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ABSTRACT

A case study is presented for testing and validating contributios ®METROS

It concerns the application of numerical software testing and algorithm testing
techniques to software implementations of (approximate) algorithms for solving
the free-knot spline approximation problem. Knot placement strategies are used
as the basis of the approximate algorithms. The strategies include selecting knots
(a) uniformly-spaced, (b) based on the distribution of the data abscissa values, and
(c) using a knot-insertion strategy. A number of testing techniques are applied,
including an analysis of the algorithms, using software implementations of the
algorithms, using data generators for the algorithms, and simulation. The results
of the testing are presented and described.
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1 Introduction

There are many well-defined mathematical and statistical problems that arise in
metrology. However, for some of these determining their solution may be difficult,
and for this reason an approximate or nearby problem is often introduced, leading
to a more tractable problem that is easier or quicker to solve. Algorithms speci-
fied in standards or implemented in software libraries, suahuROMETROS[3],

may implicitly or explicitly provide an approximate solution or the solution to a
nearby problemAlgorithm testing5] is concerned with understanding the effect

of solving an approximate problem by measuring the departure of the solution so
obtained from the solution to the correct problem. It is also about understanding,
for a given application, whether the solution to the approximate problem is fit for
purpose. In this context, fithess for purpose would mean that inferences derived
from the solution to the approximate problem would be the same as those derived
from the solution to the correct problem.

Empirical modelsare important to metrology in cases where the knowledge of
the underlying physics for a measurement system is insufficient to characterise
it completely. For empirical models depending on one variable, polynomial and
particularly polynomial spline curveswhen used with care, are generally very
satisfactory for representing data. A polynomial spline curve is composed of a
sequence of polynomial pieces joined together at points ciatlietsand in such

a way as to ensure smoothness of the complete curve. Spline curves provide a
flexible class of functions that are effective for representing a wide variety of
shapes. However, the knots generally have no physical meaning for the metrologist,
and yet the effectiveness of a spline representation of data can depend critically on
their number and positions. Consequently, metrology users require assistance with
knot placement via appropriate algorithms and software.

Such assistance is provided in the formkabt placement strategig3,[14]. The
purpose of these strategies is to provide a ‘sensible’, if not necessarily ‘optimal’,
set of knots. If we regard the problem of providing an optimal set of knots as
the problem we set out to solve, viz., the ‘correct’ problem, then knot placement
strategies provide the basis for algorithms designed to solve this prelpproxi-
mately If metrology users are to have confidence in such algorithms, it is important
to investigate (and understand) the effect of using them as approaches to solving the
correct problem. This is particularly so saftwareimplementing a number of knot
placement strategies is available to metrology users threwHOMETROS(see
below). A requirement for such an investigation is that the correct problem referred
to above is defined unambiguously, and a metric introduced to measure optimality.
In this work this is done in terms of thieee-knot spline approximation problem

(sectior] 2.P).

The Software Support for Metrology (8%) programme, through its projects on
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discrete modelling and empirical models, has made available, thrwgbMET
ROS, software to help metrology users work effectively with empirical models. In
particular, the following software packages are available:

NPLFit Software for modelling experimental data using polynomial and polyno-
mial spline curves. The software permits polynomial curves (of arbitrary
order) and spline curves (of arbitrary order and specified general knots) to
be fitted to data. Simple facilities for validating the choice of a fitted model
are provided. In addition, basic operations on the fitted model, including
evaluation, differentiation and integration may be undertaken, and the evalu-
ation of the uncertainties associated with the results of these basic operations
is also supported.

KPLFit Software implementing a number of knot placement strategies to help
metrology users select a sensible set of knots to be used when representing
experimental data by spline curves [13] 14]. The software provides as its
output a set of knots that can be used as input to the spline fitting routines in
NPLFit.

FeatureExtraction Software extending the functionality of NPLFit to include fea-
ture extraction from spline curves fitted to experimental data [15], viz., the
determination of zeros, maxima and minima, points of inflexion, and peak
widths, and the associated uncertainties.

The focus of the work reported here is on (a subset of) the knot placement strategies
implemented as part of the software package KPLFit. The purpose of the work is
to undertakevalidation of software implementations of those strategies, where the
validation is to include:

Numerical software testing, viz., investigating the numerical accuracy of the re-
sults returned by software implementations of the knot placement strategies
for the problems purportedly solved by those strategi€s [6, 12].

Algorithm testing, viz., investigating the extent to which the strategies imple-
mented solve the free-knot spline approximation problem [5].

The work constitutes a case study for testing and validating contributiops-to
ROMETROS[3]. It accounts for related work on algorithm testing concerning
the assessment of Type Al surface texture reference artefacts [18] and free-form
surface fitting to co-ordinate data [1].

The report is organised as follows. In sectign 2 the representation of polynomial
spline curves in terms of B-splines is reviewed. The free-knot spline approxima-
tion problem is described, as are the knot placement strategies considered as the
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basis for approximate algorithms for solving the free-knot spline approximation
problem. Sectiop]3 contains a summary of generic methods for algorithm testing.
In section$ {, 5 arid 6 theolsfor applying the methods of algorithm testing to the
algorithms considered in this study are presented. The tools include specifications
of the ‘computational aims’ for the problems solved, software implementations of
algorithms for solving the problems specified by the computational aims, and data
generators for the computational aims. Secfipn 7 contains the results of testing
the numerical correctness of the above software implementations, and $éction 8
the results of applying the methods of algorithm testing. Se¢iion 9 contains our
conclusions.

2 Data approximation by polynomial splines

In this section the representation of polynomial spline curves in terms of B-splines

is reviewed. The free-knot spline approximation problem, which constitutes the

‘correct’ problem for this study, is described, as are the knot placement strategies
that are the basis of approximate algorithms for solving the free-knot spline ap-
proximation problem.

2.1 Univariate polynomial splines

Let I := [zmin, Tmax] b€ an interval of the:-axis, and
Tmin <A1 < A2 <-o- KAN-1 < AN < Trax
a partition on/. Define sub-intervalg;, j = 0,..., N, of I by

[xmin7A1)7 ]:07
L={ A1), j=1,...,N—1,
[)\N;xmax]7 ]:N

Then, a polynomial spline(x) of ordern (degreen — 1) on I is a piecewise
polynomial of orderm on I;, j = 0,...,N. The splines(x) is C" %=1 at \;

if card( Ay = A\, 0 € {1,...,N}) = k:E] So, for example, a spling(x) of
ordern = 4 for which the points); are distinct (cardinality one) is a piecewise
cubic polynomial of continuity clas§?, i.e., continuous in value, first and second
derivatives, at the points;.

The partition pointsx = {\;}{’ are the (interior)knotsof s. To specify the
complete set of knots needed to definen I in terms of B-splines (below), the

card(A) is used to denote theardinality of the setA, i.e., the number of elements in the set.
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knots A are augmented by exterior knof;}?_,, and{\;}% ., ¢ = N +n,
satisfying

AMon <o < Ao < T, xma)(S)\NJrlS"‘S)\q-
For many purposes, a good choice [9] of exterior knots is
M—n =" ""= A0 = Tuin, Tmax = )\N+1 == )\q- (1)

It readily permits derivative boundary conditions to be incorporated in spline ap-
proximants|([8].

On 1, s has theB-spline representatiofy, [16]

s(z) == s(c, A\ x) = 2‘1: ¢ Ny, j(As ), (2)
=1

whereN,, ;(A; z) is theB-spline[7, [1€] of ordern with knots {\;}’_, andc =
(c1,...,cq)" are theB-spline coefficientsf sE] EachN, ;(A; z) is non-negative
and has compact suppqr)tj_n,)\j}ﬂ The B-spline basi§ N, ;(A;z)}i_, for
splines of orden with knots\ is generally very well-conditioned][9].

2.2 Least-squares data approximation by splines

Two types of least-squares data approximation (or data modelling) by splines are
consideredf|

Fixed-knot approximation. Determination of the spline coefficientsfor given
data, spline orden andfixedknotsA.

The fixed-knot spline approximation problem is stated as follows: given data
{(zi,v:)}T", spline ordern, and knotsA, find the spline coefficients to
solve

. Ui L . . 2
min 3~ (o sle X))

2Writing s and N, ; as functions of thénterior knots A (and not the endpoints df and the
exterior knots) is deliberate. This is done because in the context of data approximation by splines
(section[2.R), the interior knots are regardedpasameterswhose values are to be determined.
Henceforth, it will be assumed that the endpoints, andxmax Of I are given, and the exterior
knots are set according t@ Q).

3A function f of a real variabler hascompact suppoiif it is zero outside an interval, denoted
by supp(f), that is closed and bounded.

“It is assumed that the data approximation problemsiareeighted However, generalisations
are possible to account for (possibly unequal) uncertainties associated with the (measured) ordinate
values, mutual dependencies between the ordinate values, as well as uncertainties associated with
both the ordinate and abscissa vallies [10].
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In terms of the B-spline representatidry (2) farthe following algebraic
formulation
mgnHe||27 e =y — Ac, 3)

is obtained, wherey = (y1,...,ym)" and A is them x ¢ matrix with

(4, 7)th elementN,, ;(X; z;). This is alinear least-squares problem, and is
well understood, with highly satisfactory algorithrs$ [9] and software imple-
mentations([2, 19] available.

Free-knot approximation. Determination ok and X for given data, spline order
n and numberV of knots.

The free-knot spline approximation problem is formulated in a similar way
to that for fixed knots (above), except that the knots are not speaifieidri
but are regarded as parameters whose values are to be determined. Writing

e(A) =y — A(A)c,

it is required to solve

min [[e(A)[|?, (4)

A
which is anon-linearleast-squares problem, and a more difficult problem to
solve.

In the description of the free-knot spline approximation problem given above, the
numberN of knots isnotregarded as a parameter. This is because, provided the
abscissa valuee; } 7" are distinct, it is possible to choo3ésufficiently large, and

an appropriate knot s&, such thats interpolatesthe data, and the least-squares
objective function takes its minimum possible value (of zero). In the context of the
approximation (modelling) of data that arises from measurement (and is inexact),
an interpolant is generally not a useful solution. Insteaddel validatior{4] can

be used to decide a suitable value férby, e.g., obtaining spline approximations
for N = 1, 2,... knots, and studying the effect df on the quality of the
approximant([13, 14].

It has been noted (sectipfh 1) that the knots generally have no physical meaning
for the metrologist, and yet the effectiveness of a spline approximant can depend
critically on their number and positions. Consequently, for the purposes of this
study, the free-knot spline approximation problem is regarded as the problem we
set out to solve, viz., the ‘correct’ problem. A statement ofdbmputational aim

Co [5] for this problem is given in sectidn 4.1. A software implementation of an
algorithm for solving the free-knot spline approximation problem specifiedgy

and a data generator f6k), are described in sectiops p.1 6.1, respectively.

There are theoretical difficulties associated with existence, uniqgueness and char-
acterisation of a solution to the free-knot spline approximation problem [13, 14],
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which makes solvind {4) a much more difficult problem than the fixed-knot spline
approximation probleni (3), and therefore one that we often seek to avoid. In order
to reflect the fact that for any given knot set the B-spline coefficients are given by
solving a relatively simple, linear problem, formulatiph (4) can be expressed as

min (min [le(V)]) .

This result is used as the basis of ‘approximate’ algorithms for solving the free-
knot spline approximation problem. These algorithms appknat placement
strategyto decide the positions of the knots, and then solve the fixed-knot spline
approximation problem with these knots. Some knot placement strategies involve
positioning the knots according to the distribution of the data abscissae (and pos-
sibly the data ordinates). Others ‘iterate’ with respecAfasolving a fixed-knot

spline approximation problem at each iteration, and using the solutions so ob-
tained to ‘improve’ the choice ak. Useful knot placement strategies have been
proposed, implemented and used|[13, 14], including manual methods, sequential
knot-insertion strategies, sequential knot-deletion strategies, approaches based on
removing trends, and ‘theory-based’ approaches. Those strategies that are the sub-
ject of this study are described in the following section. As for the free-knot spline
approximation problem, statements of the computational aims corresponding to
the approximate algorithms are given in secfipn 4, software implementations of
algorithms for solving the problems specified by the computational aims are given
in sectior] b, and data generators are described in s¢gtion 6.

2.3 Knot placement strategies

Three knot placement strategies are used as the basis of approximate algorithms for
solving the free-knot spline approximation problem. These involve placement of
the knots uniformly within the interval, knot placement based on the distribution

of the data abscissae, and a sequential knot-insertion strategy.

2.3.1 Uniformly-spaced knots

One of the simplest strategies for deciding the positions of a fixed number of knots
is to select the knots to be uniformly-spaced betwegn andz,,.x, the endpoints
of the intervall. This corresponds to setting

x — Tmi
—== == mm}, j=1,...,N.

Aj:xmin"f_j{ N +1

Such a choice makes minimal use of any available knowledge about the data, only
that the data abscissa values are contained within the intérval
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2.3.2 Knot placement based on the distribution of the data abscissae

In the strategy described here, account is taken ofdik&ribution of the data
abscissa valuege; }*. The approach tends to give better knot positions (compared
with uniformly-spaced knots) if the data is gathered in a manner which ensures
that the local density of the data is greater in regions where the behaviour of
function underlying the data is more marked, e.g., in the neighbourhood of peaks
and valleys.

Consider the graph = F'(¢) given by the piecewise-linear function joining the
points{ (i, z;) }7*. Then, thejth knot is set according to

N=FQ1+m-1)(G+n/2-1)/(¢—1), j=1,...,N.

The choice can be interpreted as placing the knots such that there is an approx-
imately equal number of data points in each knot intedvalexcept that in the

first and the last interval there are approximate2 times as many points. The
strategy([2] has the property that whéhis such that the data is interpolated, i.e.,

N = m — n, the choice of knots agrees with one of the recommended choices
for spline interpolation [17]. It also has the property that the Schoenberg-Whitney
conditions [23] are satisfied ‘as well as possible’ for a subset of the data: these are
conditions on the data and a given knot set that guarantee (at least mathematically)
that the solution to the fixed-knot spline approximation problem with the given
knots is unique]

2.3.3 Sequential knot-insertion strategies

In a sequential knot-insertion strategy, a succession of (fixed-knot) approximants
is obtained, in which for each approximant a knot is inserted in the knot interval
that gives rise to the greatest contribution to the least-squares measure. Previously
inserted knots are retained undisturbed. Several variants are possible, e.g.:

e Start the process with a number of knots already in place, perhaps obtained
from information specific to the application.

e Candidate positions for a new knot are
— The continuum of points within the interval. The approach gives rise

to the minimisation of a univariate function that may possess local
minima.

SNumerically, however, the satisfaction of these conditions does not ensure that the solution is
well-defined.

www.npl.co.uk/ssfm/download/index.html#cmscad Page 7 of 68
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— The subset within the interval of a discrete set of points chasen
priori, e.g., the data abscissae themselves or a uniformly-spaced set
of z-values. The approach gives rise to a finite computation for the
globally-best choice of knot, relative to the discretisation, with respect
to previous knots.

e More than one knot can be inserted at a time. If candidate positions for the
new knots are a discrete set of points (as in the bullet above), computation
times rise rapidly with the number of ‘simultaneous’ knots so inserted, so in
practice inserting only a small number, say two or three, might be feasible.

e Use a merit function other than the least-squares measure.
For the sequential knot-insertion strategy considered in this work:

1. The procedure starts with = 0 knots.

2. Candidate positions for a new knot are the data abscissa v{a&u}%‘é‘lﬁ
excepting the positions of previously inserted knots.

3. Assingle knot is inserted at each iteration.

4. The merit function for knot-insertion is the least-squares measure.

3 Methods for algorithm testing

A framework has been described [5] for describing the activities of algorithm
testing and numerical software testing, and how these activities contribute to the
(overall) validation of the software implementation of an algorithm for solving
the problem specified by a given computational aim. A number of approaches to
algorithm testing, based on the methodologies of numerical software testing [6],
are discussed. These include methods based on:

e an analysis of the required (‘correct’) computational @mand an approx-
imate computational air@,,

e using software implementations of the computational aims,
e data generation software for the computational aims, and

e Simulation.

®The abscissa values andz,, are not included sinCemin = 21, Zmax = Zm and the inserted
knots are required to lie in thepeninterval (zmin, Tmax) (sectior] 2.L).

Page 8 of 68 www.npl.co.uk/ssfm/download/index.htmli#cmscas
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In this section a summary of these generic methods is pro{Z]d’étda application of
the methods to the validation of the software implementations of various algorithms
for the free-knot spline approximation problem is covered in secfipns 4-8.

3.1 Methods based on the analysis of computational aims

Analysis of the required and approximate computational aims to understand the
circumstances under which they are mathematically equivalent, and to derive ex-
pressions for the distance (in an appropriate norm) between the solutions to the
problems specified by them, is an important approach to algorithm testing. The
approach involves working with the computational aims, and the algorithms for
solving the problems specified by them, raathematical objectsidependent of

any software implementation. The approach has the disadvantages of generally
requiring a high degree of technical skill (and therefore relying on experts), being
highly problem-specific, and consequently being difficult (if not impossible) to
automate.

3.2 Methods based on using software implementations of the compu-
tational aims

In some circumstancesftwareimplementing the required and approximate com-
putational aims will be available. A direct approach to comparing the computa-
tional aims using this software is as follows:

1. Start with a reference data se{perhaps typical of one that is likely to be
encountered in practicg).

2. Apply software for the required computational &ifp to the reference data
setx to obtain reference resulis.

3. Apply software for the approximate computational &ifnto the reference
data sek to obtain test resultg,,.

4. Measure the difference between the computational afgnandC,, by the
distance (in an appropriate norm) between the reference rgguéad the
test results,.

The distance evaluated at sfép 4 will include contributions relating to the accuracy
of the calculations of the reference and test results, and so may not immediately

"The notation C,,’ for approximate computational aim is used for the discussion of the generic
methods. In the application of the methods to the testing of knot placement strategies, the
approximate computational aims will be denoted &Y™, ‘ C5’, etc.

8x is used to denote particular values for the input data for the problems specifigddndC, .
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provide an accurate measurement of the departuré,ofrom C,. However,
numerical software testing may be used to investigate whether the software used
to calculatey, andy is performing like reference software by quantifying the
magnitude of the errors in the calculated results. In particular, in the case that the
magnitudes of the errors are small compared \jjth— yo||, the latter can be used

to measure the difference between the computational aims as required.

3.3 Methods based on data generation software for the computational
aims

The generation afeference pairscomprising reference data sets and correspond-
ing reference results, appropriate to a specified computational aim is the basis of
“pblack-box” testing of numerical softwargl[6,/11,/112]. One approach to generating
reference pairs is to use reference software (Seftign 3.2). Another approach is to
use adata generatar This is software for constructing reference data sets with
known solutions, i.e., solutions specifiagriori, by solving the inverse problem

to that defined by the computational aim. For a problem whose solution can be
characterisedmathematically, the implementation of a data generator is generally
much simpler than the implementation of software for solving the forward problem
defined by the computational aim. Data generators have been used in the numerical
testing of software for a number of calculations![12].

In the context of algorithm testing, data generation software for the required and
approximate computational aims may be used to compare the computational aims
in the following manner:

1. Start with a reference solution denotedyhy

2. Use data generation software appropriate to the required computational aim
Cy to generate reference datg corresponding to the reference solutjpn

3. Use data generation software appropriate to the approximate computational
aim C, to generate reference datg corresponding tg.

4. Measure the difference between the computational aignandC, by the
distance (in an appropriate horm) between the dataxsedsdx,, .

The process of data generation in steps 2[and 3 above is a one-to-many mapping,
i.e., in each case there arenyreference data setg andx, for the two compu-
tational aims that have the same reference solytio@onsequently, at st¢p 2 we
choose a particular reference datassgthat is ‘close’ (in an appropriate norm) to

a data sek that is typical of one likely to be encountered in practice. Then, at step
[3 we choose a reference datasgthat is ‘closest tox, (in the same norm).
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If the distance between the reference datasgendx, constructed in this way is

zerq the computational aims are equivalent for a problem specified by the reference
pair (x,y). If the distance ismall compared to the uncertainty associated with
measurements of typical data the computational aid’, may be regarded as fit

for purpose. Otherwise, we may question whether the approximate computational
aim used in place of the required computational aim is adequate for its intended
purpose.

The approach is illustrated in Figrg 1. In this figuPg(y) represents the collec-
tion of data sets for which the solution to the problem specified by the compu-
tational aimCy is y. Similarly, D,(y) represents the collection of data sejsfor
which the solution to the problem specified by the approximate computational aim
C, isy. x is a data set that is typical of the application: thepjs the data set in
Dy(y) closest tax, andx, the data set itD, (y) closest taxy. Finally, the distance

d betweenx, andx, measures the difference between the computational aims for
the data sex.

The approach is similar to the techniquébatckward error analysif24] used to in-
vestigate the numerical properties of algorithms implemented using finite precision
arithmetic. An advantage of the approach is that software implementing algorithms
to solve the problems specified by the computational aims is not required.

o X

DoY) D,(y)

Figure 1: Comparing required and approximate computational using data
generation software.
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3.4 Methods based on simulation

The methods described in the previous sections provide point measures of the
departure o, from Cj, for the single reference data setlt is recommended that

the methods are applied for a range of reference data sets typical of those likely to
be encountered in practice. This can mean sampling (perhaps uniformly) from the
domain of all possible data sets that are likely to be encountered, including those
close to the boundaries of this domain. In addition, and in order to obtain statistical
measures of the departure and, in particular, to assess the fithess for purpose of
C, as a substitute fo€), it is recommended that the methods are applied using
reference data sets sampled in such a way as to reflect the available knowledge
about the inexactness of the dita.

Let X andY denote the input and output quantities for the problems specified by
Cp andC,,. Furthermore, ley(X) denote the probability density function (PDF)

for the value ofX, describing the available knowledge about the inexactneXs of
andgo(Y) andg,(Y) the PDFs for the value oY returned as, respectively, the
solutions to the problems specified 6% andC,. Then, software for solving the
problems specified by the two computational aims (Se¢tign 3.2) may be combined
with simulation in the following manner:

1. Choose a numbé¥! of trials.
2. Forr=1,...,M:

(a) Construct the data set as a random sample from the PREX).
(b) Apply software for the required computational aify to the data set
x" to obtain reference resulig,.

(c) Apply software for the approximate computational &into the data
setx” to obtain test resultg;,.

3. Construct an approximatiofy(Y) to the PDFg,(Y) for the value ofY
from the set of reference resuft§, » =1,..., M.

4. Construct an approximatign (Y) to the pdfg, (Y) for the value ofY from
the set of testresultg),, r=1,..., M.

5. Compargy(Y) andg,(Y).
The comparison at st¢g 5 can involve comparing the expectations of the PDFs,

or their standard deviations, or coverage intervals corresponding to a stipulated
coverage probability, or (other) quantities derived from the PDFs.

SFor example, for a regression problem, we might choose to simulate data by sampling
the measurement deviations for the data from a normal (Gaussian) probability distribution with
expectation zero and standard deviatignwhereo describes the ‘accuracy’ of the data obtained
from a typical instrument or measurement system.
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4 Computational aims

In this section are specified:

¢ the computational air®y of the free-knot spline approximation problem that
it is required to solve, and

¢ the computational aim&;, Cy andC5 of theapproximateproblems that are
solved in place of the problem specified @Y.

Each computational aim is presented asathematicatelationship between input
guantities (data, spline order and numberN of knots) and output quantities
(spline coefficients and knot positions). In the casé€@f C; andC5, the relation-

ship takes the form a spline approximation problem (with free or fixed knots). In
the case of’s, the relationship is in the form of an algorithm (a set of steps) involv-
ing the solution of a succession of fixed-knot spline approximation problems. In all
cases, the relationship between input and output quantitieplgit. In particular,

the relationships are not provided in the form of a set of formulae to be evaluated,
or a set of equations to be solved, for the output quantities. It is not the purpose
of this section to provide details of the algorithms and (software) implementations
of the algorithms for solving the problems specified by the computational aims.
Such details are provided in section 5. A discussion of the computational aims,
including comments concerning those circumstances for which the computational
aims aremathematicallyequivalent (section 3.1), is given in sectjon|4.5.

4.1 Computational aim(C)
Given data{ (z;, v;)}|", spline ordem and a numbet of knots, findc = c( and
A = )¢ that solve

min Z {yl - S(Ca )\a ZB’L)}2 ’

CA =1

where .
s(e, Ajz) = chij(/\; x).
j=1

This is the free-knot spline approximation problem (sedtioh 2.2).

4.2 Computational aim

Given data{ (x;, ;) }|", spline order and a numbel of knots, sed = A; where

j:]‘J“'?NJ (5)

Tmax — Tmin }
)

)\1,j=$min+j{ N1
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and finde = c¢; that solves
m
mcmz {yi — s(c, A7)}
=1

This is the fixed-knot spline approximation problem with uniformly-spaced knots

(section$ 2.2 and 2.3.1).

4.3 Computational aimCy

Given data{(z;,v;)}", spline orden and a numbefN of knots, set\ = X, where
Aj=F(1+(m-1)(G+n/2-1)/(¢g—1), ji=1....,N, (6)

and the graph = F'(¢) is given by the piecewise-linear function joining the points
{(i,2;)}]", and findc = ¢, that solves

mcmz {yi — s(c, A7)}
i=1

This is the fixed-knot spline approximation problem with knot placement based on
the distribution of the data abscissae (sections 2.2 and 2.3.2).

4.4 Computational aimCj

Given data{(z;,y;)}]", spline ordern and a numbetV of knots, perform the
following stepstY

1 SetX; = {xg, . ,ij_l}.
2 setp, = {}[1

3 If N =0, find c = c3 that solves
< 2
min 3~ (v sle. pi )}
i

4 If N > 0, perform the following steps:

4.1 Fork=1,...,N:

OFor convenience\ and . are used to denote boftetsof knot positions (which are subject to
set operations, including ‘union’) anekctorsof knot positions (which are used as parameters of the
spline functions). The context will make clear which interpretation is to apply.

HThis is the empty set used to denote the absence of (interior) knots.
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4.2 Findc = c3 and~y = ;, that solve

m
win Y- {y; —s(e o U{hie)}’ . v e X (D)
=1

4.3 SetX; = kal\'yk-
4.4 Setpy, = py, 1 U {7y}

4.5 Discussion of computational aims

The following observations apply to the computational aims specified above:

e For the caséV = 0, the free-knot spline approximation problem with no
(interior) knots, all four computational aims will possess the same solution,
that obtained by solving the fixed-knot spline approximation problem with
A set equal to the empty vector.

e For the caséV = 1, the problem specified bgs is a ‘discrete’ version of
that specified by’y. In this case, the problems specified by the two compu-
tational aims are to minimise the same (least-squares) objective function, but
in the case of’ this is done with respect to a knot position that can &ke
value betweem,;, andz,.x, Whereas folC’s the knot position is restricted
to take values within a discrete set (here, the{sg}5~'). Consequently,
the maximum (absolute) difference between the knot positions returned as
solutions to the problems specified 6§ andCj5 is bounded by the (maxi-
mum) spacing between consecutivevalues.

e The knot positions returned as solutions to the problems specified,by
andC; will only be the same if a particular condition applies, viz., that the
solution to the problem specified lgy is such that the knots are uniformly
spaced (and satisf}/|(5)). (Similarly, faf, andC, to be (mathematically)
equivalent, the solution to the problem specifiedIgymust be such that the
knots satisfy[(p).) The amount by which the knots returned as a solution to
C), fail to satisfy [$) (respectively] [6)) is a measure of the departure between
Cy and(C1 (respectively(s).

¢ In the case of uniformly-spaced—values, the knot positions returned as

solutions to the problems specified 8y andC5 will only be the same for
the casesv = 0 (above) andV = 1.
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5 Software implementations of the computational aims

This section provides details of the algorithms and software implementations of
those algorithms for solving the problems specified by the computational aims
given in sectiorj 4. In section 5.5 an example is given to illustrate the results
returned by the implemented software for a given data set. S¢gtion 7 is concerned
with presenting the results of testing the numerical accuracy of the software imple-
mentations described here.

5.1 Softwares,

The free-knot spline approximation problem specified by computationa’gim
sectiorf 4.1 is a nonlinear least-squares problem. Soft@ae®ives this problem
using a Gauss-Newton algorithin [20]. The Gauss-Newton algorithm is an iterative
algorithm where at each iteration the linear least-squares problem

min ||r + J §¢||?
5¢

is solved, withr the vector of residual deviations
ri =y — s(c, Ay z;), 1=1,...,m, (8)

andJ them x (¢ + N) (Jacobian) matrix of partial derivatives, given by

87“1 87”1 8?”1 87“1
Orm orm  Orm Orm
8761 e ch 87)\1 - a)\N

both evaluated for the current estimates of the paramétess (¢, AT)T. An
orthogonal factorization method [21] is used to obtain the solution to the above
linear least-squares problem [10]. The vecigrcontains the Gauss-Newton step
which is used to update the current estimates of the paranmgterprovide new
estimates. |Initial estimates of the parameters are provided by the sofsivare
(sectior{ 5.P) for solving the problem specified by the computational@imand

the iteration continues until either the decrease in the residual sum of squares is
less thanl0~!5 or maxy, [0¢|, (the maximum absolute change in the values of the
parameters) is less than 5[4

In an implementation af), it is necessary to evaluate the Jacobian matri¥Jsing
(2), the derivative of the residual deviationwith respect to the spline coefficient

2The use of these fixed tolerances is appropriatséatedproblems.

Page 16 of 68 www.npl.co.uk/ssfm/download/index.htmli#cmscad



NPL Report CMSC 48/04

cL IS

67“7;
= —N, A; i)
ack n,k( 7‘/1: )

the value of thekth B-spline basis function with knots atz = x;. Furthermore,
the derivative with respect th is

8r,- a aNnJ‘(}\; ac,)
e _JZ::CJ N

The evaluation of the derivatives of the B-spline basis functions with respect to the
knotsA is considered in Append[x]A.

5.2 Softwares;

The key computation undertaken by softwaketo solve the problem specified by
computational aind’; is to solve the fixed-knot spline approximation problem with
uniformly-spaced knotd, defined by[(b). This is equivalent to findirg= c; that
solves the linear least-squares problem

min ||y — K|,
whereK is them x g matrix K given by

Nn,1(>\§x1) Nn,q(Aﬂvl)
K = ; 5 (10)
Nn,l(A; xm) Tt Nn,q(A; $m)

evaluated at the knots = \;. An orthogonal factorization method [21] is used to
obtain the solution to the above linear least-squares problem [10].

5.3 SoftwareS,

As in section 5., the key computation undertaken by softugaréo solve the
problem specified by computational aifiy is to solve the fixed-knot spline ap-
proximation problem with knots\, defined by[(). This is equivalent to finding
¢ = ¢ that solves the linear least-squares problem

min [y — Kyel|”,
where K is the matrix K given by [10) evaluated & = X,. An orthogonal

factorization method [21] is again used to obtain the solution to the above linear
least-squares problem [10].
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5.4 SoftwareSs

The key computation undertaken by softwatgto solve the problem specified

by computational aint’; is to solve [(}) at step 4.2. This can be done by solving
a sequence of fixed-knot spline approximation problems of the form described in
section$ 52 and §.3. Specifically, for eacke X;._1, find c = c, that solves the
linear least-squares problem

min|ly — K,c|%,

whereK’, is the matrixK’ given by [10) evaluated & = u;,_; U{~}, and evaluate
the least-squares objective function

S2=>"{yi = s(cy, g U{v}s20)}°
=1

Then, the minimisee = c3 andy = ~;, at step 4.2 of sectidn 4.4 are those values
c, and~ that correspond to the minimum vaIueSﬁ.

5.5 Example to show application of software implementations

Section 6.]l describes data generation softwagdor generating data for which

the solution to the problem specified by computational élgris specifieda pri-

ori. Figure[2 shows the results of applying each of the software implementations
So, S1, S2 and Ss to data generated bgF for a cubic (order 4) spline with
specified spline coefficients and three knat® given by

AB) = (=0.380, —0.004, 0.530)".

Figure[3 shows results produced similarly for data generatedgpfor a cubic
spline with nine knot\(®) given by

A = (=0.810, —0.610, —0.390, —0.210, —0.003, 0.200, 0.380, 0.580, 0.810) ™"

In each figure the top graph displays the solutions returned by the four software
implementations. The spline curves are shown (as continuous curves) together
with the positions of the knots associated with the curves (as crosses). (Note that
by virtue of using data generation software fdg, softwareSy will return the
‘correct’ spline and knot positions, i.e., the spline and knots specifipdori.)

The lower graph shows the differences between the splines curves returned by the
four software implementations and the ‘correct’ spline specdipdoril™| (Again,

13The ‘kinks’ that are apparent in the curves representing the differences between the spline
curves returned by the four software implementations and the ‘correct’ spline arise in regions where
differences are taken of spline curves with knots that are close (but not identical). The curves
representing the differences are ‘smooth’ in a mathematical sense.
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by virtue of usingGy, the difference for the solution returned By is identically
zero.)

Because the ‘correct’ knots are almost uniformly-spaced, the solution returned by
Sy is the most likely to be close to the solution to the free-knot spline approx-
imation problem. We note that for both sets of data, softwgyeimplement-

ing the sequential knot-insertion strategy, returns knots that are far from being
uniformly-spaced, and yet the spline approximant based on these knots (in black)
does generally reproduce the ‘shape’ of the free-knot spline approximant (in blue).
The solutions returned bg; and Sy also generally reproduce this shape. For
some applications the solutions returned by the approximate algorithms (based on
the knot placement strategies considered) may well be acceptable; for others they
will not. Algorithm testing is used to help users of such algorithms to make an
objective decision about the acceptability of a particular algorithm for a particular
application.

6 Data generators for the computational aims

This section provides details of data generation software for the problems specified
by the computational aims given in sectjgn 4. Data generation software is software
used to generate data for which the solution to a problem specified by a given
computational aim is knowa priori (section 3.3). Data generation software is
used:

o fortesting the numerical accuracy of the software implementations described
in sectior] b against their respective computational aims, and

e in algorithm testing, to compare those computational aims.

Some remarks about the data generation softégr®r computational aint’; are
made in section 615.

6.1 Data generatorG

A solution to the problem specified by the computational &igris characterised
by the condition

J(;Fro = 0,

where.J, andr are, respectively, the Jacobian matfigiven by [9) and vector of
residual deviations given by @), both evaluated at the solutiaf, AZ)™.
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Figure 2: Results of applyin§ (blue),S; (green),Ss (red) andSs (black) to data
generated by, for a spline curve specified priori with three knots. The top
figure displays the solutions returned by the four software implementations, and
the bottom figure shows the differences between those solutions and the ‘correct
spline curve specified priori.
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Figure 3: As figuré 2, but for a spline curve speciféedriori with nine knots.
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Based on this characterisation, a procedure for generating{ gt for which
the solution to the problem specified by the computational@jris givena priori
takes the following form.

Given values forn, N, {z;}T", co andXg:

Goa Form the spline valueg(z;) = s(co, Ao; i), i = 1,...,m.
Gob Form them x (¢ + N') Jacobian matrix/y.

Goc Form a set of target residuads

God Form the null spaceéV; for Ji [

Gpe Form the residual vectayy = N u, whereu = N}e.

Gof Form the data valueg ; = y(z;) + o, i = 1,...,m.

The resulting data set will have a known solution (definedcpyand \g) to the
problem specified by computational ai@y, and be characterised by a known
vectorry of residual deviations that is ‘close’ (in a least-squares sense) to the
vectore of target residual deviations. For example, the target residuals may be
chosen to be random samples from a normal (Gaussian) probability distribution
with expectation zero and standard deviatipnand thus mimic measurement
deviations that are likely to be encountered in practice when those deviations are
dominated by random effects.

6.2 Data generatorG,

A solution to the problem specified by the computational &lms characterised
by the condition

KlTI'l :0,

whereK; andr; are, respectively, the matrik” given by [10) and the vector of
residual deviations given by [8), both evaluated at the solutiarf, AT)™.

A procedure for generating dafa; ;}7* for the problem specified by the compu-
tational aimC’ is analogous to that described in secfior) 6.1, VidthreplacingJ,
c1 replacingcg, A1 replacing, etc.

The null spaceV; for J; satisfies/d N; = 0, and may be computed using matrix factorization
techniques such as the singular value decomposition (SVD) [21].
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6.3 Data generatorGs

A solution to the problem specified by the computational &igris characterised
by the condition

K;FI‘Q :0,

where K, andr; are, respectively, the matriX given by [10) and the vector of
residual deviations given by @), both evaluated at the solutiad, AJ)™.

A procedure for generating daa. ; }7* for the problem specified by the compu-
tational aimCs is analogous to that described in secfior) 6.1, ifthreplacing Jy,
co replacingcg, As replacing), etc.

6.4 Data generatorG

For N = 1 the data generation procedure is identical to that for computational aim
Cy; see sectioh 6]1.

For N > 1 the sequential nature of the knot insertion procedure means that a
solution to the problem specified by the computational @ifris characterised by
N conditions as follows.

Given are valu@for n, N (> 1), {z;}7", ex = (en1,...,cNN+n) T and a set
of knotsAy = (A1,...,Ay)T arrangedn order of insertion i.e., \; is the first
knot to be inserted), the second, e@ Then, data{y; }* for which the solution
to the problem specified h§; is ¢y and Ay satisfies

yi:yk,i+rk,i7 Iizla"'vmu k:17"‘7N7 (11)
where
® yi; = s(ck, Ap; ;) inwhichey, = (ck1, . - - ,ck,n%)T are coefficients that,
together with\,, = (1, ..., \x) T, define a spline curve ‘close to’ the curve

specified bycy andAy (seeGsb below), and
e 1, is a vector of residual deviations satisfying

JkTrk :0,

5To avoid excessive use of subscripts in this section, a notation different from that used for data
generatorssy, G; andG- is adopted.

6The corresponding knot vector ey obtained by arranging the elements . . ., Ay into non-
decreasing order.
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whereJy, is them x (n + k + 1) matrix of partial derivatives

87“]671 8rk71 8rk71
dckr T Ocknsk Ok
8Tk’m 8rk,m 8rk,m
Ockr 7 Ockmek O

evaluated atc), A} )7.

In terms of N, the null space oﬂ,;f, ri may be written as
ri = Npvg,

wherevy, is an arbitrary (non-zero) vector of dimension— (n + k + 1) x 1, and
(17) becomes

yi+Nivi=-=yn+ Nyvn.
Defining
N1 =N B
N, — Ny Y2—y1
M= | and q = |, @
Nl _NN Yy — Y1
this gives
Vi
M| : | =aq (14)
VN
Letting Vs, the null space oM, be partitioned as
Ny
NM = ’
Ny n
it follows that the solution td (14) can be written as
Vi Vo,1 NM,l
= : + : p;
VN Vo,N NM,N
where (v{,,...,vg )" is a particular solution to ), and is an arbitrary

vector.
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Finally, finding the vectory of residual deviations closest (in a least-squares
sense) to a given vecterreduces to solving the linear least-squares problem

mFi’HHI‘N — eH2 = HNNVN — eHQ = HNN(VO,N + NM,NP) — eHQ.

Based on the above characterisation, a procedure for generatingug¥tafor
which the solution to the problem specified by the computational@ins given
a priori takes the following form.

Gsa Form the spline valueg(z;) = s(cy, An;x;), i =1,...,m.
Gsb Fork=1,...,N —1:

G3b.1 Evaluatec = c; that minimises
> {yl@i) — s(e, M)}
=1
G'sb.2 Form the spline valueg, ;(z;) = s(ck, Ak; z4).
Gsc Fork=1,... N:
Gsc.1 Form the matrix/y, as defined i (12), dc}, Af)™.
Gsc.2 Form the null spaceyy, of J,.

Gsd Form M andq as defined in (113) and find

Vo,1
Vo =
Vo,N
such that
Mvy = q.
Gse Form the null space
N
Ny N

of M.
Gsf Form a set of target residuads
G3g Find p that minimise§| Ny (von + Ny np) — €)][%

Gsh Form the residual vectaty = Ny (vo.n + Ny, nD).
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Gsi Form the data valueg ; = y(x;) +ry, i =1,...,m.

The resulting data set will have a known solution (definedbyV, ¢y andAy) to

the problem specified by computational affp and be characterised by a known
vectorry of residual deviations that is ‘close’ (in a least-squares sense) to the
vectore of target residual deviations.

6.5 Discussion of data generators

An issue for the problem specified by the computational élgnis that the al-
gorithm implemented by5, to solve the problem, and that implemented Gy

to generate data for the problem, are both based on a characterisatidocaf a
solution to the problem. A consequence of this is that (strictly3olves the prob-
lem specified byCy approximately A further consequence is th&t may return

a solution for data generated Iy, that is differrent that the solution specified
priori for that data. Indeedy, may return a ‘better’ solution, i.e., one with a lower
value for the least-squares objective function, than that speecifietbri.

A similar observation applies to the problem specified by the computational aim
C's. However, here, the algorithm implemented $yreturns theglobal solution

to the proble@ whereas the algorithm implemented &Y is based on a charac-
terisation of docal solution to the problem.

To illustrate this (for the problem specified B%), consider using+s to generate

data for which the solution t6% is a cubic spline with knota = (0, —0.6,0.6)T
specifieda priori[§ Figured 4 anfl|5 show the results of applying softwéiseo

two sets of data generated usiig. In each figure, the graph in the top-left shows

the generated data set. The graph in the top-right shows how the least-squares
objective function

52 = i {yi — s(cy, {7} 2)}

varies with the position of the (single) knot wherec,, are the spline coefficients
that solve the fixed-knot spline approximation problem with knofhe position

~1 of the first inserted knot is chosen to coincide with the minimum of this function.
For both data sets, the minimum isyat 0 as required.

The graph in the bottom-left and bottom right show how the least-squares objective
function varies with the position of the second and third inserted knots, respec-

YThis is because the minimisation with respect to the spline coefficients for fixed knots possesses a
single (global) solution, and that with respect to the (single) inserted knot is undertaken by examining
all possible values for the position of the knot.

®The knot vector is\ = (—0.6,0,0.6)T. The ordering of the knots i is used to indicate the
orderin which the knots are inserted, i.e., a knot at zero first, followed by a kneb4t, and finally
aknot at0.6. See sectiop 6]4.
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tively. For the first data set (figufé 4) the minima of these functions aye-at-0.6

and~ = 0.6, respectively, as softwaig; returns the required knots (in the correct
order) for this data set. However, for the second data set (figure 5) the required
knots are not returned. In particular, although for the determination of the third
knot, alocal minimum of the least-squares objective functions occurs at0.6,

there is a ‘better’ minimum (close to zero), which is choserbhy

Our experience is that the likelihood 6§ returning a solution that is different
from that specifieda priori for GG3 increases with the numbéy of knots. Our
approach to dealing with this in the validation described in this report is to ‘reject’
any data set generated ¥ for which S5 returns a different (local) solution to
that specifiech priori. Even for modesiV this can mean that a large proportion
of the data sets generated are rejected, e.g., as many as 97.5 %\whken.
Furthermore, our experience of using the data gene€aios that it rarely returns

a data set for a solution specifiadpriori for which the residual deviations are
particularly ‘random’, i.e., particularly ‘close’ to a vecterof target residuals that
are (usually) themselves chosen to be random. Consequently, it is difficult to use
the generator to obtain data that is likely to be ‘typical’ of data encountered in
practice.

7 Numerical software testing

In this section are presented the results of applying techniquesroérical soft-

ware testing6] to investigate the numerical accuracy of the software described in
sectior| b as implementations of algorithms for solving the problems specified by
their respective computational aims given in sect[dns 4. The approach is to apply
‘black-box’ testing of the software using the data generators described in section
6.

For given values of, n, N, {z;}7", c andA[Fthe data generatd¥, (sectior 6.1L)

is used to generate reference déia,; }1* for the problem specified bg), with
target residuale in Gy chosen to be random samples from a normal (Gaussian)
distribution with expectation zero and standard deviatioifhe reference solution
corresponding to the reference data is characterised by the uectoresidual
deviations. Softwaré), is applied to the reference data to give test resuliad\

that define a solution characterised by the vettof residual deviations. The test
results are compared with the reference results using the following measures:

1%For the examples discussed in sectiEhs 7[§nd 8, the ardeset to four (cubic splines), the
numberm of points to 201, and the data abscissa valuet be uniformly-spaced in the interval
[Zmin, Tmax] With zmin = —1 andzmax = 1. The values of the spline coefficients are chosen
randomly, and the knots as described.
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Figure 4: Applying softwareS; to a data set generated usi6g. The data set
is shown in the top-left graph. The remaining graphs show how the least-squares
objective function varies with the position of the first, second and third inserted
knots. The solution returned corresponds to that spedfiadbori.
Page 28 of 68
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Figure 5: As figur¢ |4, except that the solution returned does not correspond to that
specifieda priori.
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Root-mean-square error, defined by

d=—=IF=1l.
Performance measure,defined by
d
yolln

Maximum (absolute) difference in knots, defined by

A = .glaXN|Aj — )\]|

Here,P is a ‘performance measure’ that indicates the number of significant figures
of accuracy lost by the (test) software compared with a reference implementation
of software to solve the problem specified ©y. The measure accounts for (a)
the relative error in the results returned by the test software, (b) the ‘degree of
difficulty’ of the computational ainC’y for the reference data set, and (c) the
computational precision of the arithmetic used to compute the test results [6].

The above data generation procedure and tests are repeated a number of times for
each of a number of values ofin the rang€g0, 0.1], and for the following cases:

N = 1 knotPI N = 3 knot§and N = 9 knots?] Figures 6] 1D and 14 (appendix
show the results of numerical software testing applied to softwWarfer these

cases. Each figure contains three graphs that show, respectively, how the measures
d, P andA (above) vary witho.

The above generation procedure and tests are repeated for:

o softwareS; applied to datdy; ;}{* generated using/; but with knots that
satisfy [$): figure§[{, 11 ajd [L5,

o softwareS; applied to datdy. ; }1* generated using/» but with knots that
satisfy [6): figure§]g, 12 ajd 16, and

20\ith the knot located at

A= (-0.5146)".

2\With the knots located at
A = (—0.6103,0.0396, 0.4035)".

22\ith the knots located at

A = (—0.8055, —0.6082, —0.3889, —0.2061, —0.0025, 0.1973, 0.3833, 0.5812, 0.8058)T
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e softwareSs; applied to datdys ; }7* generated using's but with knots that
form a subset of the data abscissa values: fiddres P drfd 13).

The figures show that for the majority of the reference data sets and for all four
software implementations, the root-mean-square ettakes values of the order

of 10~ 15, the performance measuRetakes values less than one, and the maximum
(absolute) differences in the knots are zero. This indicates that for these reference
data sets the software implementations are performing as reference software for
the respective computational aims would be expected to perform. There are a few
exceptions (figurg 10) relating to the application of softwégeo reference data

sets each with a solution with three knots. It can be expected that these exceptions
arise in cases where softwasg has converged to lacal solution (to the problem
specified byC)) that is different from that specifieal priori (see the discussion in
sectior] 6.5). However, the results obtained from the application of softsiate
reference data sets each with a solution with nine knots (figyre 14), a seemingly
‘harder’ problem (with more scope for local solutions) than that for three knots,
suggest thab is a sufficiently good implementation of an algorithm for solving
the problem specified by, at least for the numbers of knots and range of values

of o considered.

8 Algorithm testing

In this section are presented the results of applying the techniquaigarithm
testingdescribed in sectidn 3 to the problems specified by the computational aims
given in sectiofj 4. These techniques involve the application of the software de-
scribed in sectiof]5 and the data generators described in sgttion 6 to investigate
the extent to which the ‘approximate’ computational aifys Cy, andC'5 can be

used to deliver solutions to the ‘correct’ computational aimthe free-knot spline
approximation problem, that are fit for purpose.

8.1 Methods based on using software implementations of the compu-
tational aims

Algorithm testing based on using software implementations of the computational
aims (section 3]2) follows the procedure of numerical software testing described
in sectior] J except thatll four software implementations are applied to reference
data{yo;}1" generated using the data generatgrfor the ‘correct’ computational

ZResults for the testing of softwargy applied to data generated usiff for the case of nine
knots are not presented. For this case, softwgyénvariably returns a ‘local’ solution for the
reference data set that is different from that speciéigatiori for the data generator: see section

63
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aim Cy. Figureq IJ7[ 18 and 19 (appendlix C) show the results for reference data
sets each with a solution with a single knot and for values iofthe range0, 0.1].
Similarly, figureg 20 21 anld 22 show the results for reference data sets each with
a solution with three knots (and for values®in the rang€0, 0.1]), and figures
[23,[24 and 25 for reference data sets each with a solution with nine knots (and for
values ofo in the rangd0, 0.02]) 4

Sincexmin andxm,. are identical forall the reference data sets, for a givAh

the knots returned by softwar®g (that locates the knots uniformly betweep;,

and xmay) Will be the same. Consequently, the measdiref the ‘error’ in the
knots returned byS; is independent of the value of (figures[1}] 2D anfl 23).
Similarly, since the data abscissa vales}{" are identical for all the reference
data sets, for a give®V the knots returned by softwar® (that locates the knots
according to the distribution af,—values) will be same, antlis again independent

of o (figures[I8[ 2[l anfl 24). Furthermore, for the case= 1, both S; and

So return, for uniformly-distributed data abscissa values, the (same) knot at the
midpoint of the intervalz,in, Tmax| (section). The ‘errorA is, therefore,

the (absolute) difference between this midpoint and the knot position returned by
So. For this case, the solutions returned $iyand .S, for each reference data set
are identical (e.g., figurgs [L7 apd] 18). As discussed in sectipn 4.5, for the case
N =1, the problem specified b¥/; is a ‘discrete’ version of that specified 16%.
Consequently, for this casd, is bounded by the (maximum) separation between
consecutiver;—values. Consequently, in this study,

T — Tmi 2
A max min - _Z _ ) 1'
< m—1 200 0-0

Only in special cases will the knot placement strategies, that form the basis of
the approximate algorithms considered here, return knots that correspond to the
solution to the free-knot spline approximation prob@nConsequently, having
found the 'wrong’ knot(s), the fitted spline curves returnedShy S, and S5 will

differ from that returned bys,. The measureéandP quantify the difference. The
results show that, generally, only one or two significant figures in the values of the
residual deviations (that characterise the solutions) can be expected to be@nrrect.
For some applications (e.g., for those for whiclis large) this level of accuracy
may be acceptable. The ‘most accurate’ results obtained in this study arise from
the use ofS3 in the case of a single knot (figure]19). This is to be expected as it
corresponds to the ‘most accurate’ determination of the knot(s).

Finally, the results shown in some of the figures suggest that that there is a tendency
for the measureg and P to increase withr (e.g., figuré 1J7). However, the ranges

245 smaller range of values ferwas chosen for the casedf = 9 knots because of the difficulties
experienced when using the data generafréandG's) to generate data sets with solutions specified
a priori, the difficulties being exacerbatedass increased (secti@.S).

»Some of these cases are identified in segtioh 4.5.

2 value of 16 forP corresponds, roughly, tao figures of accuracy.

Page 32 of 68 www.npl.co.uk/ssfm/download/index.htmli#cmscad



NPL Report CMSC 48/04

of values ofd and P are small compared to their respective (mean) values and,
consequently, the effect is not regarded as significant.

8.2 Methods based on using data generator software for the compu-
tational aims

For given values of, n, N, {z;}", cand (the latter satisfyind]S)), data genera-
tion software(Gy andG| is used to generate, respectively, dgyg; }1* and{y; ;} 7"

such thakc and is the solution for the problems specified by computational aims
Cp and C applied to their respective data sets (sec 3.3). The gata”

is chosen to have residual deviations that are ‘close to’ values sampled randomly
from a normal distribution with zero expectation and standard deviatioifhe
data{y; ;}{" is chosen to be ‘close to’ the dafg ;}*. The ‘distance’ between

the data sets is measured by the root-mean-squaredeaerdefined in sectidrj 7.

Figureqd 2 anfl 29 (appendi¥ D) show the results obtained for the dasesl

andN = 3, respectively, for a number of data sets for each of a number of values
of o in the rang€0, 0.1]. Figureq 2 anfl 30 show corresponding results for data
generated using data generation softm@ygand G with knots satisfying[(6).
Finally, figureg 2B and 31 show corresponding results for data generation software
Gy andG3 with knots that form a subset of the data abscissa values.

Generally, the ‘distance’ between the computational aims measurddsbyero

(being, numerically, of the order of the computational precisjprirhe exception

is in figurg 3] corresponding to the compariso@plandCs usingN = 3 knots. In

this case, the distance between the data sets (and, hence, between the computational
aims) takes theamevalue for all values o&. Furthermore, the value of the root-
mean-square error is comparable to that observed when applying sofiwéve

data generated using, (sectior| 8.]L and figuie P2). Further work is required to
explain this result and relationship.

8.3 Methods based on simulation

For given values of, n, N, {z;}T", ¢, A andM, repeat the following steps for

r=1,..., M (sectior] 3.4):
1. Construct the data set;,y; ), i = 1,...,m, by evaluating
yr = s(c, A\ z;) +ef, 1=1,...,m,

wheree! is a random sample fronv (0, #2), a normal (Gaussian) distribu-
tion with mean zero and standard deviatian
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Implementation ¢ =0.01 o = 0.05

So 0.0029 0.0137
S1 0.0013 0.0065
Sa 0.0014  0.006 8
Ss3 0.0017 0.0091

Table 1: Standard deviations of the PDFs for the vajat x = 0 of the values
of the fitted spline curve returned by each software implementation for the two
simulations corresponding to= 0.01 andos = 0.05.

2. Apply softwareS, to the data to obtain spline coefficiertg and knots\,.
Evaluatey) = s(co, Ao; 0).

3. Apply softwareS; to the data to obtain spline coefficiertsand knots\;.
Evaluatey] = s(c1, A1;0).

4. Apply softwareS; to the data to obtain spline coefficierisand knotshs.
Evaluateyj = s(c2, A2;0).

5. Apply softwareSs; to the data to obtain spline coefficiertsand knots\s.
Evaluatey} = s(c3, A3;0).

For the caser = 0.01, N = 3,A = (—0.5,0,0.5)T and M = 10 000, figure
[32 (appendik E) shows, in the form of histograms (scaled frequency distributions),
approximations to the PDFs for:

o the values of the positions of the knots returned by softwgrend

¢ the valuey, atx = 0 of the fitted spline curve returned lﬁgFj]

In this figure, the ‘correct’ positiona of the spline underlying the simulation
(defined above), and the ‘correct’ valuezat= 0 of this spline, are indicated by
vertical (dashed) lines. Figures|33]-35 show corresponding results for the solutions
returned byS;, S» andSs. Similarly, figureq 36=39 show the results obtained
from the four software implementations for the case- 0.05. Table[] contains

the standard deviatid@of the PDFs for the valugy atxz = 0 of the fitted spline
curve returned by each software implementation for the two simulations based on
the different values of.

#'The abscissa value = 0 is at the midpoint of the intervdl-1, 1] containing the valueéz; } 7"
2The standard deviation evaluated from the distribution can be used as a measure of dispersion or
spread of values that can reasonably be attributed to the quagatity
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The results obtained using (figureq 32 anfl 36) show distributions that are ‘nor-
mal’ in appearance, centred on the ‘correct’ values (thus, exhibiting noas),
and with dispersions (e.g., taljle 1) that are larger for the larger valae &bor

this particular simulation, the knots of the spline underlying the simulation are
uniformly-spaced. Consequently, will alwaysreturn the ‘correct’ knots, and the
PDFs for the values of the positions of the knots returnedpgre ‘Dirac-delta’
functions centred on the ‘correct’ positions (figure$ 33[arjd 37). The dispersion of
valuesyg atz = 0 of the fitted spline curve returned B is about half that for the
curves returned by .

The knots returned by, will not be uniformly-spaced, but will be the same for

all simulated data sets, because the distribution of the data abscissa values is the
same for all data sets. Consequently, the PDFs for the values of the positions of the
knots returned by, are also Dirac-delta functions, babt centred on the correct
positions (figure§ 34 arjd B8). Using this knot strategy, the PDF for the value
exhibits a bias, i.e., the PDF does not have an expectation equal to the ‘correct’
value. The bias remains approximately the same for the two choiceshoft the
dispersion of valuesg is larger for the larger value af. The dispersion of values
returned byS, is comparable to that faf; .

Finally, the PDFs for the values of the positions of the knots returnes lexhibit

a bias compared to their ‘correct’ positions but are not Dirac-delta functions, i.e.,
different knot positions are returned for different simulated data sets (figufes 35
and39). As forS,, the bias in the values of the positions of the knots yields a bias
in the valueyy. The dispersion of valueg, is somewhere between that {6 and

S1 (or S9).

9 Conclusions

This report describes a case study for testing and validating contributians to
ROMETROS It brings together work undertaken within the Software Support for
Metrology (S$M) programmes on

e algorithms and software for discrete modelling (in particular, using polyno-
mial spline curves),

e numerical software testing,
e algorithm testing, and

e disseminating algorithms and software throlEJf/ROMETROS

2The expectation evaluated from the distribution, and its difference from the ‘correct’ value, can
be used to quantify bias.
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The case study concerns the application of numerical software testing and algo-
rithm testing techniques to software implementations of approximate algorithms
for solving the free-knot spline approximation problem. The free-knot spline ap-
proximation problem is a non-linear problem, and there are theoretical difficulties
associated with the existence, uniqueness and characterisation of solutions to the
problem. For these reasons, approximate algorithms, implementing various knot
placement strategies and based on solving (sequences of) linear problems, are often
used in place of the free-knot spline approximation problem. Software implemen-
tations of a number of such approximate algorithms are contained within a software
package available froBRUROMETROS

The case study has focussed on three such approximate algorithms. The algorithms
are based on knot placement strategies that select knots to be uniformly-spaced,
based on the distribution of the data abscissa values, and using a (sequential)
knot-insertion strategy. The aim has then been to undextakéation and test-

ing of software implementations of the algorithms using a number of techniques,
including an analysis of the algorithms, using software implementations of the al-
gorithms, data generators for the algorithms, and simulation. The ‘ingredients’ for
the application of these techniques have been described, viz., for each algorithm:

e a specification of the computational aim,
¢ information about the software implementation, and

e a procedure for generating data for which the solution to the problem speci-
fied by the computational aim is prescribegriori.

Data generators are a key ingredient in the application of the techniques. The case
study has highlighted the effect of basing data generators (for non-linear problems)
on the characterisations lafcal solutions, and how this can lead to difficulty with

the interpretation of results in cases where a software implementation returns a
different (perhaps ‘better’) local solution than that specifiegriori. It has also
highlighted the potential for substant@dmplexityof a data generator, such as for

the algorithm based on the knot-insertion strategy. There are very many problems
arising in metrology for which the design and implementation of a data generator
is straightforward. However, in cases where the complexity of the data generator is
comparable to, or exceeds, that of the problem to be solved, the benefits of software
and algorithm testing techniques employing such a generator may be less clear.

Numerical software testing technigques have been used to show that the software
implementations provide, for the examples considered, numerically reliable solu-
tions to the problems specified by their respective computational aims. The testing
employs reference data and corresponding reference results, obtained using the
data generators, to undertake ‘black-box’ testing of the software implementations.

Page 36 of 68 www.npl.co.uk/ssfm/download/index.htmli#cmscad



NPL Report CMSC 48/04

Several metrics, including a performance measure, are used to quantify the accu-
racy of the test results returned by the software.

An analysis of the computational aims has identified some of the circumstances
under which the free-knot spline approximation problem and the approximate al-
gorithms used to solve that problem have the same solution. Generally, these
circumstances are ‘trivial’ (e.g., relating to the cd$e= 0) or quite restrictive
regarding the problem to be solved. Consequently, it is expected that, in practice,
the various algorithms will return different solutions. The algorithm testing tech-
niques considered are intendeddgwantify the differences between the solutions
returned.

Methods of algorithm testing based on using software implementations of the
computational aims are similar in the way they are applied to methods of numer-
ical software testing, excepting that the software implementations are applied to
the samedata sets for which the solutions to the free-knot spline approximation
problem are known. The results show that, for the examples considered, generally
only one or two significant figures in the values of the residual deviations that
characterise the solutions returned by the approximate algorithms can be expected
to be correct. For some applications this level of agreement may be acceptable. In
particular, from the user’s point of view there is no ‘right’ answer: what is required

is a function that explains the data adequately.

Methods of algorithm testing based on data generator software for the computa-
tional aims have been more difficult to apply for the reasons indicated above. They
seek to measure the ‘distance’ between the collections of data sets for which the
problems specified by (different) computational aims have the same solution. The
results show that, for the examples considered, this distance is zero, excepting for
the comparison of the free-knot spline approximation problem and the algorithm
based on the knot-insertion strategy wh®€h= 3. Consequently, there are col-
lections of data sets for which, for example, the free-knot spline approximation
problem and the approximate algorithm based on selecting uniform knots have the
same solution. However, such collections may not exist for the free-knot spline
approximation problem and the approximate algorithm based on the knot-insertion
strategy. Further work is required to explain this result.

Finally, methods of algorithm testing based on simulation seek to make ‘statis-
tical’ comparisons between the algorithms by comparing the probability density
functions (PDFs) for the values of the output quant@s,r for the value of a
derived quantit@ returned by the algorithms. Such comparisons are useful in
metrology for which considerations of ‘uncertainty’ are important. If the difference
between the results returned by two algorithms is small compared to the uncertainty
associated with the difference, the difference can be safely ignored and the use

%0Here, spline coefficients and knot positions.
3lHere, a value of the fitted spline model.
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of either algorithm regarded as fit for purpose. The results show that, for the
examples consideretjasin the results returned by the approximate algorithms
can be obtained. Furthermore, the magnitude of the bias, and of the dispersion of
values of the output and derived quantities, depends on the uncertainty associated
with the measurements. For the (particular) examples considered, for which the
knot positions are chosen to be uniformly spaced, the approximate algorithm that
positions the knots uniformly returns results that are comparable to (perhaps ‘bet-
ter’ by design than) those returned for the free-knot spline approximation problem.
However, the other approximate algorithms return results that exhibit a bias and,
consequently, for some applications will not be fit for purpose.
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A Differentiating a spline with respect to its knots

In this appendix is considered the problem of computing the first derivatives of
a B-spline basis function with respect to its (interior) knots. The calculation is
necessary for the implementation of softwatfg for the computational aind
(section 5.]1). The calculation is also necessary for implementations of the data
generatorgy, andGs for the computational aimS, andC's (section$ 6/1 arid 6.4,
respectively).

Recall the B-spline basis functiaN,, (A; z) is a function of the vector of knots
X = (A1,..., Anv)T and the (independent) variabiethat satisfy, respectively, the
constraints

Tmin < A1 < A2 <L < AN < Tax, (15)

and
Tmin < T < Trax, (16)

for somexnin < Tmax (S€€ sectio 1). LeX" denote a vector of givemaluesfor
the knotsX that satisfy[(1b), and* avalueof x satisfying [16). The problem is to
compute (if it exists) the derivative with respecttpof the B-spline basis function
Ny k(X; ) evaluated atA™, z*) .

Now the normalized B-spline basis functia¥,, (X; z) is defined as a certain
divided difference of the truncated power functidh([7], 16]

Nok(X2) = (M — Meen) Moy M) (= 2)07
where
o= { G 23N
Now, since,_,, < )\k@it follows (by the properties of divided differences) that
NokN52) = Nemngts e M) =) = ooy A1) (= 2)T70
and so

O Npi(nz)

—_ —doi — do1
a)\] kj k—1,j

(A*z*)

where
d 2 A M) (- —z)t

ki — k—n+1s:: s AL " —
J a)\j +

(A*,2*)

Therefore, the required derivative is expressed in terms of the quantjtiend
dr—1,; Which are themselves derivatives.

%20therwise N, 1, is identically zero, and not a basis function.
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Clearly,ifj <k—n+1orj > k,d; = 0. So, letk —n+1 < j < k and suppose
thatn > 3andA7_; < A7 < A7, Then,

1 * * * * * *
. . n—1
dkj - %1_%5([ k—n+1s: 9 Nj—1> j+67 j+17'-'7)‘k] (‘_x )-‘r
* * * * * x\n—1
- |:)‘k—n+1""a j—1s\j>s j+1>"")\k} ( -z )+ )
_ . * * * o\ % * * *x\n—1
— %%[Ak—n#—lv? j—l’ ,]’ ]+6’ ]+1,7)\k] (—"E)+
_ * * * oy k) k * x\n—1
g |:)\k.7n+17..., j*17 j’ j’ ]+177)\kj| (—CII )+

It follows thatdy; is the value at* of the(k+1)th un-normalized-spline of order
n defined by the knotd* with the cardinality ofA’ increased by one. Defining the
new knot vectorr by
oAy for £< g,
Tf‘{ A, for >3,

then .

Qs — Npgy1(T52%)
kj =,
Tht1 = Th—nt1

WhereNnvk denotes théth normalized B-spline of order with knotsT.

The conditions that > 3 and/\;f is a simple knot ensure thaAfM is a continuous
function, and so there is no difficulty when evaluating the function for any

z*. When these conditions do not apply, however, care is required with the above
analysis. For example, suppose there egealitiesin the constraint[(15) at the
point (A*, z*); in particular, suppose

* * ok YK *

Then, there is no non-zero perturbati®m A; about\; for which the constraint
(15) remains valid, and sd’, ; is not differentiable with respect to; at the given
point. Similarly, perturbations in7_, and\7, are constrained to be from below
(6 — 07) and from abovef — 071), respectively. It is important to note the use of
these one-sided limits because it affects the evaluatiov,gf, | in these cases. A
treatment of these special cases is available [22].

%3In other words, the basis function is (piecewise) quadratic or higher orden jaisch ‘simple’
knot of cardinality one in the knot vectot*. For the purposes of this study, these conditions are
assumed to apply, although for more general problems the conditions may be relaxed.
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B Results of numerical software testing

This appendix contains the results (secfipn 7) of applying techniquasnoérical
software testingo investigate the numerical accuracy of the software described in
sectior] 5. The following figures are included:

Figure[g SoftwareS, applied to data generated using data gener@goone knot.
Figure[7 SoftwareS; applied to data generated using data genefatoone knot.
Figure [ SoftwareS, applied to data generated using data genefatoone knot.

Figure[9 SoftwareS; applied to data generated using data genefatoone knot.

Figure[1I0 SoftwareS, applied to data generated using data gener@torthree
knots.

Figure[1] SoftwareS; applied to data generated using data gener@torthree
knots.

Figure[12 SoftwareS; applied to data generated using data gener@torthree
knots.

Figure[13 SoftwareSs applied to data generated using data gener@torthree
knots.

Figure[14 SoftwareS, applied to data generated using data gener@tornine
knots.

Figure[15 SoftwareS; applied to data generated using data generatornine
knots.

Figure[1§ SoftwareS; applied to data generated using data gener&tornine
knots.
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Figure 6:5, applied to data generated usiég: one knot.
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Figure 7:5, applied to data generated usiég: one knot.
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Figure 8:.5, applied to data generated usifg: one knot.
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Figure 9:55 applied to data generated usig: one knot.
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Figure 10:5, applied to data generated usiig: three knots.
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Figure 11:5; applied to data generated usifig: three knots.
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Figure 12:5, applied to data generated usi6g: three knots.
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Figure 13:S5 applied to data generated usi6g: three knots.
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Figure 14:5, applied to data generated usiég: nine knots.
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Figure 15:57 applied to data generated usi@g: nine knots.
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Figure 16:S5 applied to data generated usi@g: nine knots.
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C Results from using software implementations of the com-
putational aims

This appendix contains the results (secfior] 8.1) ofalyerithm testingobtained
using software implementations of the computational aims. The following figures
are included:

Figure[17 SoftwareS; applied to data generated using data gener&tpr one
knot.

Figure[18 SoftwareS; applied to data generated using data gener&tpr one
knot.

Figure[19 SoftwareS; applied to data generated using data gener&tor one
knot.

Figure[20 SoftwareS; applied to data generated using data gener@torthree
knots.

Figure[2]] SoftwareS; applied to data generated using data gener@torthree
knots.

Figure[22 SoftwareSs applied to data generated using data gener@torthree
knots.

Figure[23 SoftwareS; applied to data generated using data gener@tornine
knots.

Figure[24 SoftwareS, applied to data generated using data gener@tornine
knots.

Figure[25 SoftwareS; applied to data generated using data gener@tornine
knots.
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Figure 17:5; applied to data generated usiig: one knot.
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Figure 18:55 applied to data generated usiég: one knot.
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Figure 19:S5 applied to data generated usiég: one knot.
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Figure 20:5; applied to data generated usiig: three knots.
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D Results from using data generator software for the com-
putational aims

This appendix contains the results (secfior] 8.2) ofdlgerithm testingobtained
using data generator software for the computational aims. The following figures
are included:

Figure[26 Comparing data generated using data generétg@andG;: one knot.
Figure[27 Comparing data generated using data generatgandGs: one knot.

Figure[28 Comparing data generated using data generétgandGs: one knot.

Figure[29 Comparing data generated using data generatgpraind G;: three
knots.

Figure[30 Comparing data generated using data generatoraind Go: three
knots.

Figure[3]] Comparing data generated using data generatr&nd Gs: three
knots.
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Figure 27: Comparing data generated usiiigandG,: one knot.
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Figure 30: Comparing data generated usifigandG,: three knots.
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Figure 31: Comparing data generated usifigandGs: three knots.
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E Results from simulation

This appendix contains the results (secfior] 8.3) ofdlyerithm testingobtained
using simulation. The following figures are included:

Figure[32 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
Sy. Data is simulated withr = 0.01.

Figure[33 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
S1. Data is simulated withr = 0.01.

Figure[34 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
Sy. Data is simulated witlxr = 0.01.

Figure[35 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
Ss. Data is simulated withr = 0.01.

Figure[3§ Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
Sp. Data is simulated witlr = 0.05.

Figure[37 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
S1. Data is simulated witlr = 0.05.

Figure[38 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
Sy. Data is simulated witlr = 0.05.

Figure[39 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the valueat= 0 of the curve, returned by software
S3. Data is simulated witlr = 0.05.
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Figure 32: Approximate PDFs for the values of the (three) knot positions (above)
and the value at = 0 of the fitted curve (below) returned by simulation and
softwareSy. Data is simulated witlrx = 0.01. The knots of the spline underlying
the simulation, and the value at= 0 of the spline, are shown as vertical (dashed)
lines.
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Figure 33: As figuré 32, but using softwase.
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Figure 34: As figuré 32, but using softwase.
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Figure 35: As figuré 32, but using softwasg.
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Figure 36: As figuré 32, but for data simulated with= 0.05.
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Figure 37: As figuré 36, but using softwase.
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Figure 38: As figuré 36, but using softwase.
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