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ABSTRACT

A case study is presented for testing and validating contributions toEUROMETROS.
It concerns the application of numerical software testing and algorithm testing
techniques to software implementations of (approximate) algorithms for solving
the free-knot spline approximation problem. Knot placement strategies are used
as the basis of the approximate algorithms. The strategies include selecting knots
(a) uniformly-spaced, (b) based on the distribution of the data abscissa values, and
(c) using a knot-insertion strategy. A number of testing techniques are applied,
including an analysis of the algorithms, using software implementations of the
algorithms, using data generators for the algorithms, and simulation. The results
of the testing are presented and described.
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1 Introduction

There are many well-defined mathematical and statistical problems that arise in
metrology. However, for some of these determining their solution may be difficult,
and for this reason an approximate or nearby problem is often introduced, leading
to a more tractable problem that is easier or quicker to solve. Algorithms speci-
fied in standards or implemented in software libraries, such asEUROMETROS[3],
may implicitly or explicitly provide an approximate solution or the solution to a
nearby problem.Algorithm testing[5] is concerned with understanding the effect
of solving an approximate problem by measuring the departure of the solution so
obtained from the solution to the correct problem. It is also about understanding,
for a given application, whether the solution to the approximate problem is fit for
purpose. In this context, fitness for purpose would mean that inferences derived
from the solution to the approximate problem would be the same as those derived
from the solution to the correct problem.

Empirical modelsare important to metrology in cases where the knowledge of
the underlying physics for a measurement system is insufficient to characterise
it completely. For empirical models depending on one variable, polynomial and
particularly polynomial spline curves, when used with care, are generally very
satisfactory for representing data. A polynomial spline curve is composed of a
sequence of polynomial pieces joined together at points calledknotsand in such
a way as to ensure smoothness of the complete curve. Spline curves provide a
flexible class of functions that are effective for representing a wide variety of
shapes. However, the knots generally have no physical meaning for the metrologist,
and yet the effectiveness of a spline representation of data can depend critically on
their number and positions. Consequently, metrology users require assistance with
knot placement via appropriate algorithms and software.

Such assistance is provided in the form ofknot placement strategies[13, 14]. The
purpose of these strategies is to provide a ‘sensible’, if not necessarily ‘optimal’,
set of knots. If we regard the problem of providing an optimal set of knots as
the problem we set out to solve, viz., the ‘correct’ problem, then knot placement
strategies provide the basis for algorithms designed to solve this problemapproxi-
mately. If metrology users are to have confidence in such algorithms, it is important
to investigate (and understand) the effect of using them as approaches to solving the
correct problem. This is particularly so assoftwareimplementing a number of knot
placement strategies is available to metrology users throughEUROMETROS(see
below). A requirement for such an investigation is that the correct problem referred
to above is defined unambiguously, and a metric introduced to measure optimality.
In this work this is done in terms of thefree-knot spline approximation problem
(section 2.2).

The Software Support for Metrology (SSfM) programme, through its projects on
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discrete modelling and empirical models, has made available, throughEUROMET-
ROS, software to help metrology users work effectively with empirical models. In
particular, the following software packages are available:

NPLFit Software for modelling experimental data using polynomial and polyno-
mial spline curves. The software permits polynomial curves (of arbitrary
order) and spline curves (of arbitrary order and specified general knots) to
be fitted to data. Simple facilities for validating the choice of a fitted model
are provided. In addition, basic operations on the fitted model, including
evaluation, differentiation and integration may be undertaken, and the evalu-
ation of the uncertainties associated with the results of these basic operations
is also supported.

KPLFit Software implementing a number of knot placement strategies to help
metrology users select a sensible set of knots to be used when representing
experimental data by spline curves [13, 14]. The software provides as its
output a set of knots that can be used as input to the spline fitting routines in
NPLFit.

FeatureExtraction Software extending the functionality of NPLFit to include fea-
ture extraction from spline curves fitted to experimental data [15], viz., the
determination of zeros, maxima and minima, points of inflexion, and peak
widths, and the associated uncertainties.

The focus of the work reported here is on (a subset of) the knot placement strategies
implemented as part of the software package KPLFit. The purpose of the work is
to undertakevalidationof software implementations of those strategies, where the
validation is to include:

Numerical software testing, viz., investigating the numerical accuracy of the re-
sults returned by software implementations of the knot placement strategies
for the problems purportedly solved by those strategies [6, 12].

Algorithm testing, viz., investigating the extent to which the strategies imple-
mented solve the free-knot spline approximation problem [5].

The work constitutes a case study for testing and validating contributions toEU-
ROMETROS [3]. It accounts for related work on algorithm testing concerning
the assessment of Type A1 surface texture reference artefacts [18] and free-form
surface fitting to co-ordinate data [1].

The report is organised as follows. In section 2 the representation of polynomial
spline curves in terms of B-splines is reviewed. The free-knot spline approxima-
tion problem is described, as are the knot placement strategies considered as the
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basis for approximate algorithms for solving the free-knot spline approximation
problem. Section 3 contains a summary of generic methods for algorithm testing.
In sections 4, 5 and 6 thetoolsfor applying the methods of algorithm testing to the
algorithms considered in this study are presented. The tools include specifications
of the ‘computational aims’ for the problems solved, software implementations of
algorithms for solving the problems specified by the computational aims, and data
generators for the computational aims. Section 7 contains the results of testing
the numerical correctness of the above software implementations, and section 8
the results of applying the methods of algorithm testing. Section 9 contains our
conclusions.

2 Data approximation by polynomial splines

In this section the representation of polynomial spline curves in terms of B-splines
is reviewed. The free-knot spline approximation problem, which constitutes the
‘correct’ problem for this study, is described, as are the knot placement strategies
that are the basis of approximate algorithms for solving the free-knot spline ap-
proximation problem.

2.1 Univariate polynomial splines

Let I := [xmin, xmax] be an interval of thex-axis, and

xmin < λ1 ≤ λ2 ≤ · · · ≤ λN−1 ≤ λN < xmax

a partition onI. Define sub-intervalsIj , j = 0, . . . , N , of I by

Ij =


[xmin, λ1) , j = 0,
[λj , λj+1) , j = 1, . . . , N − 1,
[λN , xmax] , j = N.

Then, a polynomial splines(x) of order n (degreen − 1) on I is a piecewise
polynomial of ordern on Ij , j = 0, . . . , N . The splines(x) is Cn−k−1 at λj

if card(λ` = λj , ` ∈ {1, . . . , N}) = k.1 So, for example, a splines(x) of
ordern = 4 for which the pointsλj are distinct (cardinality one) is a piecewise
cubic polynomial of continuity classC2, i.e., continuous in value, first and second
derivatives, at the pointsλj .

The partition pointsλ = {λj}N
1 are the (interior)knotsof s. To specify the

complete set of knots needed to defines on I in terms of B-splines (below), the

1card(A) is used to denote thecardinalityof the setA, i.e., the number of elements in the set.
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knotsλ are augmented by exterior knots{λj}0
1−n and{λj}q

N+1, q = N + n,
satisfying

λ1−n ≤ · · · ≤ λ0 ≤ xmin, xmax ≤ λN+1 ≤ · · · ≤ λq.

For many purposes, a good choice [9] of exterior knots is

λ1−n = · · · = λ0 = xmin, xmax = λN+1 = · · · = λq. (1)

It readily permits derivative boundary conditions to be incorporated in spline ap-
proximants [8].

On I, s has theB-spline representation[7, 16]

s(x) := s(c,λ;x) =
q∑

j=1

cjNn,j(λ;x), (2)

whereNn,j(λ;x) is theB-spline[7, 16] of ordern with knots{λk}j
j−n andc =

(c1, . . . , cq)T are theB-spline coefficientsof s.2 EachNn,j(λ;x) is non-negative
and has compact support[λj−n, λj ].3 The B-spline basis{Nn,j(λ;x)}q

j=1 for
splines of ordern with knotsλ is generally very well-conditioned [9].

2.2 Least-squares data approximation by splines

Two types of least-squares data approximation (or data modelling) by splines are
considered:4

Fixed-knot approximation. Determination of the spline coefficientsc for given
data, spline ordern andfixedknotsλ.

The fixed-knot spline approximation problem is stated as follows: given data
{(xi, yi)}m

1 , spline ordern, and knotsλ, find the spline coefficientsc to
solve

min
c

m∑
i=1

{yi − s(c,λ;xi)}2 .

2Writing s andNn,j as functions of theinterior knotsλ (and not the endpoints ofI and the
exterior knots) is deliberate. This is done because in the context of data approximation by splines
(section 2.2), the interior knots are regarded asparameterswhose values are to be determined.
Henceforth, it will be assumed that the endpointsxmin andxmax of I are given, and the exterior
knots are set according to (1).

3A function f of a real variablex hascompact supportif it is zero outside an interval, denoted
by supp(f ), that is closed and bounded.

4It is assumed that the data approximation problems areunweighted. However, generalisations
are possible to account for (possibly unequal) uncertainties associated with the (measured) ordinate
values, mutual dependencies between the ordinate values, as well as uncertainties associated with
both the ordinate and abscissa values [10].
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In terms of the B-spline representation (2) fors, the following algebraic
formulation

min
c
‖e‖2, e = y −Ac, (3)

is obtained, wherey = (y1, . . . , ym)T and A is the m × q matrix with
(i, j)th elementNn,j(λ;xi). This is alinear least-squares problem, and is
well understood, with highly satisfactory algorithms [9] and software imple-
mentations [2, 19] available.

Free-knot approximation. Determination ofc andλ for given data, spline order
n and numberN of knots.

The free-knot spline approximation problem is formulated in a similar way
to that for fixed knots (above), except that the knots are not specifieda priori
but are regarded as parameters whose values are to be determined. Writing

e(λ) = y −A(λ)c,

it is required to solve
min
c,λ

‖e(λ)‖2, (4)

which is anon-linearleast-squares problem, and a more difficult problem to
solve.

In the description of the free-knot spline approximation problem given above, the
numberN of knots isnot regarded as a parameter. This is because, provided the
abscissa values{xi}m

1 are distinct, it is possible to chooseN sufficiently large, and
an appropriate knot setλ, such thats interpolatesthe data, and the least-squares
objective function takes its minimum possible value (of zero). In the context of the
approximation (modelling) of data that arises from measurement (and is inexact),
an interpolant is generally not a useful solution. Instead,model validation[4] can
be used to decide a suitable value forN by, e.g., obtaining spline approximations
for N = 1, 2, . . . knots, and studying the effect ofN on the quality of the
approximant [13, 14].

It has been noted (section 1) that the knots generally have no physical meaning
for the metrologist, and yet the effectiveness of a spline approximant can depend
critically on their number and positions. Consequently, for the purposes of this
study, the free-knot spline approximation problem is regarded as the problem we
set out to solve, viz., the ‘correct’ problem. A statement of thecomputational aim
C0 [5] for this problem is given in section 4.1. A software implementation of an
algorithm for solving the free-knot spline approximation problem specified byC0,
and a data generator forC0, are described in sections 5.1 and 6.1, respectively.

There are theoretical difficulties associated with existence, uniqueness and char-
acterisation of a solution to the free-knot spline approximation problem [13, 14],
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which makes solving (4) a much more difficult problem than the fixed-knot spline
approximation problem (3), and therefore one that we often seek to avoid. In order
to reflect the fact that for any given knot set the B-spline coefficients are given by
solving a relatively simple, linear problem, formulation (4) can be expressed as

min
λ

(
min

c
‖e(λ)‖2

)
.

This result is used as the basis of ‘approximate’ algorithms for solving the free-
knot spline approximation problem. These algorithms apply aknot placement
strategyto decide the positions of the knots, and then solve the fixed-knot spline
approximation problem with these knots. Some knot placement strategies involve
positioning the knots according to the distribution of the data abscissae (and pos-
sibly the data ordinates). Others ‘iterate’ with respect toλ, solving a fixed-knot
spline approximation problem at each iteration, and using the solutions so ob-
tained to ‘improve’ the choice ofλ. Useful knot placement strategies have been
proposed, implemented and used [13, 14], including manual methods, sequential
knot-insertion strategies, sequential knot-deletion strategies, approaches based on
removing trends, and ‘theory-based’ approaches. Those strategies that are the sub-
ject of this study are described in the following section. As for the free-knot spline
approximation problem, statements of the computational aims corresponding to
the approximate algorithms are given in section 4, software implementations of
algorithms for solving the problems specified by the computational aims are given
in section 5, and data generators are described in section 6.

2.3 Knot placement strategies

Three knot placement strategies are used as the basis of approximate algorithms for
solving the free-knot spline approximation problem. These involve placement of
the knots uniformly within the intervalI, knot placement based on the distribution
of the data abscissae, and a sequential knot-insertion strategy.

2.3.1 Uniformly-spaced knots

One of the simplest strategies for deciding the positions of a fixed number of knots
is to select the knots to be uniformly-spaced betweenxmin andxmax, the endpoints
of the intervalI. This corresponds to setting

λj = xmin + j

{
xmax − xmin

N + 1

}
, j = 1, . . . , N.

Such a choice makes minimal use of any available knowledge about the data, only
that the data abscissa values are contained within the intervalI.
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2.3.2 Knot placement based on the distribution of the data abscissae

In the strategy described here, account is taken of thedistribution of the data
abscissa values{xi}m

1 . The approach tends to give better knot positions (compared
with uniformly-spaced knots) if the data is gathered in a manner which ensures
that the local density of the data is greater in regions where the behaviour of
function underlying the data is more marked, e.g., in the neighbourhood of peaks
and valleys.

Consider the graphx = F (`) given by the piecewise-linear function joining the
points{(i, xi)}m

1 . Then, thejth knot is set according to

λj = F (1 + (m− 1)(j + n/2− 1)/(q − 1)), j = 1, . . . , N.

The choice can be interpreted as placing the knots such that there is an approx-
imately equal number of data points in each knot intervalIj , except that in the
first and the last interval there are approximatelyn/2 times as many points. The
strategy [2] has the property that whenN is such that the data is interpolated, i.e.,
N = m − n, the choice of knots agrees with one of the recommended choices
for spline interpolation [17]. It also has the property that the Schoenberg-Whitney
conditions [23] are satisfied ‘as well as possible’ for a subset of the data: these are
conditions on the data and a given knot set that guarantee (at least mathematically)
that the solution to the fixed-knot spline approximation problem with the given
knots is unique.5

2.3.3 Sequential knot-insertion strategies

In a sequential knot-insertion strategy, a succession of (fixed-knot) approximants
is obtained, in which for each approximant a knot is inserted in the knot interval
that gives rise to the greatest contribution to the least-squares measure. Previously
inserted knots are retained undisturbed. Several variants are possible, e.g.:

• Start the process with a number of knots already in place, perhaps obtained
from information specific to the application.

• Candidate positions for a new knot are

– The continuum of points within the interval. The approach gives rise
to the minimisation of a univariate function that may possess local
minima.

5Numerically, however, the satisfaction of these conditions does not ensure that the solution is
well-defined.
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– The subset within the interval of a discrete set of points chosena
priori , e.g., the data abscissae themselves or a uniformly-spaced set
of x-values. The approach gives rise to a finite computation for the
globally-best choice of knot, relative to the discretisation, with respect
to previous knots.

• More than one knot can be inserted at a time. If candidate positions for the
new knots are a discrete set of points (as in the bullet above), computation
times rise rapidly with the number of ‘simultaneous’ knots so inserted, so in
practice inserting only a small number, say two or three, might be feasible.

• Use a merit function other than the least-squares measure.

For the sequential knot-insertion strategy considered in this work:

1. The procedure starts withN = 0 knots.

2. Candidate positions for a new knot are the data abscissa values{xi}m−1
2 ,6

excepting the positions of previously inserted knots.

3. A single knot is inserted at each iteration.

4. The merit function for knot-insertion is the least-squares measure.

3 Methods for algorithm testing

A framework has been described [5] for describing the activities of algorithm
testing and numerical software testing, and how these activities contribute to the
(overall) validation of the software implementation of an algorithm for solving
the problem specified by a given computational aim. A number of approaches to
algorithm testing, based on the methodologies of numerical software testing [6],
are discussed. These include methods based on:

• an analysis of the required (‘correct’) computational aimC0 and an approx-
imate computational aimCa,

• using software implementations of the computational aims,

• data generation software for the computational aims, and

• simulation.

6The abscissa valuesx1 andxm are not included sincexmin = x1, xmax = xm and the inserted
knots are required to lie in theopeninterval(xmin, xmax) (section 2.1).
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In this section a summary of these generic methods is provided.7 The application of
the methods to the validation of the software implementations of various algorithms
for the free-knot spline approximation problem is covered in sections 4–8.

3.1 Methods based on the analysis of computational aims

Analysis of the required and approximate computational aims to understand the
circumstances under which they are mathematically equivalent, and to derive ex-
pressions for the distance (in an appropriate norm) between the solutions to the
problems specified by them, is an important approach to algorithm testing. The
approach involves working with the computational aims, and the algorithms for
solving the problems specified by them, asmathematical objectsindependent of
any software implementation. The approach has the disadvantages of generally
requiring a high degree of technical skill (and therefore relying on experts), being
highly problem-specific, and consequently being difficult (if not impossible) to
automate.

3.2 Methods based on using software implementations of the compu-
tational aims

In some circumstancessoftwareimplementing the required and approximate com-
putational aims will be available. A direct approach to comparing the computa-
tional aims using this software is as follows:

1. Start with a reference data setx (perhaps typical of one that is likely to be
encountered in practice).8

2. Apply software for the required computational aimC0 to the reference data
setx to obtain reference resultsy0.

3. Apply software for the approximate computational aimCa to the reference
data setx to obtain test resultsya.

4. Measure the difference between the computational aimsC0 andCa by the
distance (in an appropriate norm) between the reference resultsy0 and the
test resultsya.

The distance evaluated at step 4 will include contributions relating to the accuracy
of the calculations of the reference and test results, and so may not immediately

7The notation ‘Ca’ for approximate computational aim is used for the discussion of the generic
methods. In the application of the methods to the testing of knot placement strategies, the
approximate computational aims will be denoted by ‘C1’, ‘ C2’, etc.

8x is used to denote particular values for the input data for the problems specified byC0 andCa.
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provide an accurate measurement of the departure ofCa from C0. However,
numerical software testing may be used to investigate whether the software used
to calculateya andy0 is performing like reference software by quantifying the
magnitude of the errors in the calculated results. In particular, in the case that the
magnitudes of the errors are small compared with‖ya−y0‖, the latter can be used
to measure the difference between the computational aims as required.

3.3 Methods based on data generation software for the computational
aims

The generation ofreference pairs, comprising reference data sets and correspond-
ing reference results, appropriate to a specified computational aim is the basis of
“black-box” testing of numerical software [6, 11, 12]. One approach to generating
reference pairs is to use reference software (Section 3.2). Another approach is to
use adata generator. This is software for constructing reference data sets with
known solutions, i.e., solutions specifieda priori, by solving the inverse problem
to that defined by the computational aim. For a problem whose solution can be
characterisedmathematically, the implementation of a data generator is generally
much simpler than the implementation of software for solving the forward problem
defined by the computational aim. Data generators have been used in the numerical
testing of software for a number of calculations [12].

In the context of algorithm testing, data generation software for the required and
approximate computational aims may be used to compare the computational aims
in the following manner:

1. Start with a reference solution denoted byy.

2. Use data generation software appropriate to the required computational aim
C0 to generate reference datax0 corresponding to the reference solutiony.

3. Use data generation software appropriate to the approximate computational
aimCa to generate reference dataxa corresponding toy.

4. Measure the difference between the computational aimsC0 andCa by the
distance (in an appropriate norm) between the data setsx0 andxa.

The process of data generation in steps 2 and 3 above is a one-to-many mapping,
i.e., in each case there aremanyreference data setsx0 andxa for the two compu-
tational aims that have the same reference solutiony. Consequently, at step 2 we
choose a particular reference data setx0 that is ‘close’ (in an appropriate norm) to
a data setx that is typical of one likely to be encountered in practice. Then, at step
3 we choose a reference data setxa that is ‘closest to’x0 (in the same norm).
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If the distance between the reference data setsx0 andxa constructed in this way is
zero, the computational aims are equivalent for a problem specified by the reference
pair (x,y). If the distance issmall compared to the uncertainty associated with
measurements of typical datax, the computational aimCa may be regarded as fit
for purpose. Otherwise, we may question whether the approximate computational
aim used in place of the required computational aim is adequate for its intended
purpose.

The approach is illustrated in Figure 1. In this figureD0(y) represents the collec-
tion of data setsx0 for which the solution to the problem specified by the compu-
tational aimC0 is y. Similarly,Da(y) represents the collection of data setsxa for
which the solution to the problem specified by the approximate computational aim
Ca is y. x is a data set that is typical of the application: then,x0 is the data set in
D0(y) closest tox, andxa the data set inDa(y) closest tox0. Finally, the distance
d betweenx0 andxa measures the difference between the computational aims for
the data setx.

The approach is similar to the technique ofbackward error analysis[24] used to in-
vestigate the numerical properties of algorithms implemented using finite precision
arithmetic. An advantage of the approach is that software implementing algorithms
to solve the problems specified by the computational aims is not required.

x
x

0
x

a

D
0
(y) D

a
(y)

d 

Figure 1: Comparing required and approximate computational using data
generation software.
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3.4 Methods based on simulation

The methods described in the previous sections provide point measures of the
departure ofCa from C0 for the single reference data setx. It is recommended that
the methods are applied for a range of reference data sets typical of those likely to
be encountered in practice. This can mean sampling (perhaps uniformly) from the
domain of all possible data sets that are likely to be encountered, including those
close to the boundaries of this domain. In addition, and in order to obtain statistical
measures of the departure and, in particular, to assess the fitness for purpose of
Ca as a substitute forC0, it is recommended that the methods are applied using
reference data sets sampled in such a way as to reflect the available knowledge
about the inexactness of the data.9

Let X andY denote the input and output quantities for the problems specified by
C0 andCa. Furthermore, letg(X) denote the probability density function (PDF)
for the value ofX, describing the available knowledge about the inexactness ofX,
andg0(Y) andga(Y) the PDFs for the value ofY returned as, respectively, the
solutions to the problems specified byC0 andCa. Then, software for solving the
problems specified by the two computational aims (Section 3.2) may be combined
with simulation in the following manner:

1. Choose a numberM of trials.

2. Forr = 1, . . . ,M :

(a) Construct the data setxr as a random sample from the PDFg(X).
(b) Apply software for the required computational aimC0 to the data set

xr to obtain reference resultsyr
0.

(c) Apply software for the approximate computational aimCa to the data
setxr to obtain test resultsyr

a.

3. Construct an approximation̂g0(Y) to the PDFg0(Y) for the value ofY
from the set of reference resultsyr

0, r = 1, . . . ,M .

4. Construct an approximation̂ga(Y) to the pdfga(Y) for the value ofY from
the set of test resultsyr

a, r = 1, . . . ,M .

5. Compareĝ0(Y) andĝa(Y).

The comparison at step 5 can involve comparing the expectations of the PDFs,
or their standard deviations, or coverage intervals corresponding to a stipulated
coverage probability, or (other) quantities derived from the PDFs.

9For example, for a regression problem, we might choose to simulate data by sampling
the measurement deviations for the data from a normal (Gaussian) probability distribution with
expectation zero and standard deviationσ, whereσ describes the ‘accuracy’ of the data obtained
from a typical instrument or measurement system.
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4 Computational aims

In this section are specified:

• the computational aimC0 of the free-knot spline approximation problem that
it is required to solve, and

• the computational aimsC1, C2 andC3 of theapproximateproblems that are
solved in place of the problem specified byC0.

Each computational aim is presented as amathematicalrelationship between input
quantities (data, spline ordern and numberN of knots) and output quantities
(spline coefficients and knot positions). In the case ofC0, C1 andC2, the relation-
ship takes the form a spline approximation problem (with free or fixed knots). In
the case ofC3, the relationship is in the form of an algorithm (a set of steps) involv-
ing the solution of a succession of fixed-knot spline approximation problems. In all
cases, the relationship between input and output quantities isimplicit. In particular,
the relationships are not provided in the form of a set of formulae to be evaluated,
or a set of equations to be solved, for the output quantities. It is not the purpose
of this section to provide details of the algorithms and (software) implementations
of the algorithms for solving the problems specified by the computational aims.
Such details are provided in section 5. A discussion of the computational aims,
including comments concerning those circumstances for which the computational
aims aremathematicallyequivalent (section 3.1), is given in section 4.5.

4.1 Computational aimC0

Given data{(xi, yi)}m
1 , spline ordern and a numberN of knots, findc = c0 and

λ = λ0 that solve

min
c,λ

m∑
i=1

{yi − s(c,λ;xi)}2 ,

where

s(c,λ;x) =
q∑

j=1

cjNn,j(λ;x).

This is the free-knot spline approximation problem (section 2.2).

4.2 Computational aimC1

Given data{(xi, yi)}m
1 , spline ordern and a numberN of knots, setλ = λ1 where

λ1,j = xmin + j

{
xmax − xmin

N + 1

}
, j = 1, . . . , N, (5)
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and findc = c1 that solves

min
c

m∑
i=1

{yi − s(c,λ1;xi)}2 .

This is the fixed-knot spline approximation problem with uniformly-spaced knots
(sections 2.2 and 2.3.1).

4.3 Computational aimC2

Given data{(xi, yi)}m
1 , spline ordern and a numberN of knots, setλ = λ2 where

λ2,j = F (1 + (m− 1)(j + n/2− 1)/(q − 1)), j = 1, . . . , N, (6)

and the graphx = F (`) is given by the piecewise-linear function joining the points
{(i, xi)}m

1 , and findc = c2 that solves

min
c

m∑
i=1

{yi − s(c,λ2;xi)}2 .

This is the fixed-knot spline approximation problem with knot placement based on
the distribution of the data abscissae (sections 2.2 and 2.3.2).

4.4 Computational aimC3

Given data{(xi, yi)}m
1 , spline ordern and a numberN of knots, perform the

following steps:10

1 SetX1 = {x2, . . . , xm−1}.

2 Setµ0 = {}.11

3 If N = 0, find c = c3 that solves

min
c

m∑
i=1

{yi − s(c,µ0;xi)}2 .

4 If N > 0, perform the following steps:

4.1 Fork = 1, . . . , N :

10For convenienceλ andµ are used to denote bothsetsof knot positions (which are subject to
set operations, including ‘union’) andvectorsof knot positions (which are used as parameters of the
spline functions). The context will make clear which interpretation is to apply.

11This is the empty set used to denote the absence of (interior) knots.
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4.2 Findc = c3 andγ = γk that solve

min
c,γ

m∑
i=1

{
yi − s(c,µk−1 ∪ {γ};xi)

}2
, γ ∈ Xk−1. (7)

4.3 SetXk = Xk−1\γk.

4.4 Setµk = µk−1 ∪ {γk}.

5 Setλ3 = µN .

4.5 Discussion of computational aims

The following observations apply to the computational aims specified above:

• For the caseN = 0, the free-knot spline approximation problem with no
(interior) knots, all four computational aims will possess the same solution,
that obtained by solving the fixed-knot spline approximation problem with
λ set equal to the empty vector.

• For the caseN = 1, the problem specified byC3 is a ‘discrete’ version of
that specified byC0. In this case, the problems specified by the two compu-
tational aims are to minimise the same (least-squares) objective function, but
in the case ofC0 this is done with respect to a knot position that can takeany
value betweenxmin andxmax, whereas forC3 the knot position is restricted
to take values within a discrete set (here, the set{xi}m−1

2 ). Consequently,
the maximum (absolute) difference between the knot positions returned as
solutions to the problems specified byC0 andC3 is bounded by the (maxi-
mum) spacing between consecutivexi–values.

• The knot positions returned as solutions to the problems specified byC0

andC1 will only be the same if a particular condition applies, viz., that the
solution to the problem specified byC0 is such that the knots are uniformly
spaced (and satisfy (5)). (Similarly, forC0 andC2 to be (mathematically)
equivalent, the solution to the problem specified byC0 must be such that the
knots satisfy (6).) The amount by which the knots returned as a solution to
C0 fail to satisfy (5) (respectively, (6)) is a measure of the departure between
C0 andC1 (respectively,C2).

• In the case of uniformly-spacedxi–values, the knot positions returned as
solutions to the problems specified byC1 andC2 will only be the same for
the casesN = 0 (above) andN = 1.
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5 Software implementations of the computational aims

This section provides details of the algorithms and software implementations of
those algorithms for solving the problems specified by the computational aims
given in section 4. In section 5.5 an example is given to illustrate the results
returned by the implemented software for a given data set. Section 7 is concerned
with presenting the results of testing the numerical accuracy of the software imple-
mentations described here.

5.1 SoftwareS0

The free-knot spline approximation problem specified by computational aimC0 in
section 4.1 is a nonlinear least-squares problem. SoftwareS0 solves this problem
using a Gauss-Newton algorithm [20].The Gauss-Newton algorithm is an iterative
algorithm where at each iteration the linear least-squares problem

min
δζ

‖r + J δζ‖2

is solved, withr the vector of residual deviations

ri = yi − s(c,λ;xi), i = 1, . . . ,m, (8)

andJ them× (q + N) (Jacobian) matrix of partial derivatives, given by

J =


∂r1

∂c1
. . .

∂r1

∂cq

∂r1

∂λ1
. . .

∂r1

∂λN
...

...
...

...
∂rm

∂c1
. . .

∂rm

∂cq

∂rm

∂λ1
. . .

∂rm

∂λN

 , (9)

both evaluated for the current estimates of the parametersζ = (cT,λT)T. An
orthogonal factorization method [21] is used to obtain the solution to the above
linear least-squares problem [10]. The vectorδζ contains the Gauss-Newton step
which is used to update the current estimates of the parametersζ to provide new
estimates. Initial estimates of the parameters are provided by the softwareS1

(section 5.2) for solving the problem specified by the computational aimC1, and
the iteration continues until either the decrease in the residual sum of squares is
less than10−15 or maxk |δζk|, (the maximum absolute change in the values of the
parameters) is less than10−15.12

In an implementation ofS0 it is necessary to evaluate the Jacobian matrixJ . Using
(2), the derivative of the residual deviationri with respect to the spline coefficient

12The use of these fixed tolerances is appropriate forscaledproblems.
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ck is
∂ri

∂ck
= −Nn,k(λ;xi),

the value of thekth B-spline basis function with knotsλ at x = xi. Furthermore,
the derivative with respect toλk is

∂ri

∂λk
= −

q∑
j=1

cj
∂Nn,j(λ;xi)

∂λk
.

The evaluation of the derivatives of the B-spline basis functions with respect to the
knotsλ is considered in Appendix A.

5.2 SoftwareS1

The key computation undertaken by softwareS1 to solve the problem specified by
computational aimC1 is to solve the fixed-knot spline approximation problem with
uniformly-spaced knotsλ1 defined by (5). This is equivalent to findingc = c1 that
solves the linear least-squares problem

min
c
‖y −K1c‖2,

whereK1 is them× q matrixK given by

K =

 Nn,1(λ;x1) · · · Nn,q(λ;x1)
...

...
Nn,1(λ;xm) · · · Nn,q(λ;xm)

 (10)

evaluated at the knotsλ = λ1. An orthogonal factorization method [21] is used to
obtain the solution to the above linear least-squares problem [10].

5.3 SoftwareS2

As in section 5.2, the key computation undertaken by softwareS2 to solve the
problem specified by computational aimC2 is to solve the fixed-knot spline ap-
proximation problem with knotsλ2 defined by (6). This is equivalent to finding
c = c2 that solves the linear least-squares problem

min
c
‖y −K2c‖2,

whereK2 is the matrixK given by (10) evaluated atλ = λ2. An orthogonal
factorization method [21] is again used to obtain the solution to the above linear
least-squares problem [10].
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5.4 SoftwareS3

The key computation undertaken by softwareS3 to solve the problem specified
by computational aimC3 is to solve (7) at step 4.2. This can be done by solving
a sequence of fixed-knot spline approximation problems of the form described in
sections 5.2 and 5.3. Specifically, for eachγ ∈ Xk−1, find c = cγ that solves the
linear least-squares problem

min
c
‖y −Kγc‖2,

whereKγ is the matrixK given by (10) evaluated atλ = µk−1∪{γ}, and evaluate
the least-squares objective function

S2
γ =

m∑
i=1

{
yi − s(cγ ,µk−1 ∪ {γ};xi)

}2
.

Then, the minimiserc = c3 andγ = γk at step 4.2 of section 4.4 are those values
cγ andγ that correspond to the minimum value ofS2

γ .

5.5 Example to show application of software implementations

Section 6.1 describes data generation softwareG0 for generating data for which
the solution to the problem specified by computational aimC0 is specifieda pri-
ori. Figure 2 shows the results of applying each of the software implementations
S0, S1, S2 and S3 to data generated byG0 for a cubic (order 4) spline with
specified spline coefficients and three knotsλ(3) given by

λ(3) = (−0.380,−0.004, 0.530)T.

Figure 3 shows results produced similarly for data generated byG0 for a cubic
spline with nine knotsλ(9) given by

λ(9) = (−0.810,−0.610,−0.390,−0.210,−0.003, 0.200, 0.380, 0.580, 0.810)T.

In each figure the top graph displays the solutions returned by the four software
implementations. The spline curves are shown (as continuous curves) together
with the positions of the knots associated with the curves (as crosses). (Note that
by virtue of using data generation software forC0, softwareS0 will return the
‘correct’ spline and knot positions, i.e., the spline and knots specifieda priori.)
The lower graph shows the differences between the splines curves returned by the
four software implementations and the ‘correct’ spline specifieda priori.13 (Again,

13The ‘kinks’ that are apparent in the curves representing the differences between the spline
curves returned by the four software implementations and the ‘correct’ spline arise in regions where
differences are taken of spline curves with knots that are close (but not identical). The curves
representing the differences are ‘smooth’ in a mathematical sense.
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by virtue of usingG0, the difference for the solution returned byS0 is identically
zero.)

Because the ‘correct’ knots are almost uniformly-spaced, the solution returned by
S1 is the most likely to be close to the solution to the free-knot spline approx-
imation problem. We note that for both sets of data, softwareS3, implement-
ing the sequential knot-insertion strategy, returns knots that are far from being
uniformly-spaced, and yet the spline approximant based on these knots (in black)
does generally reproduce the ‘shape’ of the free-knot spline approximant (in blue).
The solutions returned byS1 and S2 also generally reproduce this shape. For
some applications the solutions returned by the approximate algorithms (based on
the knot placement strategies considered) may well be acceptable; for others they
will not. Algorithm testing is used to help users of such algorithms to make an
objective decision about the acceptability of a particular algorithm for a particular
application.

6 Data generators for the computational aims

This section provides details of data generation software for the problems specified
by the computational aims given in section 4. Data generation software is software
used to generate data for which the solution to a problem specified by a given
computational aim is knowna priori (section 3.3). Data generation software is
used:

• for testing the numerical accuracy of the software implementations described
in section 5 against their respective computational aims, and

• in algorithm testing, to compare those computational aims.

Some remarks about the data generation softwareG3 for computational aimC3 are
made in section 6.5.

6.1 Data generatorG0

A solution to the problem specified by the computational aimC0 is characterised
by the condition

JT
0 r0 = 0,

whereJ0 andr0 are, respectively, the Jacobian matrixJ given by (9) and vector of
residual deviationsr given by (8), both evaluated at the solution(cT

0 ,λT
0 )T.
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Figure 2: Results of applyingS0 (blue),S1 (green),S2 (red) andS3 (black) to data
generated byG0 for a spline curve specifieda priori with three knots. The top
figure displays the solutions returned by the four software implementations, and
the bottom figure shows the differences between those solutions and the ‘correct’
spline curve specifieda priori.
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Figure 3: As figure 2, but for a spline curve specifieda priori with nine knots.
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Based on this characterisation, a procedure for generating data{y0,i}m
1 for which

the solution to the problem specified by the computational aimC0 is givena priori
takes the following form.

Given values forn, N, {xi}m
1 , c0 andλ0:

G0a Form the spline valuesy(xi) = s(c0,λ0;xi), i = 1, . . . ,m.

G0b Form them× (q + N) Jacobian matrixJ0.

G0c Form a set of target residualse.

G0d Form the null spaceNJ for JT
0 .14

G0e Form the residual vectorr0 = NJu, whereu = NT
J e.

G0f Form the data valuesy0,i = y(xi) + r0,i, i = 1, . . . ,m.

The resulting data set will have a known solution (defined byc0 andλ0) to the
problem specified by computational aimC0 and be characterised by a known
vector r0 of residual deviations that is ‘close’ (in a least-squares sense) to the
vectore of target residual deviations. For example, the target residuals may be
chosen to be random samples from a normal (Gaussian) probability distribution
with expectation zero and standard deviationσ, and thus mimic measurement
deviations that are likely to be encountered in practice when those deviations are
dominated by random effects.

6.2 Data generatorG1

A solution to the problem specified by the computational aimC1 is characterised
by the condition

KT
1 r1 = 0,

whereK1 andr1 are, respectively, the matrixK given by (10) and the vector of
residual deviationsr given by (8), both evaluated at the solution(cT

1 ,λT
1 )T.

A procedure for generating data{y1,i}m
1 for the problem specified by the compu-

tational aimC1 is analogous to that described in section 6.1, withK1 replacingJ0,
c1 replacingc0, λ1 replacingλ0, etc.

14The null spaceNJ for JT
0 satisfiesJT

0 NJ = 0, and may be computed using matrix factorization
techniques such as the singular value decomposition (SVD) [21].
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6.3 Data generatorG2

A solution to the problem specified by the computational aimC2 is characterised
by the condition

KT
2 r2 = 0,

whereK2 andr2 are, respectively, the matrixK given by (10) and the vector of
residual deviationsr given by (8), both evaluated at the solution(cT

2 ,λT
2 )T.

A procedure for generating data{y2,i}m
1 for the problem specified by the compu-

tational aimC2 is analogous to that described in section 6.1, withK2 replacingJ0,
c2 replacingc0, λ2 replacingλ0, etc.

6.4 Data generatorG3

ForN = 1 the data generation procedure is identical to that for computational aim
C0; see section 6.1.

For N > 1 the sequential nature of the knot insertion procedure means that a
solution to the problem specified by the computational aimC3 is characterised by
N conditions as follows.

Given are values15 for n, N (> 1), {xi}m
1 , cN = (cN,1, . . . , cN,N+n)T and a set

of knotsλ̃N = (λ̃1, . . . , λ̃N )T arrangedin order of insertion, i.e., λ̃1 is the first
knot to be inserted,̃λ2 the second, etc.16 Then, data{yi}m

1 for which the solution
to the problem specified byC3 is cN andλ̃N satisfies

yi = yk,i + rk,i, i = 1, . . . ,m, k = 1, . . . , N, (11)

where

• yk,i = s(ck,λk;xi) in whichck = (ck,1, . . . , ck,n+k)T are coefficients that,
together withλ̃k = (λ̃1, . . . , λ̃k)T, define a spline curve ‘close to’ the curve
specified bycN andλN (seeG3b below), and

• rk is a vector of residual deviations satisfying

JT
k rk = 0,

15To avoid excessive use of subscripts in this section, a notation different from that used for data
generatorsG0, G1 andG2 is adopted.

16The corresponding knot vector isλN obtained by arranging the elementsλ̃1, . . . , λ̃N into non-
decreasing order.
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whereJk is them× (n + k + 1) matrix of partial derivatives

Jk =


∂rk,1

∂ck,1
. . .

∂rk,1

∂ck,n+k

∂rk,1

∂λ̃k
...

...
...

∂rk,m

∂ck,1
. . .

∂rk,m

∂ck,n+k

∂rk,m

∂λ̃k

 , (12)

evaluated at(cT
k ,λT

k )T.

In terms ofNk, the null space ofJT
k , rk may be written as

rk = Nkvk,

wherevk is an arbitrary (non-zero) vector of dimensionm− (n + k + 1)× 1, and
(11) becomes

y1 + N1v1 = · · · = yN + NNvN .

Defining

M =


N1 −N2

N1 −N3
...

...
N1 −NN

 and q =

 y2 − y1
...

yN − y1

 , (13)

this gives

M

 v1
...

vN

 = q. (14)

LettingNM , the null space ofM , be partitioned as

NM =

 NM,1
...

NM,N

 ,

it follows that the solution to (14) can be written as v1
...

vN

 =

 v0,1
...

v0,N

+

 NM,1
...

NM,N

p,

where (vT
0,1, . . . ,v

T
0,N )T is a particular solution to (14), andp is an arbitrary

vector.
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Finally, finding the vectorrN of residual deviations closest (in a least-squares
sense) to a given vectore reduces to solving the linear least-squares problem

min
p
||rN − e||2 ≡ ||NNvN − e||2 ≡ ||NN (v0,N + NM,Np)− e||2.

Based on the above characterisation, a procedure for generating data{yi}m
1 for

which the solution to the problem specified by the computational aimC3 is given
a priori takes the following form.

G3a Form the spline valuesy(xi) = s(cN ,λN ;xi), i = 1, . . . ,m.

G3b Fork = 1, . . . , N − 1:

G3b.1 Evaluatec = ck that minimises

m∑
i=1

{y(xi)− s(c,λk;xi)}2 .

G3b.2 Form the spline valuesyk,i(xi) = s(ck,λk;xi).

G3c Fork = 1, . . . , N :

G3c.1 Form the matrixJk, as defined in (12), at(cT
k ,λT

k )T.

G3c.2 Form the null spaceNk of JT
k .

G3d FormM andq as defined in (13) and find

v0 =

 v0,1
...

v0,N


such that

Mv0 = q.

G3e Form the null space

NM =

 NM,1
...

NM,N


of M .

G3f Form a set of target residualse.

G3g Findp that minimises||NN (v0,N + NM,Np)− e)||2.

G3h Form the residual vectorrN = NN (v0,N + NM,Np).
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G3i Form the data valuesy3,i = y(xi) + rN,i, i = 1, . . . ,m.

The resulting data set will have a known solution (defined byn, N, cN andλN ) to
the problem specified by computational aimC3 and be characterised by a known
vector rN of residual deviations that is ‘close’ (in a least-squares sense) to the
vectore of target residual deviations.

6.5 Discussion of data generators

An issue for the problem specified by the computational aimC0 is that the al-
gorithm implemented byS0 to solve the problem, and that implemented byG0

to generate data for the problem, are both based on a characterisation of alocal
solution to the problem. A consequence of this is that (strictly)S0 solves the prob-
lem specified byC0 approximately. A further consequence is thatS0 may return
a solution for data generated byG0 that is differrent that the solution specifieda
priori for that data. Indeed,S0 may return a ‘better’ solution, i.e., one with a lower
value for the least-squares objective function, than that specifieda priori.

A similar observation applies to the problem specified by the computational aim
C3. However, here, the algorithm implemented byS3 returns theglobal solution
to the problem17 whereas the algorithm implemented byG3 is based on a charac-
terisation of alocal solution to the problem.

To illustrate this (for the problem specified byC3), consider usingG3 to generate
data for which the solution toC3 is a cubic spline with knots̃λ = (0,−0.6, 0.6)T

specifieda priori.18 Figures 4 and 5 show the results of applying softwareS3 to
two sets of data generated usingG3. In each figure, the graph in the top-left shows
the generated data set. The graph in the top-right shows how the least-squares
objective function

S2 =
m∑

i=1

{yi − s(cγ , {γ};xi)}2

varies with the position of the (single) knotγ, wherecγ are the spline coefficients
that solve the fixed-knot spline approximation problem with knotγ. The position
γ1 of the first inserted knot is chosen to coincide with the minimum of this function.
For both data sets, the minimum is atγ = 0 as required.

The graph in the bottom-left and bottom right show how the least-squares objective
function varies with the position of the second and third inserted knots, respec-

17This is because the minimisation with respect to the spline coefficients for fixed knots possesses a
single (global) solution, and that with respect to the (single) inserted knot is undertaken by examining
all possible values for the position of the knot.

18The knot vector isλ = (−0.6, 0, 0.6)T. The ordering of the knots iñλ is used to indicate the
order in which the knots are inserted, i.e., a knot at zero first, followed by a knot at−0.6, and finally
a knot at0.6. See section 6.4.
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tively. For the first data set (figure 4) the minima of these functions are atγ = −0.6
andγ = 0.6, respectively, as softwareS3 returns the required knots (in the correct
order) for this data set. However, for the second data set (figure 5) the required
knots are not returned. In particular, although for the determination of the third
knot, alocal minimum of the least-squares objective functions occurs atγ = 0.6,
there is a ‘better’ minimum (close to zero), which is chosen byS3.

Our experience is that the likelihood ofS3 returning a solution that is different
from that specifieda priori for G3 increases with the numberN of knots. Our
approach to dealing with this in the validation described in this report is to ‘reject’
any data set generated byG3 for which S3 returns a different (local) solution to
that specifieda priori. Even for modestN this can mean that a large proportion
of the data sets generated are rejected, e.g., as many as 97.5 % whenN = 4.
Furthermore, our experience of using the data generatorG3 is that it rarely returns
a data set for a solution specifieda priori for which the residual deviations are
particularly ‘random’, i.e., particularly ‘close’ to a vectore of target residuals that
are (usually) themselves chosen to be random. Consequently, it is difficult to use
the generator to obtain data that is likely to be ‘typical’ of data encountered in
practice.

7 Numerical software testing

In this section are presented the results of applying techniques ofnumerical soft-
ware testing[6] to investigate the numerical accuracy of the software described in
section 5 as implementations of algorithms for solving the problems specified by
their respective computational aims given in sections 4. The approach is to apply
‘black-box’ testing of the software using the data generators described in section
6.

For given values ofσ, n, N, {xi}m
1 , c andλ,19 the data generatorG0 (section 6.1)

is used to generate reference data{y0,i}m
1 for the problem specified byC0, with

target residualse in G0 chosen to be random samples from a normal (Gaussian)
distribution with expectation zero and standard deviationσ. The reference solution
corresponding to the reference data is characterised by the vectorr of residual
deviations. SoftwareS0 is applied to the reference data to give test resultsĉ andλ̂
that define a solution characterised by the vectorr̂ of residual deviations. The test
results are compared with the reference results using the following measures:

19For the examples discussed in sections 7 and 8, the ordern is set to four (cubic splines), the
numberm of points to 201, and the data abscissa valuesxi to be uniformly-spaced in the interval
[xmin, xmax] with xmin = −1 andxmax = 1. The values of the spline coefficients are chosen
randomly, and the knots as described.

www.npl.co.uk/ssfm/download/index.html#cmsc4804 Page 27 of 68



NPL Report CMSC 48/04

−1 −0.5 0 0.5 1
−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

−1 −0.5 0 0.5 1
0

1

2

3

4

5

6

7

8

−1 −0.5 0 0.5 1
0.5

0.52

0.54

0.56

0.58

0.6

0.62

0.64

0.66

0.68

−1 −0.5 0 0.5 1
0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

Figure 4: Applying softwareS3 to a data set generated usingG3. The data set
is shown in the top-left graph. The remaining graphs show how the least-squares
objective function varies with the position of the first, second and third inserted
knots. The solution returned corresponds to that specifieda priori.
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Figure 5: As figure 4, except that the solution returned does not correspond to that
specifieda priori.
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Root-mean-square error, defined by

d =
1√
m
‖r̂− r‖.

Performance measure,defined by

P = log10

(
1 +

d
√

m

‖y0‖η

)
.

Maximum (absolute) difference in knots, defined by

Λ = max
j=1,...,N

|λ̂j − λj |.

Here,P is a ‘performance measure’ that indicates the number of significant figures
of accuracy lost by the (test) software compared with a reference implementation
of software to solve the problem specified byC0. The measure accounts for (a)
the relative error in the results returned by the test software, (b) the ‘degree of
difficulty’ of the computational aimC0 for the reference data set, and (c) the
computational precisionη of the arithmetic used to compute the test results [6].

The above data generation procedure and tests are repeated a number of times for
each of a number of values ofσ in the range[0, 0.1], and for the following cases:
N = 1 knot,20 N = 3 knots21 andN = 9 knots.22 Figures 6, 10 and 14 (appendix
B) show the results of numerical software testing applied to softwareS0 for these
cases. Each figure contains three graphs that show, respectively, how the measures
d, P andΛ (above) vary withσ.

The above generation procedure and tests are repeated for:

• softwareS1 applied to data{y1,i}m
1 generated usingG1 but with knots that

satisfy (5): figures 7, 11 and 15,

• softwareS2 applied to data{y2,i}m
1 generated usingG2 but with knots that

satisfy (6): figures 8, 12 and 16, and

20With the knot located at
λ = (−0.5146)T.

21With the knots located at

λ = (−0.6103, 0.0396, 0.4035)T.

22With the knots located at

λ = (−0.8055,−0.6082,−0.3889,−0.2061,−0.0025, 0.1973, 0.3833, 0.5812, 0.8058)T

.
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• softwareS3 applied to data{y3,i}m
1 generated usingG3 but with knots that

form a subset of the data abscissa values: figures 9 and 13).23

The figures show that for the majority of the reference data sets and for all four
software implementations, the root-mean-square errord takes values of the order
of 10−15, the performance measureP takes values less than one, and the maximum
(absolute) differencesΛ in the knots are zero. This indicates that for these reference
data sets the software implementations are performing as reference software for
the respective computational aims would be expected to perform. There are a few
exceptions (figure 10) relating to the application of softwareS0 to reference data
sets each with a solution with three knots. It can be expected that these exceptions
arise in cases where softwareS0 has converged to alocal solution (to the problem
specified byC0) that is different from that specifieda priori (see the discussion in
section 6.5). However, the results obtained from the application of softwareS0 to
reference data sets each with a solution with nine knots (figure 14), a seemingly
‘harder’ problem (with more scope for local solutions) than that for three knots,
suggest thatS0 is a sufficiently good implementation of an algorithm for solving
the problem specified byC0, at least for the numbers of knots and range of values
of σ considered.

8 Algorithm testing

In this section are presented the results of applying the techniques ofalgorithm
testingdescribed in section 3 to the problems specified by the computational aims
given in section 4. These techniques involve the application of the software de-
scribed in section 5 and the data generators described in section 6 to investigate
the extent to which the ‘approximate’ computational aimsC1, C2 andC3 can be
used to deliver solutions to the ‘correct’ computational aimC0, the free-knot spline
approximation problem, that are fit for purpose.

8.1 Methods based on using software implementations of the compu-
tational aims

Algorithm testing based on using software implementations of the computational
aims (section 3.2) follows the procedure of numerical software testing described
in section 7 except thatall four software implementations are applied to reference
data{y0,i}m

1 generated using the data generatorG0 for the ‘correct’ computational

23Results for the testing of softwareS3 applied to data generated usingG3 for the case of nine
knots are not presented. For this case, softwareS3 invariably returns a ‘local’ solution for the
reference data set that is different from that specifieda priori for the data generator: see section
6.5.
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aim C0. Figures 17, 18 and 19 (appendix C) show the results for reference data
sets each with a solution with a single knot and for values ofσ in the range[0, 0.1].
Similarly, figures 20, 21 and 22 show the results for reference data sets each with
a solution with three knots (and for values ofσ in the range[0, 0.1]), and figures
23, 24 and 25 for reference data sets each with a solution with nine knots (and for
values ofσ in the range[0, 0.02]).24

Sincexmin andxmax are identical forall the reference data sets, for a givenN
the knots returned by softwareS1 (that locates the knots uniformly betweenxmin

andxmax) will be the same. Consequently, the measureΛ of the ‘error’ in the
knots returned byS1 is independent of the value ofσ (figures 17, 20 and 23).
Similarly, since the data abscissa values{xi}m

1 are identical for all the reference
data sets, for a givenN the knots returned by softwareS2 (that locates the knots
according to the distribution ofxi–values) will be same, andΛ is again independent
of σ (figures 18, 21 and 24). Furthermore, for the caseN = 1, both S1 and
S2 return, for uniformly-distributed data abscissa values, the (same) knot at the
midpoint of the interval[xmin, xmax] (section 4.5). The ‘error’Λ is, therefore,
the (absolute) difference between this midpoint and the knot position returned by
S0. For this case, the solutions returned byS1 andS2 for each reference data set
are identical (e.g., figures 17 and 18). As discussed in section 4.5, for the case
N = 1, the problem specified byC3 is a ‘discrete’ version of that specified byC0.
Consequently, for this case,Λ is bounded by the (maximum) separation between
consecutivexi–values. Consequently, in this study,

Λ <
xmax − xmin

m− 1
=

2
200

= 0.01.

Only in special cases will the knot placement strategies, that form the basis of
the approximate algorithms considered here, return knots that correspond to the
solution to the free-knot spline approximation problem.25 Consequently, having
found the ’wrong’ knot(s), the fitted spline curves returned byS1, S2 andS3 will
differ from that returned byS0. The measuresd andP quantify the difference. The
results show that, generally, only one or two significant figures in the values of the
residual deviations (that characterise the solutions) can be expected to be correct.26

For some applications (e.g., for those for whichσ is large) this level of accuracy
may be acceptable. The ‘most accurate’ results obtained in this study arise from
the use ofS3 in the case of a single knot (figure 19). This is to be expected as it
corresponds to the ‘most accurate’ determination of the knot(s).

Finally, the results shown in some of the figures suggest that that there is a tendency
for the measuresd andP to increase withσ (e.g., figure 17). However, the ranges

24A smaller range of values forσ was chosen for the case ofN = 9 knots because of the difficulties
experienced when using the data generatorsG0 (andG3) to generate data sets with solutions specified
a priori, the difficulties being exacerbated asσ is increased (section 6.5).

25Some of these cases are identified in section 4.5.
26A value of 16 forP corresponds, roughly, tonofigures of accuracy.
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of values ofd andP are small compared to their respective (mean) values and,
consequently, the effect is not regarded as significant.

8.2 Methods based on using data generator software for the compu-
tational aims

For given values ofσ, n, N, {xi}m
1 , c andλ (the latter satisfying (5)), data genera-

tion softwareG0 andG1 is used to generate, respectively, data{y0,i}m
1 and{y1,i}m

1

such thatc andλ is the solution for the problems specified by computational aims
C0 andC1 applied to their respective data sets (section 3.3). The data{y0,i}m

1

is chosen to have residual deviations that are ‘close to’ values sampled randomly
from a normal distribution with zero expectation and standard deviationσ. The
data{y1,i}m

1 is chosen to be ‘close to’ the data{y0,i}m
1 . The ‘distance’ between

the data sets is measured by the root-mean-square errord, as defined in section 7.

Figures 26 and 29 (appendix D) show the results obtained for the casesN = 1
andN = 3, respectively, for a number of data sets for each of a number of values
of σ in the range[0, 0.1]. Figures 27 and 30 show corresponding results for data
generated using data generation softwareG0 and G2 with knots satisfying (6).
Finally, figures 28 and 31 show corresponding results for data generation software
G0 andG3 with knots that form a subset of the data abscissa values.

Generally, the ‘distance’ between the computational aims measured byd is zero
(being, numerically, of the order of the computational precisionη). The exception
is in figure 31 corresponding to the comparison ofC0 andC3 usingN = 3 knots. In
this case, the distance between the data sets (and, hence, between the computational
aims) takes thesamevalue for all values ofσ. Furthermore, the value of the root-
mean-square error is comparable to that observed when applying softwareS3 to
data generated usingG0 (section 8.1 and figure 22). Further work is required to
explain this result and relationship.

8.3 Methods based on simulation

For given values ofσ, n, N, {xi}m
1 , c, λ andM , repeat the following steps for

r = 1, . . . ,M (section 3.4):

1. Construct the data set(xi, y
r
i ), i = 1, . . . ,m, by evaluating

yr
i = s(c,λ;xi) + er

i , i = 1, . . . ,m,

whereer
i is a random sample fromN(0, σ2), a normal (Gaussian) distribu-

tion with mean zero and standard deviationσ.

www.npl.co.uk/ssfm/download/index.html#cmsc4804 Page 33 of 68



NPL Report CMSC 48/04

Implementation σ = 0.01 σ = 0.05
S0 0.002 9 0.013 7
S1 0.001 3 0.006 5
S2 0.001 4 0.006 8
S3 0.001 7 0.009 1

Table 1: Standard deviations of the PDFs for the valuey0 at x = 0 of the values
of the fitted spline curve returned by each software implementation for the two
simulations corresponding toσ = 0.01 andσ = 0.05.

2. Apply softwareS0 to the data to obtain spline coefficientsc0 and knotsλ0.
Evaluateyr

0 = s(c0,λ0; 0).

3. Apply softwareS1 to the data to obtain spline coefficientsc1 and knotsλ1.
Evaluateyr

1 = s(c1,λ1; 0).

4. Apply softwareS2 to the data to obtain spline coefficientsc2 and knotsλ2.
Evaluateyr

2 = s(c2,λ2; 0).

5. Apply softwareS3 to the data to obtain spline coefficientsc3 and knotsλ3.
Evaluateyr

3 = s(c3,λ3; 0).

For the caseσ = 0.01, N = 3,λ = (−0.5, 0, 0.5)T andM = 10 000, figure
32 (appendix E) shows, in the form of histograms (scaled frequency distributions),
approximations to the PDFs for:

• the values of the positions of the knots returned by softwareS0, and

• the valuey0 atx = 0 of the fitted spline curve returned byS0.27

In this figure, the ‘correct’ positionsλ of the spline underlying the simulation
(defined above), and the ‘correct’ value atx = 0 of this spline, are indicated by
vertical (dashed) lines. Figures 33–35 show corresponding results for the solutions
returned byS1, S2 andS3. Similarly, figures 36–39 show the results obtained
from the four software implementations for the caseσ = 0.05. Table 1 contains
the standard deviations28 of the PDFs for the valuey0 at x = 0 of the fitted spline
curve returned by each software implementation for the two simulations based on
the different values ofσ.

27The abscissa valuex = 0 is at the midpoint of the interval[−1, 1] containing the values{xi}m
1 .

28The standard deviation evaluated from the distribution can be used as a measure of dispersion or
spread of values that can reasonably be attributed to the quantityy0.
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The results obtained usingS0 (figures 32 and 36) show distributions that are ‘nor-
mal’ in appearance, centred on the ‘correct’ values (thus, exhibiting no bias),29

and with dispersions (e.g., table 1) that are larger for the larger value ofσ. For
this particular simulation, the knots of the spline underlying the simulation are
uniformly-spaced. Consequently,S1 will alwaysreturn the ‘correct’ knots, and the
PDFs for the values of the positions of the knots returned byS1 are ‘Dirac-delta’
functions centred on the ‘correct’ positions (figures 33 and 37). The dispersion of
valuesy0 atx = 0 of the fitted spline curve returned byS1 is about half that for the
curves returned byS1.

The knots returned byS2 will not be uniformly-spaced, but will be the same for
all simulated data sets, because the distribution of the data abscissa values is the
same for all data sets. Consequently, the PDFs for the values of the positions of the
knots returned byS2 are also Dirac-delta functions, butnot centred on the correct
positions (figures 34 and 38). Using this knot strategy, the PDF for the valuey0

exhibits a bias, i.e., the PDF does not have an expectation equal to the ‘correct’
value. The bias remains approximately the same for the two choices ofσ, but the
dispersion of valuesy0 is larger for the larger value ofσ. The dispersion of values
returned byS2 is comparable to that forS1.

Finally, the PDFs for the values of the positions of the knots returned byS3 exhibit
a bias compared to their ‘correct’ positions but are not Dirac-delta functions, i.e.,
different knot positions are returned for different simulated data sets (figures 35
and 39). As forS2, the bias in the values of the positions of the knots yields a bias
in the valuey0. The dispersion of valuesy0 is somewhere between that forS0 and
S1 (or S2).

9 Conclusions

This report describes a case study for testing and validating contributions toEU-
ROMETROS. It brings together work undertaken within the Software Support for
Metrology (SSfM) programmes on

• algorithms and software for discrete modelling (in particular, using polyno-
mial spline curves),

• numerical software testing,

• algorithm testing, and

• disseminating algorithms and software throughEUROMETROS.

29The expectation evaluated from the distribution, and its difference from the ‘correct’ value, can
be used to quantify bias.
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The case study concerns the application of numerical software testing and algo-
rithm testing techniques to software implementations of approximate algorithms
for solving the free-knot spline approximation problem. The free-knot spline ap-
proximation problem is a non-linear problem, and there are theoretical difficulties
associated with the existence, uniqueness and characterisation of solutions to the
problem. For these reasons, approximate algorithms, implementing various knot
placement strategies and based on solving (sequences of) linear problems, are often
used in place of the free-knot spline approximation problem. Software implemen-
tations of a number of such approximate algorithms are contained within a software
package available fromEUROMETROS.

The case study has focussed on three such approximate algorithms. The algorithms
are based on knot placement strategies that select knots to be uniformly-spaced,
based on the distribution of the data abscissa values, and using a (sequential)
knot-insertion strategy. The aim has then been to undertakevalidation and test-
ing of software implementations of the algorithms using a number of techniques,
including an analysis of the algorithms, using software implementations of the al-
gorithms, data generators for the algorithms, and simulation. The ‘ingredients’ for
the application of these techniques have been described, viz., for each algorithm:

• a specification of the computational aim,

• information about the software implementation, and

• a procedure for generating data for which the solution to the problem speci-
fied by the computational aim is prescribeda priori.

Data generators are a key ingredient in the application of the techniques. The case
study has highlighted the effect of basing data generators (for non-linear problems)
on the characterisations oflocal solutions, and how this can lead to difficulty with
the interpretation of results in cases where a software implementation returns a
different (perhaps ‘better’) local solution than that specifieda priori. It has also
highlighted the potential for substantialcomplexityof a data generator, such as for
the algorithm based on the knot-insertion strategy. There are very many problems
arising in metrology for which the design and implementation of a data generator
is straightforward. However, in cases where the complexity of the data generator is
comparable to, or exceeds, that of the problem to be solved, the benefits of software
and algorithm testing techniques employing such a generator may be less clear.

Numerical software testing techniques have been used to show that the software
implementations provide, for the examples considered, numerically reliable solu-
tions to the problems specified by their respective computational aims. The testing
employs reference data and corresponding reference results, obtained using the
data generators, to undertake ‘black-box’ testing of the software implementations.
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Several metrics, including a performance measure, are used to quantify the accu-
racy of the test results returned by the software.

An analysis of the computational aims has identified some of the circumstances
under which the free-knot spline approximation problem and the approximate al-
gorithms used to solve that problem have the same solution. Generally, these
circumstances are ‘trivial’ (e.g., relating to the caseN = 0) or quite restrictive
regarding the problem to be solved. Consequently, it is expected that, in practice,
the various algorithms will return different solutions. The algorithm testing tech-
niques considered are intended toquantify the differences between the solutions
returned.

Methods of algorithm testing based on using software implementations of the
computational aims are similar in the way they are applied to methods of numer-
ical software testing, excepting that the software implementations are applied to
the samedata sets for which the solutions to the free-knot spline approximation
problem are known. The results show that, for the examples considered, generally
only one or two significant figures in the values of the residual deviations that
characterise the solutions returned by the approximate algorithms can be expected
to be correct. For some applications this level of agreement may be acceptable. In
particular, from the user’s point of view there is no ‘right’ answer: what is required
is a function that explains the data adequately.

Methods of algorithm testing based on data generator software for the computa-
tional aims have been more difficult to apply for the reasons indicated above. They
seek to measure the ‘distance’ between the collections of data sets for which the
problems specified by (different) computational aims have the same solution. The
results show that, for the examples considered, this distance is zero, excepting for
the comparison of the free-knot spline approximation problem and the algorithm
based on the knot-insertion strategy whenN = 3. Consequently, there are col-
lections of data sets for which, for example, the free-knot spline approximation
problem and the approximate algorithm based on selecting uniform knots have the
same solution. However, such collections may not exist for the free-knot spline
approximation problem and the approximate algorithm based on the knot-insertion
strategy. Further work is required to explain this result.

Finally, methods of algorithm testing based on simulation seek to make ‘statis-
tical’ comparisons between the algorithms by comparing the probability density
functions (PDFs) for the values of the output quantities,30 or for the value of a
derived quantity,31 returned by the algorithms. Such comparisons are useful in
metrology for which considerations of ‘uncertainty’ are important. If the difference
between the results returned by two algorithms is small compared to the uncertainty
associated with the difference, the difference can be safely ignored and the use

30Here, spline coefficients and knot positions.
31Here, a value of the fitted spline model.
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of either algorithm regarded as fit for purpose. The results show that, for the
examples considered,bias in the results returned by the approximate algorithms
can be obtained. Furthermore, the magnitude of the bias, and of the dispersion of
values of the output and derived quantities, depends on the uncertainty associated
with the measurements. For the (particular) examples considered, for which the
knot positions are chosen to be uniformly spaced, the approximate algorithm that
positions the knots uniformly returns results that are comparable to (perhaps ‘bet-
ter’ by design than) those returned for the free-knot spline approximation problem.
However, the other approximate algorithms return results that exhibit a bias and,
consequently, for some applications will not be fit for purpose.
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A Differentiating a spline with respect to its knots

In this appendix is considered the problem of computing the first derivatives of
a B-spline basis function with respect to its (interior) knots. The calculation is
necessary for the implementation of softwareS0 for the computational aimC0

(section 5.1). The calculation is also necessary for implementations of the data
generatorsG0 andG3 for the computational aimsC0 andC3 (sections 6.1 and 6.4,
respectively).

Recall the B-spline basis functionNn,k(λ;x) is a function of the vector of knots
λ = (λ1, . . . , λN )T and the (independent) variablex that satisfy, respectively, the
constraints

xmin < λ1 ≤ λ2 ≤ . . . ≤ λN < xmax, (15)

and
xmin ≤ x ≤ xmax, (16)

for somexmin < xmax (see section 2.1). Letλ∗ denote a vector of givenvaluesfor
the knotsλ that satisfy (15), andx∗ avalueof x satisfying (16). The problem is to
compute (if it exists) the derivative with respect toλj of the B-spline basis function
Nn,k(λ;x) evaluated at(λ∗, x∗) .

Now the normalized B-spline basis functionNnk
(λ;x) is defined as a certain

divided difference of the truncated power function [7, 16]

Nn,k(λ;x) = (λk − λk−n) [λk−n, . . . , λk] (· − x)n−1
+ ,

where

(x− λ)n
+ =

{
0, x < λ,
(x− λ)n x ≥ λ.

Now, sinceλk−n < λk,32 it follows (by the properties of divided differences) that

Nn,k(λ;x) = [λk−n+1, . . . , λk] (· − x)n−1
+ − [λk−n, . . . , λk−1] (· − x)n−1

+ ,

and so
∂

∂λj
Nn,k(λ;x)

∣∣∣∣∣
(λ∗,x∗)

= dkj − dk−1,j

where

dkj =
∂

∂λj
[λk−n+1, . . . , λk] (· − x)n−1

+

∣∣∣∣∣
(λ∗,x∗)

.

Therefore, the required derivative is expressed in terms of the quantitiesdkj and
dk−1,j which are themselves derivatives.

32Otherwise,Nn,k is identically zero, and not a basis function.
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Clearly, if j < k−n+1 or j > k, dkj = 0. So, letk−n+1 ≤ j ≤ k and suppose
thatn ≥ 3 andλ∗j−1 < λ∗j < λ∗j+1.33 Then,

dkj = lim
δ→0

1
δ

([
λ∗k−n+1, . . . , λ

∗
j−1, λ

∗
j + δ, λ∗j+1, . . . , λ

∗
k

]
(· − x∗)n−1

+

−
[
λ∗k−n+1, . . . , λ

∗
j−1, λ

∗
j , λ

∗
j+1, . . . , λ

∗
k

]
(· − x∗)n−1

+

)
= lim

δ→0

[
λ∗k−n+1, . . . , λ

∗
j−1, λ

∗
j , λ

∗
j + δ, λ∗j+1, . . . , λ

∗
k

]
(· − x∗)n−1

+

=
[
λ∗k−n+1, . . . , λ

∗
j−1, λ

∗
j , λ

∗
j , λ

∗
j+1, . . . , λ

∗
k

]
(· − x∗)n−1

+ .

It follows thatdkj is the value atx∗ of the(k+1)th un-normalizedB-spline of order
n defined by the knotsλ∗ with the cardinality ofλ∗j increased by one. Defining the
new knot vectorτ by

τ` =

{
λ∗` for ` ≤ j,
λ∗`−1 for ` > j,

then

dkj =
N̂n,k+1(τ ;x∗)
τk+1 − τk−n+1

,

whereN̂n,k denotes thekth normalized B-spline of ordern with knotsτ .

The conditions thatn ≥ 3 andλ∗j is a simple knot ensure that̂Nn,k is a continuous
function, and so there is no difficulty when evaluating the function for anyx =
x∗. When these conditions do not apply, however, care is required with the above
analysis. For example, suppose there areequalitiesin the constraint (15) at the
point (λ∗, x∗); in particular, suppose

λ∗j−2 < λ∗j−1 = λ∗j = λ∗j+1 < λ∗j+2.

Then, there is no non-zero perturbationδ in λj aboutλ∗j for which the constraint
(15) remains valid, and soNn,k is not differentiable with respect toλj at the given
point. Similarly, perturbations inλ∗j−1 andλ∗j+1 are constrained to be from below
(δ → 0−) and from above (δ → 0+), respectively. It is important to note the use of
these one-sided limits because it affects the evaluation ofN̂n,k+1 in these cases. A
treatment of these special cases is available [22].

33In other words, the basis function is (piecewise) quadratic or higher order, andλ∗j is a ‘simple’
knot of cardinality one in the knot vectorλ∗. For the purposes of this study, these conditions are
assumed to apply, although for more general problems the conditions may be relaxed.
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B Results of numerical software testing

This appendix contains the results (section 7) of applying techniques ofnumerical
software testingto investigate the numerical accuracy of the software described in
section 5. The following figures are included:

Figure 6 SoftwareS0 applied to data generated using data generatorG0: one knot.

Figure 7 SoftwareS1 applied to data generated using data generatorG1: one knot.

Figure 8 SoftwareS2 applied to data generated using data generatorG2: one knot.

Figure 9 SoftwareS3 applied to data generated using data generatorG3: one knot.

Figure 10 SoftwareS0 applied to data generated using data generatorG0: three
knots.

Figure 11 SoftwareS1 applied to data generated using data generatorG1: three
knots.

Figure 12 SoftwareS2 applied to data generated using data generatorG2: three
knots.

Figure 13 SoftwareS3 applied to data generated using data generatorG3: three
knots.

Figure 14 SoftwareS0 applied to data generated using data generatorG0: nine
knots.

Figure 15 SoftwareS1 applied to data generated using data generatorG1: nine
knots.

Figure 16 SoftwareS2 applied to data generated using data generatorG2: nine
knots.
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Figure 6:S0 applied to data generated usingG0: one knot.
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Figure 7:S1 applied to data generated usingG1: one knot.
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Figure 8:S2 applied to data generated usingG2: one knot.
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Figure 9:S3 applied to data generated usingG3: one knot.
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Figure 10:S0 applied to data generated usingG0: three knots.

0 0.05 0.1
1

2

3

4

5

6

7

8

9
x 10

−16

Measurement noise σ

R
oo

t−
m

ea
n−

sq
ua

re
 e

rr
or

0 0.05 0.1
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Measurement noise σ

P
er

fo
rm

an
ce

 m
ea

su
re

0 0.05 0.1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Measurement noise σ

M
ax

im
um

 d
iff

er
en

ce
 in

 k
no

ts

Figure 11:S1 applied to data generated usingG1: three knots.
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Figure 12:S2 applied to data generated usingG2: three knots.
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Figure 13:S3 applied to data generated usingG3: three knots.
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Figure 14:S0 applied to data generated usingG0: nine knots.
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Figure 15:S1 applied to data generated usingG1: nine knots.
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Figure 16:S2 applied to data generated usingG2: nine knots.
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C Results from using software implementations of the com-
putational aims

This appendix contains the results (section 8.1) of thealgorithm testingobtained
using software implementations of the computational aims. The following figures
are included:

Figure 17 SoftwareS1 applied to data generated using data generatorG0: one
knot.

Figure 18 SoftwareS2 applied to data generated using data generatorG0: one
knot.

Figure 19 SoftwareS3 applied to data generated using data generatorG0: one
knot.

Figure 20 SoftwareS1 applied to data generated using data generatorG0: three
knots.

Figure 21 SoftwareS2 applied to data generated using data generatorG0: three
knots.

Figure 22 SoftwareS3 applied to data generated using data generatorG0: three
knots.

Figure 23 SoftwareS1 applied to data generated using data generatorG0: nine
knots.

Figure 24 SoftwareS2 applied to data generated using data generatorG0: nine
knots.

Figure 25 SoftwareS3 applied to data generated using data generatorG0: nine
knots.
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Figure 17:S1 applied to data generated usingG0: one knot.
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Figure 18:S2 applied to data generated usingG0: one knot.
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Figure 19:S3 applied to data generated usingG0: one knot.
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Figure 20:S1 applied to data generated usingG0: three knots.
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Figure 21:S2 applied to data generated usingG0: three knots.
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Figure 22:S3 applied to data generated usingG0: three knots.
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Figure 23:S1 applied to data generated usingG0: nine knots.

0 0.01 0.02
0.0918876

0.0918877

0.0918878

0.0918879

0.091888

0.0918881

0.0918882

0.0918883

0.0918884

0.0918885

Measurement noise σ

R
oo

t−
m

ea
n−

sq
ua

re
 e

rr
or

0 0.01 0.02
14.843198

14.8431985

14.843199

14.8431995

14.8432

14.8432005

14.843201

14.8432015

14.843202

14.8432025

Measurement noise σ

P
er

fo
rm

an
ce

 m
ea

su
re

0 0.01 0.02
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Measurement noise σ

M
ax

im
um

 d
iff

er
en

ce
 in

 k
no

ts

Figure 24:S2 applied to data generated usingG0: nine knots.
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Figure 25:S3 applied to data generated usingG0: nine knots.
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D Results from using data generator software for the com-
putational aims

This appendix contains the results (section 8.2) of thealgorithm testingobtained
using data generator software for the computational aims. The following figures
are included:

Figure 26 Comparing data generated using data generatorsG0 andG1: one knot.

Figure 27 Comparing data generated using data generatorsG0 andG2: one knot.

Figure 28 Comparing data generated using data generatorsG0 andG3: one knot.

Figure 29 Comparing data generated using data generatorsG0 and G1: three
knots.

Figure 30 Comparing data generated using data generatorsG0 and G2: three
knots.

Figure 31 Comparing data generated using data generatorsG0 and G3: three
knots.
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Figure 26: Comparing data generated usingG0 andG1: one knot.

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
2.5

3

3.5

4

4.5

5

5.5

6

6.5

7
x 10

−16

Measurement noise σ

R
oo

t−
m

ea
n−

sq
ua

re
 e

rr
or

Figure 27: Comparing data generated usingG0 andG2: one knot.
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Figure 28: Comparing data generated usingG0 andG3: one knot.
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Figure 29: Comparing data generated usingG0 andG1: three knots.
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Figure 30: Comparing data generated usingG0 andG2: three knots.
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Figure 31: Comparing data generated usingG0 andG3: three knots.
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E Results from simulation

This appendix contains the results (section 8.3) of thealgorithm testingobtained
using simulation. The following figures are included:

Figure 32 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S0. Data is simulated withσ = 0.01.

Figure 33 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S1. Data is simulated withσ = 0.01.

Figure 34 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S2. Data is simulated withσ = 0.01.

Figure 35 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S3. Data is simulated withσ = 0.01.

Figure 36 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S0. Data is simulated withσ = 0.05.

Figure 37 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S1. Data is simulated withσ = 0.05.

Figure 38 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S2. Data is simulated withσ = 0.05.

Figure 39 Approximate PDFs for the values of the (three) knot positions of the
fitted spline curve, and the value atx = 0 of the curve, returned by software
S3. Data is simulated withσ = 0.05.
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Figure 32: Approximate PDFs for the values of the (three) knot positions (above)
and the value atx = 0 of the fitted curve (below) returned by simulation and
softwareS0. Data is simulated withσ = 0.01. The knots of the spline underlying
the simulation, and the value atx = 0 of the spline, are shown as vertical (dashed)
lines.
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Figure 33: As figure 32, but using softwareS1.
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Figure 34: As figure 32, but using softwareS2.
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Figure 35: As figure 32, but using softwareS3.
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Figure 36: As figure 32, but for data simulated withσ = 0.05.
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Figure 37: As figure 36, but using softwareS1.
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Figure 38: As figure 36, but using softwareS2.
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Figure 39: As figure 36, but using softwareS3.
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