T )−min
T
F (A;T ). (3)

Page 8 of 38 www.npl.co.uk/ssfm/download/index.html#cmsc4604
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2.6 Regression model uncertainties

By making appropriate assumptions, the uncertainties associated with the esti-
matea of the values ofA obtained as in section 2.4, can be evaluated, and thence
the uncertainty associated with a ‘model value’, i.e., the estimate

n∑
j=1

ajφj(t0) (4)

for a prescribed estimatet0 of the value of the stimulus, can be evaluated. More-
over, a coverage interval (corresponding to a prescribed coverage probability) for
the estimate (4) of the value of the model, givent0, can be formed.

Uncertainties associated with functionsh(a), such as those in section 2.5, can
also be formed, by applying the law of propagation of uncertainty or some other
appropriate approach.7

A common assumption is that the weighted measurement deviationswiei (sec-
tion 2.4) are realizations of the values of independent normally distributed random
variablesN(0, 1). Then, for the least-squares measure, the above calculations are
readily carried out using the well-established theory for such variables.8

In particular, a 95 % coverage interval for the value of a quantityΘ, viz., a model
parameterAj or a quantity derived from the model parametersA, is given by[θ−
ku(θ), θ + ku(θ)], whereθ is an estimate of the value ofΘ, u(θ) the associated
standard uncertainty, andk a coverage factor [4].k depends on the distribution
for the value ofΘ. If the distribution is normal,k = 1.96 and the 95 % coverage
interval would be[θ − 1.96u(θ), θ + 1.96u(θ)].9

In other cases, e.g., where the distribution for the value ofΘ is unknown, but
distributions are assigned to the values of the stimulus variable, the use of the
propagation of distributions can be considered [3].10

2.7 Bootstrap regression

When applied to regression problems, the residual deviations from the regression
are bootstrapped and used to construct ‘new’ data and hence ‘new’ regressions.

7The law of propagation of uncertainty cannot readily be applied to the model (3) because it is
not differentiable as a consequence of the maximum and minimum operators.

8Theory is also available for the case where the weighted measurement deviations are realizations
of the values of a joint normally distributed random variable.

9The notation[z − U, z + U ] is used to denote a coverage interval for the value of a
quantity Z, for which z is an estimate andU an expanded uncertainty. This form is preferable
to the recommendationz ± U [4], because the latter cannot be generalized to asymmetric coverage
intervals.

10The propagation of distributions would be a suitable approach for the model (3).
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The generic bootstrap algorithm of section 2.1, together with consideration of a
quantity derived from the model parameters, becomes:

1. The linear regression model is

X = CA,

whereC is a fixedm × n (design or observation) matrix withm ≥ n and
having rankn, X anm-element observation vector (the input quantities),
andA ann-element vector of model parameters (a multivariate counterpart
of the output quantityY in section 2.1).11

2. Supposex is a given vector of measurements of the values ofX.

3. Determine the least-squares solutiona (formally a is given bya = f(x) ≡
(CTC)−1CTx).12

4. Form the model values
x̃ = Ca.

5. Form the corresponding residual deviations

ẽ = x− x̃.

6. Form the approximate PDF

ĝ(ε̃) =


1/m, ε̃ = ẽ1,
...

...
1/m, ε̃ = ẽm,
0, otherwise.

7. Forr = 1, . . . ,M ,

(a) Form ‘new’ residual deviations̃er = (ẽ1,r. . . . , ẽm,r)T, given bym
draws from the approximate PDF̂g(ε̃).

(b) Form new observations

xr = x̃ + ẽr.

(c) Formar = f(xr).

(d) Formqr = h(ar), whereQ = h(A) is a quantity derived through a
functionh from the parametersA.

11The validity of the model in terms of its consistency with the measurement data should be
tested [2].

12This step and the subsequent steps can be generalized toweightedleast-squares regression
models.
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8. Apply the considerations of section 2.2 toqr, r = 1, . . . ,M , to derive an
approximate distribution function for the value ofQ.

9. Apply the considerations of section 2.3 to provide an estimateq of the value
of Q, the measurement uncertaintyu(q) associated with this estimate, and
a coverage interval (corresponding to a stipulated coverage probability) for
the value ofQ.

In terms of the discussion near the start of this section concerning hierarchical data,
the key step is the identification of a population (at some level in the hierarchy)
for which independent measurements are available. For instance, anticipating
the treatment of the roundness assessment application in section 4, the complete
set of data constitutes a number of measurement traces, the measurements within
each trace being correlated, but the traces themselves uncorrelated. Thus, for this
application, eachXi denotes the measurements of theith trace andf the model
that processes theXi to give the required output quantities (‘out-of-roundness’ in
this case). A further key requirement in the use of the bootstrap is that the model
(e.g., least-squares) is appropriate irrespective of the statistical model for the values
of the input quantities (which is generally true for least-squares) [12].

3 Trends in ozone concentration

The growth in the extent and scope of air-quality monitoring has resulted in the
accumulation of substantial archives of data measured at automatic stations. One of
the most important questions for which this data is intended to be used is whether
ambient air quality is improving or deteriorating from year to year. Long-term
trends are difficult to quantify accurately because of the presence of large seasonal
and other effects in the data [19, 25].

The concepts of section 2 are applied to the evaluation of the long-term trend in the
concentration of ground-level ozone at a particular site in the UK. The method is
based on a regression model incorporating ‘seasonal’ factors that is fitted to ozone
concentration data formed into weekly averages. The uncertainties associated with
the results derived from the model are evaluated by bootstrap re-sampling from the
residual deviations of the model. No assumption is made about the distribution of
the residual deviations that are unexplained by the model.

A report is available [14] that gives a more extensive treatment, also covering a set
of sites, aggregation over sites, other time periods, validation of results, and the
handling of missing data.

The question addressed is ‘What is the long-term trend in ozone concentration,
as indicated by the measurements, over a particular seven-year period, and what
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is the associated uncertainty?’. The arithmetic mean of hourly data, evaluated
over weekly time periods, is used to measure ozone concentration. An underlying
straight-line trend for this averaged data, expressed as a gradient with respect to
time, is used to indicate the long-term trend.

The approach involves the use of a class of regression models incorporating sea-
sonal factors in addition to an underlying long-term trend. The seasonal factors are
used to describe periodic effects. Bootstrap re-sampling is used to approximate the
distribution for the value of the gradient, and hence provide a coverage interval for
the value of the gradient.

3.1 Regression model with seasonal factors

An approach [14] to estimating the long-term trend in a data series is to calculate
seasonal averages of the data and then to fit a suitable model to these averages. If
Yi,j , j = 1, . . . , n, denote ozone concentration (in parts per billion—ppb) obtained
by averaging overn equal time periods in yeari, the model takes the form

Yi,j = ATi,j +Bj , Ti,j = i− 1 + j/n, j = 1, . . . , n.

HereA is the gradient of the underlying straight-line trend andB = (B1, . . . , Bn)T

are seasonal factors. Estimatesa andb of the values ofA andB are determined
by minimizing the difference between the data and model values in a least-squares
sense.

An example of some raw data is illustrated in figure 2, which shows (hourly-
averaged) measurements for a seven-year period at a particular site in the UK.

Figure 3 provides the result of fitting the model to data formed as weekly-averaged
ozone-concentration values (a model with 53 parameters, given by takingn = 52).
The upper part of the figure shows the data as small circles and the fitted model as
a sequence of straight-line segments joining model values. The nearly horizontal
line represents the ‘trend’ line. Its gradient is the estimatea. (The intercept of this
line with any vertical axis is arbitrary.) The lower plot shows the model residuals
joined by straight-line segments.

3.2 Evaluation of uncertainties

Data averaging constitutes the initial part of the process of analyzing the data.
According to the Central Limit theorem [22, Vol. 1, p193], the distribution for
the mean of a sample of values drawn independently from the same distribution
tends to normality as the size of the sample tends to infinity. Hence, it might be
anticipated that Gaussian statistics would be applicable to the models considered
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Figure 2:Time series of hourly averaged ozone-concentration measurements for a seven-
year period at a particular site in the UK.
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Figure 3: Weekly-averaged ozone-concentration measurements (circles) derived from
the data of figure 2, the corresponding 53-parameter regression-model values (joined by
straight lines) and the underlying trend line, and (below) the corresponding model residual
deviations (also joined by straight lines).
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here. However, the hourly figures on which the averages are based are serially
correlated, the extent of which is clearly evidenced by forming the set of serial
correlations of lag 1, 2, ..., [22, Vol. 1, p362]. Since the assumption of indepen-
dence does not hold, it is imprudent to assume that the conditions of the Central
Limit theorem apply. Hence, no assumption is made concerning the nature of the
measurement deviations and accordingly bootstrap re-sampling [17, 18] is used to
form a coverage interval.

Bootstrap re-sampling enables non-normally distributed data to be treated robustly,
as considered in section 2.7. The quantityQ there is taken as the gradientA
quantifying the trend.

3.3 Results

For comparative purposes a 95 % coverage interval for the value of the gradient
under an (unsupported) Gaussian assumption is also computed.

The use of the law of propagation of uncertainty of the GUM gave 0.118 ppb yr−1

as the estimate of the value of the gradient of the underlying straight-line trend, an
associated standard uncertainty of 0.173 ppb yr−1, and a 95 % equiprobabilistic
coverage interval of [-0.228, 0.464] ppb yr−1.

Figure 4 shows the approximation to the distribution function for the value of the
gradient obtained using bootstrap re-sampling. For this function, the expectation
was 0.117 ppb yr−1, the standard deviation 0.155 ppb yr−1, and the 95 % equiprob-
abilistic coverage interval[−0.187, 0.420] ppb yr−1, for comparison with the above
results.

Figure 5 shows an approximation to the PDF for the value of the gradient of the
long-term trend in ozone concentration. It was obtained by scaling a histogram
of the values provided by bootstrap re-sampling. The endpoints of the 95 %
equiprobalistic coverage interval are shown as vertical lines.

3.4 Remarks

Although there is a degree of agreement between the results obtained under the
Gaussian assumption and those from bootstrap re-sampling, it is expected that the
latter would be the more reliable, because of its freedom from distributional as-
sumptions. It is clear from the results, and from their portrayal in figure 5, that they
do not provide evidence of a positive or a negative trend in ozone concentration at
the site considered. However, when the approach is applied to all the sites in the
UK Rural Ozone Monitoring Network [26], a significant positive trend is indicated
at some sites [14], suggesting a geographical effect. Moreover, when averaged
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Figure 4:Approximation to the distribution function for the value of the gradient of the
long-term trend in ozone concentration provided by bootstrap re-sampling. The endpoints
of the equiprobabilistic coverage interval corresponding to a 95 % coverage probability are
marked by vertical lines.

Figure 5: Approximation to the PDF for the value of the gradient of the long-term
trend in ozone concentration. The endpoints of the 95 % coverage interval obtained from
approximate PDFs are shown as vertical lines.
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over all sites to form a ‘national average’, such a trend is also indicated. Had such
results been obtained under a Gaussian assumption, there would have been doubts
relating to whether this distributional assumption was invalidating the conclusion.

There are alternatives to the above way of modelling ozone-concentration mea-
surements and to the manner in which the model is analyzed. Moreover, the
assumptions currently made or implied require further investigation. Some of these
issues are indicated below. A treatment of other issues is available [14].

1. Use Fourier series to provide a continuous rather than a discrete model of
the measurements.

2. Although a least-squares analysis does not require the measurements to be
normally distributed, the assumption is made that the residual deviations
have

(a) zero mean and constant variance,13

(b) are mutually independent,

(c) are uncorrelated with the measurements themselves.

These assumptions imply that the trend is deterministic, the seasonal com-
ponent is deterministic and the seasonal and non-seasonal effects are inde-
pendent [30].

4 Roundness assessment

A roundness-measuring instrument with a precision rotary stage [23, 27] is used
to provide the profile of a nominally circular section of a component and then to
quantify the departure of that profile from a perfect circle (the component ‘out-
of-roundness’). The instrument enables the component to be rotated through any
specified angle before measurement. Measurement traces, approximately 20 in
number, each consisting of, say, 2 000 suppressed-radius values for a particular
position of the stage, are typically taken. This set of traces is analyzed to deter-
mine the component form deviation (CFD), the angle-dependent departure from
circularity, and the instrument spindle deviation (ISD), correspondingly, in terms
of their Fourier harmonics. The measurement uncertainties associated with these
deviations are to be evaluated.

The ISD has a systematic angle-dependence, because the instrument does not rotate
perfectly, although highly repeatably. The measurement traces are hence not those
of the component alone, but a superimposition of CFD and ISD. The traceY (θ),

13Weights were incorporated so that this property applied for the weighted residual deviations.
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say, is thus ofC(θ)+S(θ),C(θ) denoting the CFD,S(θ) the ISD andθ the angular
position of the gauge head.

By rotating the component through anglesφ1, . . . , φq, traces can be obtained hav-
ing the form

Y1(θ) = C(θ − φ1) + S(θ),
...

Yq(θ) = C(θ − φq) + S(θ).

These expressions constitute an over-determined set of defining equations forC(θ)
andS(θ).

An approach for determiningC(θ) andS(θ) can be summarized as follows:

1. Form the Fourier harmonics for each trace (using the FFT).

2. ExpressC(θ) andS(θ) algebraically as Fourier series with adjustable coef-
ficients (the model parameters in the context of this work).

3. Construct a model relating these Fourier representations and solve it for the
Fourier harmonics (model parameters) ofC(θ) andS(θ).

4. Propagate the measurement uncertainties associated with the traces through
the model to evaluate the uncertainties associated with the harmonics and
thence the CFD and ISD ‘out-of-roundness’.

There are appreciable positive correlations present in the measurements, which, if
ignored, would lead to a gross underestimate of the uncertainties in step 4. That
the measurement deviations are uncorrelated is an extremely poor assumption for
the data of concern here, taken from the ultra-high precision NPL-Taylor Hobson
Talyrond 73HPR roundness-measuring instrument.

Figure 6 shows a typical trace, as a polar plot, and the corresponding ‘model
trace’, i.e., the trace reconstructed from the Fourier coefficients determined by
the above solution process. Although in general terms the reconstructed trace is
close to the measured trace in a practical sense, the residual deviations, viz., the
radial departures of the measured trace from the model trace, exhibit systematic
behaviour. This behaviour is seen more clearly in Figure 7, which shows the
residual deviations as a function of angular position as a Cartesian plot. These
deviations have a behaviour very different from that of Gaussian noise, and can
clearly be seen to be strongly serially correlated. Behaviour that is similar in
character is observed for the other traces.

Although the measured traces can eachindividually be closely represented by a
Fourier series, the same is not true for the traces reconstructed from the Fourier
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Figure 6: A typical measurement trace, trace 15 of the roundness data (red), and
corresponding reconstructed ‘model’ trace (green).

Figure 7:Residual deviations derived from the measurement trace and reconstructed trace
shown in Figure 6.
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series determined forC(θ) andS(θ). The reason is two-fold. First, these two
Fourier series have a number of Fourier coefficients that is much smaller than the
total number of measurements in the original traces. Second, and more importantly,
the nature of the measurement deviations in the traces is such that they can be
modelled individually but not collectively by Fourier series.

This problem has also been addressed with a very different approach, the use of
autoregressive modelling [12]. The treatment there may be compared with that
here.

First, a treatment is given of measurements provided by instruments of the type
under consideration here, in cases where the measurement deviations are domi-
nated by random effects. Then, a treatment that accounts for the serial correlation
effects observed for the Talyrond 73HPR measurements is considered. They are
contrasted.

4.1 Models of measurement

The uncertainty associated with the out-of-roundness of the component and of the
spindle can be evaluated from a knowledge of the uncertainties associated with the
raw measurements (the suppressed radius values in the measurement traces).

A sequence of models of measurement is involved, viz.,

1. The coefficients in the Fourier representation of each trace as a function of
the suppressed radius measurements constituting the trace.

2. The coefficients in the Fourier representations of the CFD and the ISD as
functions of the coefficients in the Fourier representation of the traces.

3. The values of the Fourier representations of the CFD and the ISD as func-
tions of the coefficients in those representations.

4. The out-of-roundness of the component and of the spindle as functions of
the values of the Fourier representations of the CFD and the ISD.

The uncertainty evaluation can accordingly, in principle, be carried out in four main
stages by applying the law of propagation of uncertainty to these models. Doing
so would provide successively the uncertainties associated with (1) the Fourier
representations of the traces, (2) the coefficients in the Fourier representations of
the CFD and the ISD, (3) the values of these Fourier representations, and finally
(4) the out-of-roundness of the component and of the spindle.
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4.2 Mutually independent measurements

Consider roundness-measuring instruments for which the measurement deviations
can be regarded as mutually independent and identically distributed, with (unspec-
ified) associated standard uncertaintyu(y). Details of the analysis are available in
this circumstance [11], the results for which corresponding to the above four stages
are summarized below.

1. The standard uncertainty associated with each coefficient in the Fourier rep-
resentations of the traces is equal to(2/m)1/2u(y), wherem is the number of
measurements in each trace.14 Furthermore, the covariances associated with
the Fourier coefficients are all equal to zero, and hence these coefficients are
mutually independent.

2. The standard uncertainty associated with thekth coefficient in the Fourier
representations of the CFD and the ISD is equal to the product of the above
standard uncertainty,(2/m)1/2u(y), and the factor

ρk = 1/(1− µ2
k/q

2)1/2,

whereq is the number measurement traces and

µk = (c2k + s2k)
1/2

with

ck =
q∑

`=1

cos kφ`, sk =
q∑

`=1

sin kφ`,

theφ` denoting the indexing angles used.

3. The standard uncertaintiesu(C(θ)) andu(S(θ)) associated with (values of)
the Fourier representationsC(θ) andS(θ) of the CFD and the ISD, respec-
tively, are equal to the product of the above standard uncertainty,(2/m)1/2u(y),
and the factor

τ =

(
n∑

k=1

ρ2
k

)1/2

,

wheren is the number of harmonics in the Fourier representations ofC(θ)
andS(θ), i.e.,

u(C(θ)) = u(S(θ)) = (2/m)1/2τu(y) = u(C) = u(S), (5)

say, a result that is independent ofθ.

14There is an exception: the standard uncertainty associated with the constant terms in the Fourier
representations is equal to(1/m)1/2u(y) [11].

Page 20 of 38 www.npl.co.uk/ssfm/download/index.html#cmsc4604



NPL Report CMSC 46/04

4. The component out-of-roundness

δC = C(θmax)− C(θmin),

whereθmax andθmin are the angles at whichC(θ) takes its maximum and
minimum values, respectively, with an analogous result for the spindle out-
of-roundness. Lettingρ(a, b) denote the correlation coefficient associated
with estimatesa andb, the standard uncertaintyu(δC) associated withδC
is therefore given by

u2(δC) = u2(C(θmax)) + u2(C(θmin))
− 2ρ(C(θmax), C(θmin))u(C(θmax))u(C(θmin)),

which, using expression (5), gives

u2(δC) = (2− 2ρ(C(θmax), C(θmin)))u2(C).

Hence, since
|ρ(C(θmax), C(θmin))| ≤ 1,

it follows that
u(δC) ≤ 2u(C).

Without attempting to quantify the above correlation coefficient, the standard un-
certainty associated with each of the out-of-roundness estimates is no greater than
the product of2(2/m)1/2τ and the standard uncertaintyu(y) associated with the
raw measurements. Typical values arem = 2 000, q = 20 andn = 150. For
sensibly selected indexing angles,τ proves to be close to three:τ = 2.8 for the
instance reported here. This multiplicative factor is then, taking the valueτ = 2.8,

2× (2/m)1/2τ ≈ 2× (2/2000)1/2 × 2.8 ≈ 0.18.

The root-mean-square residuals for the Fourier representations of the measurement
traces all lay between 0.30 nm and 0.35 nm, with a mean value of 0.33 nm,
which estimates the standard uncertaintyu(y). Thus, the standard uncertainty
associated with each of the out-of-roundness estimates is equal to0.18 × 0.33 ≈
0.06 nm. This value is exceedingly small,15 even for ultra-high accuracy roundness
measurement, and hence the basic assumption behind the uncertainty evaluation is
highly questionable.

4.3 Mutually dependent measurements

The uncertainty evaluation in Section 4.2 would be valid for instruments that pro-
vide traces consisting of mutually independent measurements. However, for the

15It would be even smaller were the above correlation coefficient appreciably less than unity.
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Talyrond 73HPR roundness-measuring instrument, this is not the case. It would
be possible to use such an approach if the covariance effects could be quantified,
but such information is not available, at least not directly, from knowledge of the
instrument.

Strong serial correlation is observed in the residual deviations when the traces are
reconstructed from the Fourier model. This effect indicates the presence of mutual
dependence (covariance) in the measurements.

An approach is proposed in terms of the hierarchical considerations in section 2
(also see the end of section 2.7). A two-level data hierarchy is considered, the
lower level corresponding to the measurements within a trace, and the higher to the
traces themselves. Although serial correlation is present within each trace, there is
no evidence for dependencies between traces.

Were bootstrap re-sampling to be used to generate new data sets (traces) as the sum
of the model (re-constructed) traces and re-sampled residuals (as in section 2.7),
the serial correlation would be destroyed, and the resulting uncertainty evaluation
would be invalid. Instead, re-sampling is carried out at the trace level rather than at
the level of the individual points in each trace. In this way the uncertainty structure
in the different traces is retained, but, by randomly selecting traces, with replace-
ment from the complete set of measurement traces, ‘new’ complete roundness
data sets having characteristics consistent with those of the measured traces can
be generated.

M = 10 000 trials were made. Each trial consisted of a complete re-sampled
roundness data set, always re-sampling from the original data with replacement.
For the number of traces,q, equal to 22, in the case here, the original set of traces
is indexed 1, 2, 3, . . . , 21, 22. An instance of the traces used for one of the 10 000
trials (in fact the last of these) is 17, 9, 22, 3, 13, 3, 19, 9, 17, 6, 14, 17, 16, 7, 12,
15, 1, 13, 16, 7, 16, 8. When sorted, these indices are 1, 3, 3, 6, 7, 7, 8, 9, 9, 12,
13, 13, 14, 15, 16, 16, 16, 17, 17, 17, 19, 22, thus indicating that original trace 1
was used, as was trace 3 (twice), trace 6, etc. Original traces 16 and 17 were in fact
each used three times. Eight of the original traces (2, 4, 5, 10, 11, 18, 20, 21) were
not used at all.

For each of the aboveM bootstrapped data sets, the complete problem was solved,
first assigning of course the correct index angle to each re-sampled trace.

The result of this computation wasM values ofδC andM values ofδS, the
out-of-roundness quantities. These values were used to provide approximations
to the distribution functions for the values of the CFD and ISD, using the approach
described in section 2.2. These approximate distribution functions are depicted as
figures 8 and 9. The tail behaviour of these distribution functions is different.

As also indicated in section 2.2, approximate PDFs for the values of the CFD
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Figure 8:Approximation to the distribution function for the value of the component form
deviation.

Figure 9: Approximation to the distribution function for the value of the instrument
spindle deviation.
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and ISD can be formed. Figures 10 and 11 show the approximate PDFs so ob-
tained. They were determined by first forming histograms (with 20 bins) and then
converting them to bar charts by applying a scaling factor such that the areas of the
resulting charts were unity.

Figure 10:Approximate PDF for the value of the component form deviation.

It is observed that the approximate PDF for the value of the CFD is asymmetric,
whereas that for the ISD would appear to be symmetric. Since the value of the CFD
is much closer to zero than that of the ISD (relative to the associated standard
uncertainties), such behaviour might be anticipated. A symmetric PDF that can
take all possible real values, such as a Gaussian, would, with some non-zero prob-
ability, take negative values. A PDF for the value of a positive quantity, such as the
out-of-roundness here, that is close to the origin is necessarily asymmetric.

The results obtained from the approximations to the distribution functions for the
values of the CFD and ISD were

δC = 4.54 nm, u(δC) = 0.91 nm,
Iequi(δC) = [3.03, 6.55] nm, Ishort(δC) = [2.98, 6.43] nm,

and

δS = 33.07 nm, u(δS) = 1.09 nm,
Iequi(δS) = [30.96, 35.29] nm, Ishort(δS) = [30.89, 35.18] nm,

whereIequi(δC) andIshort(δC) denote the equiprobabilistic and shortest coverage
intervals (section 2.2) for the value ofδC, and similarly forδS. An additional digit
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Figure 11:Approximate PDF for the value of the instrument spindle deviation.

beyond the number that would be used in practice is quoted in these results for
comparison purposes.

These results can be compared with those of section 4.2, which applied under the
(invalid) assumption that the measurements were mutually independent. There,
u(δC) = u(δS) = 0.06 nm was obtained, in contrast to the above standard
uncertainties of 0.9 nm and 1.1 nm. The later values, obtained using bootstrap
re-sampling, were relatively very close to those anticipated by those responsible
for the design of the roundness instrument.

To help appreciate the degree ofnumericalapproximation to which bootstrap re-
sampling had produced results, the exercise was repeated three times, each with
M = 1 000 trials. The following values were produced:

δC = 4.59, 4.52, 4.58 nm, u(δC) = 0.90, 0.89, 0.90 nm,
Iequi(δC) = [3.06, 6.58], [3.11, 6.40], [3.09, 6.55] nm,
Ishort(δC) = [2.94, 6.35], [2.97, 6.16], [2.99, 6.37] nm,

and

δS = 33.06, 33.09, 33.08 nm, u(δS) = 1.07, 1.09, 1.13 nm,
Iequi(δS) = [30.99, 35.21], [30.96, 35.34], [31.01, 35.30] nm,
Ishort(δS) = [30.96, 35.14], [30.82, 35.13], [31.10, 35.36] nm.

For δS the equiprobabilistic and shortest coverage intervals appear to be substan-
tially the same. ForδC the shortest coverage interval appears to be shifted left
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slightly relative to the equiprobabilistic coverage interval. These observations are
consistent with the apparent symmetry and asymmetry of the respective distribu-
tions.

The extent of the agreement of the above results across the three sets of trials
provides an indication of the stability of the results of bootstrap re-sampling for
this problem. Similar considerations apply in the context of the propagation of
distributions in terms of an adaptive procedure for deciding a suitable number of
trials [3].

5 Coverage regions

The determination of a coverage interval in an uncertainty evaluation is a common
requirement in all metrology disciplines. There would be value in having a counter-
part of these results for multivariate quantities. Such quantities occur in areas such
as optical, electrical, acoustical and length metrology. Distribution-free coverage
regions are given for the univariate case and the (correlated) multivariate case.
The results constitute generalizations of Chebyshev’s inequality, which applies to
the case of a single output quantity (appendix A.1). They are compared with the
corresponding coverage regions under a Gaussian assumption.

In the case of a single quantity, the GUM approach is to assign a Gaussian dis-
tribution to the value of the output quantity, having an expectation equal to the
estimate of the value of the quantity and standard deviation equal to the standard
uncertainty associated with the estimate, and using this distribution to provide a
coverage interval for the value of the quantity. Appeal to the Central Limit theorem
is made in the GUM to motivate this approach.

For a multivariate quantity, the natural extension of the GUM approach would be
to assign a multivariate Gaussian distribution to the values of the quantity, with
expectation equal to the estimates of those quantities and covariance equal to the
uncertainty matrix associated with those estimates. Coverage regions would then
be given by ellipsoids centred on the estimates whose semi-axes and orientations
are derived from the uncertainty matrix. The results provided here are a non-
parametric counterpart of this approach.

The estimate(s) and the associated standard uncertainty (uncertainty matrix) would
have been provided by an application of the law of propagation of uncertainty or
some other approach. Here, this same information is used to provide a distribution-
free coverage interval (region).

For a single output quantityY , an estimatey of the value ofY and the standard
uncertaintyu(y) associated withy are assumed to be available.
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For a multivariate output quantity16 Y = (Y1, . . . , YM )T, estimatesyi of the values
of theYi and the uncertainty matrixV associated with the estimates are assumed
to be available.V has diagonal elements equal to the variances (squared standard
uncertainties)u2(yi) and off-diagonal elements equal to the covariancesu(yi, yj)
associated with theyi. If the off-diagonal elements are all zero,Y is an uncorre-
lated multivariate output quantity; otherwise it is a correlated multivariate output
quantity.

Let 100p % be the required coverage probability (sop = 0.95 for 95 % coverage,
e.g.).

The results, with derivations for the multivariate case in appendix A, are as follows.
In each case the coverage interval or coverage region is stated in terms of a coverage
factork. The manner in whichk is obtained is then given.

Coverage interval for single output quantity. The interval0 ± k, or [−k, k],
contains100p % (under a Gaussian assumption) or at least100p % (in the
distribution-free case) of the distribution for the value of (the standardized
quantity)(Y − y)/u(y).

Equivalently, in terms of the original quantityY , the intervaly ± ku(y),
or [y − ku(y), y + ku(y)], contains100p % (under a Gaussian assumption)
or at least100p % (in the distribution-free case) of the distribution for the
value ofY .

Coverage factor under Gaussian assumption.The value ofk is obtained
from the normal probability integral. Specifically, the equation

1
(2π)1/2

∫ k

−k
e−Z2/2dZ = p, (6)

the left-hand side of which is the normal probability integral, is solved
for k. Tables and software are widely available for obtainingk.

Distribution-free coverage factor. The value ofk is obtained from Cheby-
shev’s inequality. Specifically, the equation

1− 1
k2

= p.

is solved fork. It has the solution

k =
(

1
1− p

)1/2

. (7)

16Locally to this section and appendix A,M is used to denote the number of output quantities
for consistency with material elsewhere on the multivariate case. In previous sections it denoted the
number of bootstrap samples or Monte Carlo trials.
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Example. Calibration of gauge block. Example H.1 in the GUM [4, p67] gives
a model for the lengthL at 20◦C of a gauge block (there termed end gauge).
The result of an uncertainty evaluation is the estimate` = 50.000 838 mm of
the value ofL and an associated standard uncertaintyu(`) = 0.000 032 mm.

For a coverage probability ofp = 0.95, under a Gaussian assumption, the
coverage factor from expression (6) isk = 1.96. Then, sinceku(y) = 1.96×
0.000 032 = 0.000 063 mm, the resulting coverage interval is50.000 838±
0.000 063 mm or, equivalently,[50.000 775, 50.000 901] mm.

For a distribution-free coverage interval, the coverage factor is given by
formula (7), viz.,k = (1/(1 − 0.95))1/2 = 4.47. Sinceku(y) = 4.47 ×
0.000 032 = 0.000 143 mm, the resulting coverage interval is50.000 838±
0.000 0143 mm or, equivalently,[50.000 695, 50.000 981] mm.

Coverage region for uncorrelated multivariate output quantities. The sphere hav-
ing radiusk and centred at the origin contains100p % (under a Gaussian
assumption) or at least100p % (in the distribution-free case) of the distribu-
tion for the values of (the standardized quantities)Z1, . . . , ZM , whereZi =
(Yi − yi)/u(yi).

Equivalently, in terms of the original quantityY , the ellipsoid with semi-
axesku(y1), . . . , ku(yM ) centred at(y1, . . . , yM ) contains100p% (under a
Gaussian assumption) or at least100p% (in the distribution-free case) of the
distribution for the values ofY1, . . . , YM .

Coverage factor under Gaussian assumption.The value ofk satisfies∫ k

0
g(ζ)dζ = p, (8)

andg(ζ) is the PDF for theχ2 distribution withM degrees of freedom,
given by

g(ζ) =
1

2M/2Γ(M/2)
ζM/2−1e−ζ/2, ζ > 0. (9)

Tables and software are widely available for obtainingk from expres-
sion (8) givenp.
An important case is the bivariate case (M = 2). Then, sinceΓ(M/2) =
Γ(1) = 1, the PDF (9) reduces to

g(ζ) =
1
2
e−ζ/2.

Consequently, expression (8) becomes∫ k

0

1
2
e−ζ/2dζ =

[
−e−ζ/2

]k
0

= 1− e−k/2 = p,

from which
k = −2 loge(1− p). (10)

Page 28 of 38 www.npl.co.uk/ssfm/download/index.html#cmsc4604



NPL Report CMSC 46/04

Distribution-free coverage factor. The value ofk is given by

k =
(

M

1− p

)1/2

. (11)

Coverage region for correlated multivariate output quantities. The sphere hav-
ing radiusk and centred at the origin contains at least100p % of the distri-
bution for the values of (the transformed quantities)Z = (Z1, . . . , ZM )T =
V −1/2Y . The transformationV −1/2 converts the correlated multivariate
output quantityY into uncorrelated standardized multivariate output quan-
titiesZi, i = 1, . . . ,M .17

Coverage factor under Gaussian assumption.The material above concern-
ing theχ2 distribution withM degrees of freedom applies generally,
and the result (10) specifically in the two-dimensional case.

Distribution-free coverage factor. The result (11) for uncorrelated multi-
variate output quantities applies.

An application of these results to circuit element measurements is given in sec-
tion 6.

6 Circuit element measurement

To demonstrate the application of the results of section 5, consider the measure-
ment problem in Annex H.2 of the GUM [4]. Using a notation local to this section,
in this problem the resistanceR and reactanceX of a circuit element are deter-
mined by measuring simultaneously the amplitudeV of a sinusoidally-alternating
potential difference across its terminals, the amplitudeI of the alternating current
passing through it, and the phase-shift angleφ of the alternating potential differ-
ence relative to the alternating current.

Table 1 gives the output quantitiesY1 ≡ R andY2 ≡ X for the bivariate modelR =
V cosφ/I,X = V sinφ/I.18

The uncertainty matrix associated withy1 andy2 is

V =

[
u(y1) 0

0 u(y2)

] [
1 ρ
ρ 1

] [
u(y1) 0

0 u(y2)

]
=

[
0.005 0 −0.012 3

−0.012 3 0.087 0

]
.

17Each componentZi of Z cannot be expressed only in terms of the corresponding componentYi

of Y , as was possible for uncorrelated multivariate output quantities.
18The GUM also considers a further output quantityZ = V/I, but since this is related to the other

output quantitiesR andX by Z2 = R2 + X2, consideration ofZ is not given here. In fact, it can
be addressed by regardingZ = (R2 + X2)1/2 as afurther model that can be treated following the
evaluation of the uncertainties associated withR andX.
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Output quantity Y1 ≡ R /Ω Y2 ≡ X /Ω
Estimate y1 = 127.732 y2 = 219.847

Standard uncertainty u(y1) = 0.071 u(y2) = 0.295
Correlation coefficient /1 ρ = r(y1, y2) = −0.588

Table 1: Estimates, associated standard uncertainties and correlation coefficient for
the values of the output quantities for the circuit element application.

Application of the results in section 5 for multivariate output quantities and a
coverage probabilityp = 0.95, givesk = 2.45 for a Gaussian PDF assigned to
the values ofR andX andk = 6.32 in the distribution-free case. Figure 12 shows
the two elliptical coverage regions obtained.19

The price to be paid for a distribution-free coverage region is evident. The normal-
ity assumption can, however, be a strong assumption to make, especially for highly
asymmetric distributions [8].

Account has not been taken in this example of the use of the effective degrees of
freedom associated with the standard uncertainties [4, p61]. Indeed, the GUM does
not provide relevant guidance in the case, as here, for correlated estimates of the
values of the output quantities. Taking such account would be expected to have the
effect of inflating the coverage factors both for the Gaussian case [4, Clause 6] and
the distribution-free case (section A).

7 Concluding remarks

Non-parametric methods of statistical analysis have value in metrology in situa-
tions where information concerning the distributions for the values of the quantities
involved are unavailable. So-called re-sampling methods make intensive re-use
of the available data in order to infer approximate distributional knowledge from
which estimates and associated standard uncertainties for the values of the quanti-
ties can be inferred. Coverage intervals or coverage regions for the values of the
quantities can also be obtained.

This report has described some approaches, which cover two types of bootstrap

19These ellipses were plotted by (a) defining a (large) set of points lying on the unit circle centred
at the origin in theZ1−Z2 plane, (b) transforming these points to theY1−Y2 plane using the inverse
of expression (12), after apply a scaling factor ofk, viz.,

Y = y + kV 1/2Z,

and (c) plotting the resulting points joined by straight-line segments to represent the coverage ellipse
corresponding to coverage factork.
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Figure 12:Elliptical coverage regions corresponding to a 95 % coverage probability for
the resistance-reactance example. The inner ellipse is that under a Gaussian assumption
and the outer corresponds to the distribution-free approach. The cross marks the centre of
the ellipse, given by the estimates of the values of the output quantities.

re-sampling, one for ‘conventional’ problems, and one for hierarchical data that
may contain mutual dependencies. It has also considered the determination of
distribution-free coverage regions given only estimates of a set of quantities and
the associated standard uncertainties and possibly covariances.

Three examples to illustrate the approaches have been given. They cover air qual-
ity, roundness assessment and circuit elements.
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A Expressions for distribution-free coverage regions

This appendix provides the basis for the statements made in section 5.

A.1 Single quantities

Suppose it is required to provide a coverage interval for the value of the quantityY
corresponding to a coverage probability of 95 %, and that nothing is known or
assumed about the distribution.

The coverage intervaly ± ku(y), wherek = 4.47, contains at least
95 % of the distribution for the value ofY .

This result is derived fromChebyshev’s inequality[28, p125], which states that the
probability that the value ofY lies in the intervaly±ku(y) is at least1−k−2. The
value ofk for which1−k−2 = 0.95 is 4.47. By its nature it cannot be as sharp as an
interval derived from knowledge of the PDF for the value ofY [11]. For instance,
if the distribution for the value ofY is Gaussian, this interval isy± 1.96u(y). The
length of the coverage interval derived from Chebyshev’s inequality is 2.3 times
that for a Gaussian distribution for the value ofY .

These results apply if the effective degrees of freedom associated withu(y) is
infinite, or in practice large. Otherwise, thek-factor becomes inflated, as in the
case of thet–distribution [29].

If it is reasonable to regard the distribution assymmetricand unimodal(single-
peaked), tighter results based onGauss’s inequalityare possible. The coverage
interval y ± ku(y), wherek = 2.98, contains at least 95 % of the distribution
for the value ofY . Gauss’s inequality states that the probability that the value of
Y lies in the intervaly ± ku(y) is at least1 − 4

9k
−2. The value ofk for which

1− 4
9k

−2 = 0.95 is 2.98. This interval is only approximately 50 % longer than that
when the distribution for the value ofY is taken as Gaussian. Again these results
apply only if the degrees of freedom is infinite, or in practice large.

A.2 Multivariate quantities

Consider quantitiesY = (Y1, . . . , YM )T, treated as random variables. Supposey =
(y1, . . . , yM )T are estimates ofY and the covariance matrix associated withY
is V . Regardy as the expectation ofY andV as the covariance ofY .

Introduce standardized variables (with zero expectation and unit variance):

Z = (Z1, . . . , ZM )T,
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where20

Z = V −1/2(Y − y). (12)

V can be expressed as
V = URU ,

whereU is the diagonal matrix with the standard uncertaintiesu(yi) on its diagonal
andR is the correlation matrix associated withy.

The multivariate Gaussian distribution has constant density on ellipses or ellipsoids
of the form

(Y − y)V −1(Y − y) = c2,

wherec is a constant [24, p38]

The square of the distance of apointZ from the origin, viz.,

‖Z‖2
2 = Z2

1 + · · ·+ Z2
M ,

is the sum of squares ofM independent Gaussian variates and therefore distributed
as chi-squared withM degrees of freedom. The function

Z2
1 + · · ·+ Z2

M = c2

describes a circle or sphere of radiusc. The probability of a value lying in the
above ellipse or ellipsoid is identical to its lying in this circle or sphere. Hence the
use of a value of chi-squared provides a coverage region in the form of an ellipsoid
corresponding to a prescribed coverage probabilityp.

Now consider the derivation of a distribution-free coverage region (following re-
cent work [16]).

Define the distance function

d(Z) =
‖Z‖2

M1/2
=

(
1
M

M∑
i=1

Z2
i

)1/2

(13)

and the region
Ωk = {Z : d(Z) < k},

20V −1/2 can be formed numerically as follows. Compute the eigendecomposition

V = QDQT,

whereD is a diagonal matrix with diagonal elements equal to the eigenvalues ofV andQ is an
orthogonal matrix (QTQ = I) containing the corresponding eigenvectors. Then, as can immediately
be verified,

V −1/2 = QD−1/2QT.

Page 36 of 38 www.npl.co.uk/ssfm/download/index.html#cmsc4604



NPL Report CMSC 46/04

viz., the interior of the sphere inRM of radiusM1/2k centred at the origin.

d(Z) is itself a random variable, being a function of the standardized random
variablesZi. The coverage probability for the regionΩk is

P{d(Z) < k)} ≡
∫
Ωk

g(ζ)dζ = 1−
∫
Ω̃k

g(ζ)dζ,

whereg(ζ) is the PDF for the values ofZ andΩ̃k = RM \ Ωk.

For any non-negative functionα(t), denoting expectation byE,

E{α(d(Z))} =
∫
RM

α(d(ζ))g(ζ)dζ.

Whenα is non-negative and non-decreasing,

E{α(d(Z))} ≥
∫
Ω̃k

α(d(ζ))g(ζ)dζ ≥ α(k)
∫
Ω̃k

g(ζ)dζ.

Thus,
P{d(Z) < k} > 1− E{α(d(Z))}/α(k), (14)

a distribution-free lower bound for the level of confidence for a coverage region for
a multivariate model. By takingα(t) = t2, inequality (14) becomes

P{d(Z) < k} > 1− E{d2(Z)}/k2. (15)

Inequality (15) constitutes a generalization to any number of quantities of the
Chebyshev inequality for the univariate case. A distribution-free lower bound for
the coverage probability for a region is now determined in two specific cases from
this result.

Now, using expression (12) and the distance function (13),

E{d2(Z)} =
1
M

M∑
i=1

E{(Yi − yi)2}/u2(yi) = 1,

and hence inequality (15) gives

P{d(Z) < k} > 1− 1
k2
, (16)

a result that is identical to that for a single quantity.

As in the one-dimensional case, this result can be ‘inverted’. Letp be the required
coverage probability. Then, setting

1− 1
k2

= p,
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it follows that

k =
(

1
1− p

)1/2

.

Inequality (16) can be expressed as

P

{
Z2

1 + · · ·+ Z2
M ≤

(
M

1− p

)1/2
}
> p.

Thus, the sphere of radius(M/(1 − p))1/2 centred at the origin is a coverage
region for the values of the standardized quantities corresponding to a coverage
probability of at leastp.
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