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ABSTRACT

Univariate polynomial spline curves provide a flexible class of functions that are
effective for modelling a wide variety of experimental data. However, the parame-
ters defining such curves generally do not provide directly any physical information
about the measurement system giving rise to the data. Instead such information is
required to beextractedrom the fitted model. The problem of extracting informa-
tion from univariate polynomial spline curves is considered, where that information
takes the form ofeaturesof the curve, including the positions of zero-crossing
points, peaks, troughs and points of inflexion, and the width of peaks and troughs.
The evaluation of thaincertaintiesassociated with estimates of these features
derived from a spline curve fitted to experimental data is addressed.
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1 Introduction

Modelling experimental data is a key activity in metrology. Modelling comprises
three main stages: model building, model solving and model predictibodel
building is concerned with developing a mathematical model of the measurement
system in terms of mathematical equations involving parameters that describe all
relevant aspects of the systeModel solvingis concerned with determining esti-
mates of the model parameters, together with the uncertainties associated with the
estimates, from experimental data by solving the mathematical equations. Finally,
model predictionnvolves making predictions about the measurement system using
the model fitted to the experimental data, such as evaluating the model at points at
which data is unavailable.

If a physicalmodel of the measurement system exists, determined from a theo-
retical understanding of the system, the parameter estimates often convey directly
information about the measurement system that gave rise to the experimental data.
For example, the response of a damped oscillator when excited by a sinusoidal
signal of frequencyf is

y(t) = Agsin (27 fot + ¢o) + A,e” %t sin rfit+ ér),

with parametersdy, ¢o, A, d,, fr, ¢-. The first term in the model represents the
steady-state response of the oscillator, and the second term its resonant behaviour.
The parameters describe directly properties of the oscillatgis the steady-state
amplitude (which may not be reached during the period of a measurenfieig),

the resonance frequency of the oscillator (which may be unknown), etc.

Empirical modelsre important in cases where knowledge of the underlying physics
for a measurement system is insufficient to characterise it completely. For empir-
ical models depending on one variable, polynomial and particufalynomial
splinecurves, when used with care, are generally very satisfactory for representing
data. A polynomial spline curve is composed of a sequence of polynomial curves
joined together at points called knots and in such a way as to ensure appropriate
smoothness of the complete curve.

Spline curves provide a flexible class of functions that are effective for representing
a wide variety of shapes. However, the parameters defining such curves generally
do not provide directly any physical information about the measurement system.
Instead, such information is required to &eractedfrom the model fitted to the
experimental data.

This report is concerned with extracting information from univariate polynomial
spline curves where that information takes the fornfeafturesof the curve, in-
cluding:

1. positions of zero-crossing points,
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2. positions of peaks and troughs,
3. positions of points of inflexion, and

4. the width of peaks and troughs (at half the peak (trough) height relative to a
defined baseline).

An important consideration that is addressed is the evaluation afrtbertainties
associated with estimates of these features derived from a spline curve fitted to
experimental data.

A software packa@containing implementations of the procedures described is
available through MTROSH [2]. The software package extends the functionality
of NPLFiﬂ, software developed by NPL for modelling experimental data using
polynomial and polynomial spline curves that is also available throughRsS.

The report is organised as follows. The modelling of experimental data by univari-
ate polynomial spline curves is reviewed in Secfipn 2. The aspects of the represen-
tation of spline curves in terms of B-splines, solving the least-squares fixed-knot
spline approximation problem, and the evaluation of uncertainties associated with
the solution to this problem are all considered. In Secfipn 3 the extraction of
features from a spline curve is considered. Sedtijon 4 considers the manner in
which uncertainties associated with estimates of the features are evaluated. In
Section b the application of the feature extraction procedures to the analysis of
thermophysical data for the identification of temperature dependent material prop-
erties is presented. Conclusions are given in Seftion 6.

2 Spline approximation of experimental data

2.1 Univariate polynomial splines

Let I := [zmin, Tmax] D€ an interval of thec-axis partitioned into subintervals
{I;}}', where

1o i), =0, N1,
’ Ajs Ajv1l, G =N,

and
Tmin = Ao <A1 <A <--- < Av_1 AN < AN41 = Tmax-

A spline s(z) of ordern (degreen — 1) on I is a piecewise polynomial of order
nonl;, j=0,...,N. The splines(z) is C" %=1 at \; if card(\, = )\;,¢ €

See http:/ivww.npl.co.uk/ssfm/metros/featiesdraction/
2See http://iwww.npl.co.uk/ssfm/metros/
3See http://www.npl.co.uk/ssfm/metros/nplfit/
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{1,...,N}) = kf_f] So, for example, a splingx) of order 4 for which the points
A; are distinct (cardinality one) is a piecewise cubic polynomial of continuity class
C?, i.e. continuous in value, first and second derivatives, at the pdjnts

The partition pointsx = {\;}¥’ are the (interior)knotsof s. To specify the
complete set of knots needed to definen I in terms of B-splines, the knots
{)\;}Y¥ are augmented by end knds; }; %, and{\;}% ., ¢ = N +n, satisfying

A—n < - < Ao, AN+1 < < Ag
For many purposes, a good choice [9] of additional knots is

Mon == Ao, AN4L = = Ay
It readily permits derivative boundary conditions to be incorporated in spline ap-
proximants|[6].

On 1, s has theB-spline representatiof]

q
s(z) :=s(c, \jx) = chNn,j()\; x), (1)
j=1

where N, ;(X; z) is theB-spline[4, [12] of ordern with knots{)\k}gifn andc =

(c1,...,¢q)" are theB-spline coefficientsf s. EachV, ;(A;z) is a spline with
knots A, is non-negative and has compact supﬁcﬁpecifically,

Npj(Asx) >0, x € (Njn, \j), SUPA Ny j(A; ) = [Njon, Al (2)

The B-spline basi§$N,, ;(A; z) ?:1 for splines of orden with knotsA is generally
very well-conditioned([9]. Moreover, the basis functions (and their derivatives) for
anyzx € [zmin, Tmax] €an be formed in an unconditionally stable manner using the
three-term recurrence relations [8]

T — \i_ ANi— T
Nyihz)=—— 97" N (N ] Noo1i(\; 1
J( ) X1 — Ajn Lj 1(Asz) + A — Ajnt1 17J( jx), n> 1,
and
© N L) NS ()
N, iAz)=(n—-1) - - J ,
? Aj-1 = Ajen A= Ajenta
with

1, zel;_q,
NIJ()‘”"'):{ 0 x%lj-_;

Figure[] shows the B-spline basis for splines of order 3 with interior knots=at
(1,2,5)T and coincident end knots at= 0 and 10. The derivatives of the spline

4card(A) is used to denote theardinality of the set4, i.e., the number of elements in the set.
SA function f of a real variabler hascompact supporif it is zero outside an interval, denoted
by supp(f), that is closed and bounded.
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Figure 1: The B-spline basis for splines of order 3 for some non-uniformly spaced
knots. The first three B-spline basis functions are shown as solid lines and the
remaining three as dotted lines.

s are themselves splines with the same (interior) knots but of lower order, and
consequently have the B-spline representation [8]

s(e)(:p): asc)\x Z Zc Np—ej( N ),
wheré
® Cj, EZO,
0 _ (e=1) _ (e-1)
E ORI € = = PSR

Figure[2 illustrates a splineof order 4 (piecewise cubic) having interior knots at
r = (1,2,5)T, coincident end knots at = 0 and 10, and B-spline coefficients

= (0.00,0.20,0.60, 0.22,0.18,0.14,0.12)T.

The spline has a “non-polynomial” shape, and demonstrates the advantage of using
splines to represent complicated behaviour compared with (simple) polynomials.
To reproduce this shape to visual accuracy with a polynomial would require a
high degree and hence many more defining coefficients. Fighres[3 and 4 show the
first and second derivatives of the spline shown in Figlire 2. The derivatives are,
respectively, splines of order 3 (piecewise quadratic) and 2 (piecewise linear) with
the same knots at = (1,2,5)". The coefficients in the B-spline representation

®Note that ifA; = A\j_n1e, cf) cannot be computed frorﬂ(3). However, sing€g_; ;(\; z) is
defined to be the zero function when this condition obtains, an arbitrary value can be ass'ngg.f‘?ed to
since its value will not influence that ef®) () [8].

Page 4 of 23 http://www.npl.co.uk/ssfm/download/documents/cms@32pdf
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of the derivatives are obtained by applying the recurrepte (3). The graphs of the
spline and its derivatives are produced by evaluating their B-spline representations
at many values af in the intervall0, 10].

0 1 2 5 10

Figure 2: A spline with “non-polynomial” shape.

s

0

Figure 3: First derivative of the spline shown in Figlfe 2.

2.2 Least-squares fixed-knot spline approximation

The least-squares data approximation problem for splines with fixed knots can be
posed as follows. Given are data poifts:;, y;) }7*, with z; < --- < z,,,, and
correspondingveights{w; }* or standard uncertaintie$u, }1*. Thew; reflect the

http://Awww.npl.co.uk/ssfm/download/documents/cms@32pdf Page 5 of 23
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1 2 5 10

Figure 4: Second derivative of the spline shown in Figure 2.

relative quality of theyiE] u; 1S the standard uncertainty associated wjttand
corresponds to the standard deviation of possible “measurementsz at; of the
function underlying the datay; being one realisation. Given also are tNeknots
A = {)\;}¥¥ and the orden of the splines.

Defineresiduals{e; }1* by
ei =y — s(c, Ay z;), i=1,...,m.

Whenweightsare specified, the problem is to determine the spiiré ordern,

with knots A, such that the sum of squares of the eleméntg; }* is minimised

with respect ta. Whenstandard uncertaintieare specified, the sum of squares of
the elementgu; 'e;}7* is minimised with respect to. If w; = u; ', i =1,...,m,

the two formulations are identical in terms of the spline produced. When weights
are specifieds is referred to as &pline approximant When uncertainties are
prescribeds is known as apline model

The use of a formulation in terms of standard uncertainties, together with the B-
spline representatioﬁ](l) of gives the linear algebraic formulat@»n

mcin eTVy_le, e=y— Ac, (4)
wherey = (y1,...,ym)T, Ais anm x ¢ matrix witha; ; = N, ;(z;), and

Vy = diag(u?, ..., uk).

m

The linear algebraic solution tp|(4) can be effected using Givens rotations to trian-
gularise the system, back-solution then yielding the coefficiefik Specifically,

"Thez; are taken as exact for the treatment here. A generalised treatment is possible, in which
thex,; are also regarded as inexact. The problem becomes nonlinegr (in

8A further generalisation is possible in which mutual dependencies are permitted among the
measurement errors. In this ca$g,is non-diagonal.

Page 6 of 23 http:/Awww.npl.co.uk/ssfm/download/documents/cms@32pdf
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let theQR-decomposition ofd be given by

A=Q<§), ©)

whereQ is an orthonormal matrix* @ = I, the identity matrix) andr is upper-
triangular. Then, the coefficientsare obtained by back-substitution as the solution
to

Rc =t,
wheret contains the first elements of)Ty. As a consequence of prope@ (2) of
the B-splines A is a rectangular banded matrix of bandwidtki/].

Although splines provide a flexible class of functions for representing a wide vari-
ety of shapes, the effectiveness of a spline approximant or model of experimental
data can depend critically on the number and locations of the interior knots. Various
strategies for knot placement have been propased [10]. In addition, the distribution
of the interior knots in relation to the data abscissa vajugs;” affects whether the
coefficientsc are uniquely determined [L1]. The Schoenberg—Whitney conditions
[14] provide criteria for testing whetheris uniquely determined by the data prior

to effecting the solution tq {4).

2.3 Uncertainty evaluation for fitted model

The key entity is the covariance matri% of the spline coefficientg. Using
recognised procedures of linear algebra,

_ Tyr—1 -1
Ve = (ATV;1A)L

Inthe case thatthe measuremepts = 1,...,m, are independent and identically
distributed,

Vy = oI,
wherel is the identity matrix. Ifo is unknown, it may be estimated by the root-
mean-square residual value associated with the fitted model,

&:¢a@4mv
m—q ’

so that
Ve =62(ATA)~1

In terms of the upper triangular factdt in the QR-decomposition ofA (Sec-
tion[2.2), we may also write
Ve =6%(RYR)™! = 62U, (6)

where
R'U =1.

http://Awww.npl.co.uk/ssfm/download/documents/cms@32pdf Page 7 of 23
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3 Extracting features from a spline curve

3.1 Positions of zero-crossing points

The positionz of a zero-crossing point of the spline curyeatisfies

s(z0) := s(c, A\ x)| =0. (7)

Tr=z0

Provided the interior knota of s satisfy
card ;= \;,lel,...,N) <n, j=1,...,N, (8)

solutions to equatior [7) may be obtained by applying the bisection method [13] as
follows.

1. Leta < (3 be such thas(a)s(3) < 0[]
2. Evaluates at the midpoint of the interval.

3. If the values of the spline at and the midpoint have the same sign, replace
« by the midpoint. Otherwise, replageby the midpoint.

4. Repeat from step 2 until (the floating-point representations of) the endpoints
are equal.

After each iteration of the procedure the length of the interval containing the zero
halves and the procedure is consequently guaranteed to terminate. Candidate inter-
vals to start the procedure in step 1 may be obtained by evaluating the spline at a
large number of points equally-spaced in the intef¥al,, xmax| and identifying
consecutive points at whichchanges sign.

3.2 Positions of peaks, troughs and points of inflexion

The zeros of the first derivative of the spline curve with respect tefine the
positions of the peaks and troughs of the curve. Denoting;lihe position of a
peak (trough)z; satisfies the equation

_0s(c, )

sW(z) : D

—0. (9)

r=2z1

Provided the interior knota of s satisfy

cardA, =X\;,fel,...,N)<n—1, j=1,...,N,

9This condition says that the values of the spline at the endpoints of the inferval are
non-zero and have opposite signs. The condifign (8) ensures tha continuous function and,
consequently, the intervéd, 3) must contain a zero of.

Page 8 of 23 http://www.npl.co.uk/ssfm/download/documents/cms@32pdf
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the bisection method, as described in Sedtioh 3.1, can be used to find solutions to

(9.

The zeros of the second derivative of the spline curve with respectgdine the
points of inflexion of the curve. Denoting hy the position of a point of inflexion,
zo Satisfies the equation

0%s(c, \; )

3(2)(22) = 92

—0. (10)

T=22

Provided the interior knotX of s satisfy
card\y =\, lel,...,N)<n—2, j=1,...,N,

the bisection method, as described in Sedtioh 3.1, can be used to find solutions to

(i)}

3.3 Peak width

Let z; denote the position of a peak (trough) evaluated as in S€ctipn 3.2. Given a
baseline valuey, the positions:, andz, (> z,) of half-height with respect to the
baseline satisfy

$(za,€) = s(zp,€) = W

Thefull-width at half-heightd is then given by
d= Zb — %a

and is used as a measure of thidth of the peak (trough). See Figdre 5.

4 Uncertainty evaluation for features

4.1 Positions of zero-crossing points

Let C denote the vector of coefficients of the spline cusvéVe use the “upper-
case” notation to emphasise that, due to the “stochastic” nature of the(@#ga,

a vector of random variables with expectatigrthe calculated coefficients of the
least-squares best-fit spline curve to the given experimental data, and covariance
matrix V.

Consider the estimation of the positions of the zeros-crossing points of the spline
curves. The positionz, of a zero-crossing point for satisfies

s(Z,C) = 0. (11)

http://Awww.npl.co.uk/ssfm/download/documents/cms@32pdf Page 9 of 23
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Figure 5: Positionz; of a peak and the positions, and z;, at half-peak-height
relative to a baseline (shown here as the horizontal line). The peak witgth
evaluated as;, — z,.

In the terminology of the Guide to the Expression of Uncertainty in Measurement

(GUM) [3], (11) is themeasurement modahd relates theneasurandor output
quantity) 7, to theinput quantitiesC. A best estimate, of the zero-crossing point
is obtained by solving the (generally non-linear) equation

s(zg,¢) =0
(see Sectiop 3]1).
From a first order Taylor series expansion[ofi(11), we obtain
s(zo0,¢) + J,0Zy + J.6C =0, (12)
where
62y = Zy— 2o,

5C = C-—c,

Page 10 of 23 http://www.npl.co.uk/ssfm/download/documents/cms@32pdf
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s
07’

oo (oo
c - 8017'”760(1’

with all derivatives evaluated &, = zy andC = c. In patrticular,
J, = 8(1)(20),

J, =

and
Je = (Nn,1(A;520), .., N g(A; 20))
Now, §C is a vector of random variables with expectation
E(0C)=FE(C)—c=0,
and covariance matrix
var(dC) = var(C) = V..

From [12),
6Zg = —J 1J.6C, (13)

and also
672 = tj.scscTargt, (14)

Taking expectations of (13), we obtain
E(6Zy) = —J; ' J.E(6C) = 0.

It follows that
var(Zy) = var(6Zy) = E(0Z3),

and so, from[(14),
var(Zy) = J7 Y. E(0CSCH T gt = T I Ve gt

In terms of the upper triangular factdt in the QR-decomposition ofA (Sec-
tion[2.2), we may write

var(Zy) = 62 J; VI (RYR) LI I, (15)
or, equivalently,

var(Zy) = 62U U,
whereU solves the lower-triangular system of equations
RTU =JYJ 1,

and may be determined by forward substitution.

Finally, thestandard uncertaintgssociated with the estimatg of the positionz
of the zero-crossing point is given by

U(Z()) = \/var(Zo) =oVUTU.

A similiar analysis may be applied to obtain the standard uncertainties associated
with estimates of the positions of peaks, troughs and points of inflexion (Appendix
[A), and associated with an estimate of full-width at half-height (Appengix B).

http://Awww.npl.co.uk/ssfm/download/documents/cms@32pdf Page 11 of 23
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4.2 ldentifying significant features

Consider the positions of the zero-crossing points of the spline m@éuppose
the (ordered) positions of the zero-crossing points afe denoted by, 2o, . . .,
having been identified using the bisection method as described in Secfion 3.1.

Evaluates at a large numbel/ of uniformly-spaced points in the intervah,in, Zmax,
and construct the standard uncertaiaty:) by evaluating the standard uncertainty
associated with(x) at the sam@/ points. For a given coverage probabilitye.g.,
0.95), construct théower expanded uncertainty enveloffe) = s(z) — kyu(x)
and theupper expanded uncertainty enveldpe) = s(z) + kpu(x), wherek, is
the coverage factor correspondingot{B]E

The region bounded by these envelopes defines an “uncertainty swathe”. A zero
of s is regarded asignificantif it corresponds to theompleteuncertainty swathe
crossing thec-axis. Thus, in Figurg]6;; andz; are not significant zeros, whereas

z3 is a significant zero. It is observed that a significant zero is bracketed by one
zero ofl and one zero of.

Determine the zerog, ls, ... of | and thoseh, ho, ... of hE Order the com-
plete set of zeros,, zo, ..., 11,12, ..., h1, he, ..., labelling each one as to its type:
“lower”, “middle” or “upper”. Scan the list for “middle” zeros. Accept a zero
of s as a significant zero if it is bracketed as above, i.e., a “lower” immediately
preceding it and an “upper” immediately following it,dice versaThus, in Figure

[6, =3 is accepted as a significant zero, since it is precedefj bpd followed by

hi. However,z; is followed byzs and therefore not accepted. Similarly,is not
accepted.

5 Application to the analysis of thermophysical data

The example considered here concerns the application of thermal analysis tech-
nigues, including differential scanning calorimetry (DSC), dynamic mechanical
analysis (DMA) and deflection temperature under load (DTUL), for the assessment
of the processing and performance of polymer composites and adhesives. DSC
[1] is a thermal analysis technique in which the difference between the heat flux
(power) into a test specimen and that into a reference specimen is measured as a
function of temperature (and/or time) while the test specimen and the reference
specimen are subjected to a controlled temperature programme.

19The positions of peaks, troughs and points of inflexion, corresponding to the zero-crossing points
of the first and second derivatives ©&re handled similarly.

Yunder the usual assumption that the distribution for the valueaifr is Gaussiankg.os ~ 2
[

12The method of bisection may also be used for this purpose.

Page 12 of 23 http://Awww.npl.co.uk/ssfm/download/documents/cms@32pdf
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Figure 6: Using an “uncertainty swathe” to determine significant features. A spline
curve with its lower and upper uncertainty envelopes are shown. The relative
positions of the zeros of the spline and its uncertainty envelopes are used to decide
whether a zero of the spline is significant.

An example of data from the application of DSC is shown in Figlire 7. In this figure
the xz-axis represents temperatufeCf and they-axis heat flow (mW). The data
defines a DSC curve, features of which correspond to characteristic temperatures of
the test specimen. For example, the positions of the main peak and main trough of
the curve defined by the data in Figlile 7 correspond to crystallization and melting
transitions of the material.

It is for the purpose of estimating such characteristic temperatures, together with
the standard uncertainties associated with these estimates, that the procedures de-
scribed in Sectiorig 3 afdl 4 are applied. For this data set, the positions of the peaks
and troughs of the underlying curve have practical importance. The procedures
to estimate other features, including the positions of zero-crossing points and in-
flexion points and the width of peaks and troughs, are also applied for illustration
purposes, although these features have less practical value in this example.

Figureg 8 shows a spline approximant to the DSC data of order 4 with 70 uniformly-
spaced (interior) knots in the interval spanned by the data. The figure shows the

http://Awww.npl.co.uk/ssfm/download/documents/cms@32pdf Page 13 of 23
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Position of Standard uncertainty
peak/trough{C) e
114.477 11.620
115.233 12.639
118.838 1.095
138.236 0.004

Table 1: Estimates of the positions of the peaks and troughs identified from the
spline curve in the range 12@ to 175°C, together with the standard uncertainties
associated with these estimates.

spline curve superimposed on the DSC data, and it is therefore evident that the
spline curve represents adequately the “shape” described by tt@data.

In the following we restrict our attention, for ease of presentation, to the tempera-
ture range (on the-axis) from 110°C to 175°C. Figures Pj, 10 arfd 11 each show
the spline curve restricted to this range together with the positions of, respectively,
the zero-crossing points, the peaks and troughs, and the points of inflexion within
this range. Two zero-crossing points, four peaks and troughs and six inflexion
points are identified in the three figures.

The estimates of the positions of the four peaks and troughs, together with the
standard uncertainties associated with the estimates, are listed if Jable 1. From
the considerations of the “uncertainty swathe” for the first derivative of the spline
function (Sectioth 4]2) only the fourth peak (trough), at approximately°T38s
accepted as “significant”. The identification of this feature is particularly important
to the application giving rise to the data. The other three peaks and troughs within
the temperature range that have been identified are eghki.e., a feature in the
underlying DSC curve, but not physically important,smurious i.e., introduced

as a consequence of modelling the measured data by an (empirical) spline func-
tion. By considering thevidth of the “uncertainty swathe” for the first derivative
centred on zero corresponding to the significant peak, we find that an estimate of
the standard uncertainty associated with the estimated position of this feature is
0.004°C[We note that there is excellent agreement between the estimates of the
standard uncertainty evaluated in the two ways.

Figure[12 shows the spline curve restricted to the temperature range froh€125
to 150°C, that contains theinglepeak at approximately 13&, and the positions

3Model validation, including an examination of the residual deviations between the data and the
fitted model, should be undertaken to confirm that the spline curve represents the data to a degree
that is consistent with the measurement uncertainty associated with the data.

14The half-width of the “uncertainty swathe” is equal to twice this estimate of the standard
uncertainty.
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of the points corresponding to the peak position and half-height peak position used
in the calculation of the full-width at half-height parameter. For this calculation,
the height of the baseline (from which the peak height is measured) is-setfat

mW. The width of the peak is estimated to be 8°&lwith an associated standard
uncertainty of 0.009C.

Data Fitting : dscpet.dat

100 s 200 300

Figure 7: Data from the application of the thermal analysis technique of differential
scanning calorimetry.

6 Conclusions

The purpose of modelling experimental data is usually to infer information about
the measurement system giving rise to the data. If a physical model of the mea-
surement system exists, the parameters defining the model often convey directly
information about the measurement system. In the absence of a physical model,
it is necessary to use instead an empirical function. Univariate polynomial spline
curves consitute an important class of empirical functions that are generally very
satisfactory for representing data. However, the parameters defining such curves
generally do not provide directly any physical information about the measurement
system.

This report has been concerned with the problem of extracting information from
a univariate polynomial spline curve fitted to experimental data. The information
is assumed to take the form fe#faturesof the curve, including positions of zero-
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Spline Fitting : dscpet.dat
Norm:12  Order: 4 HKnots: 70
Knot type : Uniform(1)

24 RMS = 0.012231
14
X
100 200 300
o + t + + t +

Figure 8: Spline curve of order 4 with 70 uniformly-spaced knots for the DSC data
shown in Figur¢ 7. The spline curve is superimposed on the DSC data.

crossing points, peaks, troughs and points of inflexion, and the width of peaks and
troughs (full-width at half-height relative to a specified baseline).

Consideration has been given to (a) providing unambiguous definitions of the fea-
tures, (b) the evaluation of thencertaintyassociated with an estimate of a feature
derived from a spline curve fitted to experimental data, and (c) guidance on accept-
ing an estimate of a feature as “significant”.

The procedures described in this report have been implemented in software that
is available through MTROS. The procedures have been illustrated using an ex-
ample concerned with the application of thermal analysis techniques to estimating
characteristic temperatures of a test specimen.
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Spline Fitting : dscpet.dat
Zero crossing points: 2

Zero points with uncertainties at
1:133.820188, 0.005155
2:141.691031, 0.003778

110 120 130 I 140 150 160 170 180

o

Figure 9: Positions (marked by triangles) between 1@@nd 175 C of the zero-
crossing points for the spline curve shown in Figure 8.

Spline Fitting : dscpet.dat
Peaks and troughs : 4

Peaks and troughs with uncertainties at
1:114.476793, -2.414321, 11.620245
2:115.233355, -2.414306, 12.639158
3:118.838486, -2.416541, 1.094300

2T _.*'t'-__ 4:138.236351, 2.065028, 0.003744

110 120 130 _: 140 150 160 170 180

A

Figure 10: Positions (marked as triangles) betweerfTl@nd 175 C of the peaks
and troughs for the spline curve shown in Figure 8.
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Spline Fitting : dscpet.dat
Points of inflexion : 6

Paints of inflexion with uncertainties at
1:114.855074, -2.414313, 1.374861
2:117.565237, -2.415554, 0.908282

. 3:135.001472,0.712397, 0.048022

2T FY 4:141.264007, 0.368657, 0.003481

5:166.873672, -2.350910, 3.444047

110 120 130 _: 140 150 160 170 180

Figure 11: Positions (marked as triangles) betweerPClénd 175 C of the points
of inflexion for the spline curve shown in FigJrg 8.

Spline Fitting : dscpet.dat
Full Width Half Height at Baseline : 2.50

Points and values
Peak (xy,uncert) : 138.236351, 2.065028, 0.003744
Left half-height (x,) : 133.444534, .0.217486
Right half-height (x, ) : 141.950858, -0.217486
Half Height : 2.282514
‘Width and uncertainty : 8.506324, 0.008892

130 140 150

Y

Figure 12: Points (marked as triangles) in the calculation of the width of the (main)
peak in the range 125C to 150°C for the spline curve shown in Figyre 8.
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A Uncertainty evaluation for positions of peaks, troughs
and points of inflexion

The positionZ; of a peak or trough of the spline curyesatisfies
s (Z,,C)=0.
Based on a first order Taylor series expansion of this model, we obtain
var(Z,) = U U,
whereU solves the lower-triangular system of equations
R'U = KIK !,
and

Hs(M)
z - aZ )

K, — HsL) . HsD) |
o0C1 0C,
with all derivatives evaluated at; = z; andC = c. In patrticular,
K, = 3(2)(21),

and

K.= (Nf:l)()\; Z1)y ey N,(l’lg(}\; 21)) )

A point of inflexion Z5 for the spline curve satisfies
s%)(Z5,C) = 0.
Based on a first order Taylor series expansion of this model, we obtain
var(Zy) = 62U U,
whereU solves the lower-triangular system of equations
R'U =1L,
and

952
L. = 0z’

952 952
with all derivatives evaluated af; = 25 andC = c. In patrticular,
L, = 59 (zy),

and
Le= (NE(20), - N (A 29)) -

n,1 q
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B Uncertainty evaluation for peak width

The left-hand positior¥,, of half-height satisfies
25(Zq,C) = s(21,C) + 1, (16)

where Z; is the position of the peak (trough) anddenotes the value of the
baseline. A first order Taylor series expansior of (16) gives

25(zq,¢) +2J,402Z, 4+ 2J:q6C = s(z1,¢) + J. 1021 + J.10C +v,  (17)

where
J _ % luated at Z = dC=
z,l = aZevauae a = Z1 an =C,
Jep = (aacs,l, e ;éq) evaluated at Z = 21 and C = c,
J, L luated at Z = dC =
z,a = 8Z evaluated a = Zg ANl =c,
0 0
Jea = <8CS’1’ ceey 8CS’q> evaluated at Z = z, and C = c.
From [16) and[(1]7),
1
02y = §J;; (J.16Z1 + J.10C — 2J,.,6C)
1
— iJ;; (Je10C — 2J.,6C),
sinceJ,; = 0.

Similarly for Z;, the right-hand position of half-height, define

0
Jop = 6—; evaluated at Z = z, and C = c,

Jep = (8668'1’ R ;gq) evaluated at Z = z, and C = c,
to obtain )
67y = 5@} (Je16C — 2J.40C) .

Z,

Zq o Za
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and .
( 0Zy \ _ [ 3Ji4 (Je10C —2J.46C) |
- ( 0Z > a ( LT (Je16C = 27,46C) ) T QiC,  (18)
where
0= ( 377 Jea = 27ca)
S (e —2Jap) )
Then,
0Z5Z" = Q4CICTQ". (19)

Taking expectations of (18), we obtain
E(0Z) = QE(C) =0.

It follows that
var(Z) = var(0Z) = E(6Z5Z"),

and so, from[(19),
var(Z) = QV.QT.

The full-width at half-height satisfies
D=2y~ Z,= ( ~1 1 )z.

We can therefore write
var(D) = ( -1 1 )var(Z) ( _11 )

_ (—1 1)QVCQT<_11>.

In terms of the upper triangular factd@t in the QR-decomposition ofA (Sec-
tion[2.2), we may write

var(D) = ( -1 1 )&ZUTU< _11 ),

whereU solves the lower-triangular system of equations
RTU — QT,

and may be determined by forward substitution.
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