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Abstract

Measurement is a fundamental part of an economic infrastructure, supporting the reliability
and consistency of information used across production, trade, and regulation. The UK's
National Measurement System (NMS) provides the measurement infrastructure that
supports accurate, reliable, and internationally comparable measurements throughout the
economy. Much of the economic value generated by the NMS comes through Delivering the
Measurement Infrastructure (traceability benefits). King and Nayak (2025) develop a
framework for these traceability benefits bringing together a number of interconnected and
technically complex elements. As a result, the framework can be challenging for non-
specialist audiences to engage with. This report focuses on unpacking the first component
of that framework, namely, the macroeconomic model of conformance testing. It provides a
technical exposition that complements the underlying mathematics with economic intuition.
The model characterises the equilibrium level of conformance testing in the economy and
enables analysis of how changes in underlying parameters alter the effectiveness of testing.
To support interpretation, the framework is operationalised through a calculator that enables
exploration of equilibrium outcomes and comparative statics, highlighting the critical role of
high-quality, traceable measurement in sustaining productivity across the economy.
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Executive Summary

By funding measurement science at specialist laboratories, the UK’s National
Measurement System (NMS) provides the infrastructure which ensures the accuracy,
reliability, and international comparability of measurements made across the economy. The

impact flows through two main economic channels:

1. Enabling Technological Change (/nnovation Benefits):
Support from the NMS laboratories through collaborative research and development
activities help firms to strengthen their capabilities for effective in-house R&D which
leads to innovation.

2. Delivering the Measurement Infrastructure (Traceability Benefits):
This channel is based around defining the NMS labs as the source of certified
reference materials and calibrations, traceable to national standards, but delivered

through a network of accredited labs.

Much of the existing economic literature on measurement and standards focuses on
‘innovation benefits’ through technological change. In contrast, the ‘traceability benefits’
relate to the more specialised domain of metrology, which has received limited attention
from mainstream economics. To address this gap, NPL economists have constructed a
framework that draws on literature which identifies measurement as a foundational “infra

technology” with economy wide effects.

King and Nayak (2025) builds an economic framework for quantifying the benefit of
sustained public investment in the UK’s Measurement Infrastructure delivered through
the NMS programme. While much of this framework can be found in the study, there are
additional models that fully make up the framework for the ‘traceability benefits’. The

framework is seen to comprise the following five components:
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1. Gravity Model: It explains the impact of distance from an NMI and the uptake of
quality calibrations.

2. Calibration and Fanout Model (work-in-progress): It explains the distribution and
transportation of information through the instruments across the tiers of a calibration
chain.

3. Basic and Precise Calibrations Model: It explains how precise calibrations
supplied by an NMI reduces systematic measurement error and improves testing
decisions.

4. Type | and Type Il Errors Model: It describes how measurement uncertainty in
conformance testing leads to decision errors, false positives (Type | errors), and false
negatives (Type Il errors).

5. Optimal Level of Testing Model: The Optimal Testing Model characterises the
equilibrium level of conformance testing in the economy and enables analysis of how
changes in underlying parameters alter the effectiveness of testing. Crucially, it
provides a platform for quantifying the changes in demand for conformance testing
attributable to public funding of NMS laboratories and their provision of high-quality

calibrations.

This report is dedicated to explaining and exhibiting the Optimal Testing Model found within
the much longer original study alongside the other interlinked models listed above. The scale
and complexity of the original study somewhat obscured the Optimal Testing Model which

is better understood as a standalone model and worthy of its own report.

The Optimal Testing Model is centred on the economically efficient level of conformance
testing in an economy where production processes are imperfect and capital equipment can
malfunction. The model is built around three key concepts that determine the optimal level
of testing: the reliability of production, the detection rate, and the regret rate. Reliability
captures the proportion of production generated by functioning capital that produces output
conforming to specification. Conformance testing improves reliability by identifying defective
output generated by malfunctioning capital equipment and enabling that capital to be reset
and restored to normal operation. The detection rate refers to the rate at which defective
output is correctly identified and malfunctioning capital is restored, while the regret rate
refers to the rate at which conforming output is erroneously rejected in the testing process

(a Type I error). Conformance testing also requires dedicated engineers whose wages must
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be funded from a share of production, giving rise to a form of "reliability tax" on capital
owners. As testing intensity increases, however, diminishing marginal returns emerge that
is additional rounds of testing continue to improve reliability, but the benefits are gradually
offset by rising testing costs and increasing losses from Type | errors, where conforming

output is mistakenly scrapped.

The macroeconomic approach taken in this study adapts the Solow model to compute the
optimal frequency of conformance testing that maximises consumption per worker (where
the economy’s capital intensity and the output per worker are also maximised) — A concept
analogous to the ‘Golden Rule Savings Rate’. The Golden Rule identifies the optimal
equilibrium level of testing for a given set of parameters. At the optimal frequency, the
marginal increase in benefits from additional testing exactly offset the loss from additional
costs. Comparative statics is then used to examine how this equilibrium shifts when a basic

parameter changes.

The model retains much of the elegance of the original Solow model and its equilibrium
reduces to a pair of simultaneous equations with two unknowns: Detection rate (rate at which
defective output is detected, and the malfunctioning part of capital is reset) and the regret
rate (rate at which good output gets scrapped erroneously). Using numerical methods to
solve for these unknowns then allows all other components of the model to be found. A key
finding from the model is the elasticity of the reliability of production with respect to
the testing frequency. The model finds that by doubling the frequency of testing, the

reliability of production increases by roughly 2.4%.

This report also accompanies a calculator that operationalises the framework by enabling
the computation of the baseline equilibrium for the economy under existing measurement
conditions and performs comparative statics by varying key parameters. For instance, small
changes in the probability of Type | errors reduce the optimal frequency of testing, lower
detection rates, and diminish output, highlighting the role of high quality, traceable
measurements delivered by the NMS labs. The model is derived from estimates that are

based on data covering 2015-2019. An updated report is currently in preparation and is
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expected to be published in September 2026. It will present revised estimates based on

data for 2021-2023 and provide a more detailed theoretical explanation of its components.’

" The link to the calculator can be found in the Annex A Guide for the Calculator
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1 Introduction

1.1 Background

The National Measurement System (NMS) provides the technical and organisational
infrastructure that ensures measurements made across the UK are accurate, reliable, and
internationally recognised. As set out in the Measuring Up to the Competition (1989) white
paper, its purpose is to: enable individuals and organisations to make accurate, defensible
measurements; and ensure coordination of the UK’s measurement system with those of

other countries.

This role is distinct from research and development focused on new technologies:
measurement science instead underpins the reliability of information generated across both
routine economic activity and innovation. All measurement devices from industrial
instruments to sensors embedded in automated systems require calibration to verify that
their outputs are correct; without this, increased measurement uncertainty leads to a higher
incidence of incorrect decisions in production, product verification, and real-time process
control. As economies become more reliant on data-driven and autonomous systems, the
importance of reliable measurement information continues to grow. Internationally, the NMS
supports trust and comparability through participation in global measurement frameworks
and key comparisons, reducing non-tariff barriers that can hamper cross-border trade. At
the same time, evidence of a strong home-bias? in calibration services highlights the national
importance of domestic NMS capability, with firms preferring locally accessible, trusted, and

traceable measurement services over reliance on foreign providers.

The main way in which measurement supports the broader economy is through the Testing,
Inspections and Certifications (TIC) sector, which is the backbone of the UK’s quality
infrastructure, providing third-party assurance that products, processes, and services meet
rigorous safety and regulatory standards. While TIC acts as the "verifier," it relies on
measurement science for its scientific validity. Measurement science provides the precise

standards and traceable calibration needed to ensure that a test, or inspection, conducted

2 As theorized in King and Renedo (2020).
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by a TIC firm is accurate and globally recognised. This system of co-dependence is referred
to in its entirety as the UK's National Quality Infrastructure (NQI). It is a system that
underpins trust, safety, and reliability in products and services by providing an infrastructure
that supports regulatory compliance, facilitates trade, and removes technical barriers by

aligning UK practices with international standards. Its five core components are:

1. Standardisation — developing and maintaining standards that codify best practice.

2. Accreditation — assuring the competence and integrity of organisations providing
testing, inspection, and certification.

3. Metrology — maintaining accurate reference standards for measurement.

4. Conformity Assessment — verifying that products and services meet specified
requirements.

5. Enforcement — monitoring markets and addressing non-compliance to protect

consumers and businesses.

Within the UK Quality Infrastructure, metrology provides the measurement capability that
underpins activities such as standardisation, accreditation, conformity assessment, and

regulation. However, metrology is itself a broader discipline than the metrological functions

captured within the UKQI, encompassing a
wider range of scientific, industrial, and

Metrology
research activities.

At the centre of the UK's metrology
landscape sits the National NMS labs
Measurement System (NMS) and its
labs, which represent the UK's formal
measurement infrastructure and the

source of traceable measurement

Figure 1 Position of the NMS Laboratories

standards. The NMS operates as a

distributed network designed to ensure the reliability, traceability, and international
comparability of measurements across the UK. In doing so, it provides a critical foundation
for the metrological functions of the UKQI while also supporting measurement activities

across the wider economy and research base.

Page 10 of 58


https://www.gov.uk/guidance/the-uks-national-quality-infrastructure

MCR-001, Issue 1, July 2025

NPL Management Ltd 1 Introduction

Beyond the NMS, metrological activities are undertaken by private-sector calibration
laboratories, industrial measurement functions, commercial testing services, and research
organisations. Equally, the UKQI encompasses functions that extend beyond metrology,
including standardisation, accreditation, conformity assessment, and enforcement. As
shown in Figure 1, the NMS should therefore be viewed as the UK's formal measurement
infrastructure, occupying a central position within the wider metrology landscape and

underpinning the measurement-related functions of the UK Quiality Infrastructure.

As a result, the economic benefits generated by the NMS can extend beyond metrology
itself and ultimately propagate throughout the wider quality infrastructure and the broader
economy. At its core are the top-level laboratories funded by the Department for Science,
Innovation, and Technology (DSIT), including the National Physical Laboratory. These labs
maintain primary standards and support a wider community of accredited laboratories that
provide traceable calibrations and certified reference materials. This structure enables
comparability of measurements across diverse organisations, even those not directly using
top-level labs. By linking UK measurements to the International System of Units (Sl), the
NMS participates in international key-comparison exercises to uphold Mutual Recognition
Arrangements (MRAs), which remove technical barriers to trade and support global market

access.

This system-wide role of measurement is reflected in a substantial economic footprint, as
evidenced by multiple studies quantifying its contribution to UK output and activity.
Measurement is a foundational economic infrastructure with significant economy-wide
impact. Evidence over the past 25 years shows that it contributes around 0.8% of UK GDP
(=£24 billion in 2025 terms) and underpins large volumes of economic activity, with over
£622 billion of trade relying on measured quantities. Measurement activity is also deeply
embedded across the economy: around 6.3% of UK employment involves
measurement-related roles, contributing roughly £85 billion of output. Direct users of the
National Measurement System (NMS) spend approximately 5% of their turnover on
measurement annually, equating to £7.7 billion of spending each year. Followed by impacts

that cascade through nearly 75,500 organisations via calibration supply chains. This
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highlights measurement as a critical enabling infrastructure for productivity, trade, and

reliable economic decision-making. 3

1.2 Conceptual Foundations

Why a Macroeconomic approach?

Primary measurement standards function as a single source of durable public information
(a single source of truth) and thereby serve as an anchor for the credibility of the torrent of
fleeting bits of measurement information generated each day by a vast array of different
businesses and organisations. Therefore, measurement can be viewed as an "infra-
technology”. This is supported by a well-established body of literature that identifies
measurement as a foundational “infra-technology” with economy-wide effects. For instance,
BEIS (2017), building on earlier contributions by Tassey (1982) and Estibals (2012),
emphasises that measurement underpins productivity, innovation, and regulatory
compliance across almost all sectors of the economy and is important for both product and
process innovation. This broader, system-level perspective is also reflected in the work of
Blind, who highlights the role of standards and measurement in shaping firm behaviour,
regulation, and innovation across both micro- and macroeconomic contexts. Moreover,
standards and measurement frameworks embed reliable information into production and
exchange systems by codifying best practice and ensuring consistency in how quantities
are defined and assessed. In this sense, good measurement is fundamentally about
improving the quality of information available to economic actors. There is clear
precedent for analysing these effects at the macroeconomic level. For example, the DTI
(2005) study on the economics of standards shows how the accumulation of standards
contributes to productivity growth across the economy. As production systems become
increasingly automated, particularly with the rise of Industry 4.0 and Al-driven processes,
the importance of high-quality, standardised measurement information becomes even
greater, as decisions are increasingly made by systems rather than individuals. Additionally,
the benefits of advances in measurement science are widely shared across the economy
and are not fully captured by any single firm or sector. This leads to systematic

underinvestment and causes market failure, providing a strong economic rationale for why

3 PA review (Review of the Rationale for and Economic Benefit of the UK National Measurement System) is
one of the oldest studies that calculate and analyse the economic benefit of measurement science. It was
published in 1999 and it is also the last time the NMS saw a large-scale review.
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most governments will invest in measurement science. Hence, this modelling approach
does not represent the first attempt to adopt a macroeconomic perspective on measurement

infrastructure.

Measurement, Information, and Operational Decisions

Measurement can be understood as the process of generating information that reduces
uncertainty. Drawing on Shannon (1948), uncertainty can be framed in terms of entropy,
where more precise measurement reduces the range of possible outcomes and thus the
“surprisal” associated with decisions. In this context, advances in metrology increase the
informational content of measurements, enabling more accurate operational decisions. This
informational role is not just conceptual but economically significant in the sense that by
reducing uncertainty, better measurement lowers the likelihood of Type | and Type Il errors,
reduces waste, and therefore, enables tighter process control. Qureshi and King (2025)
suggest that measurement generates substantial returns: for example, improved
measurement capability can yield around £1.30 in benefits for every £1 spent, reflecting its
role in improving decision accuracy and efficiency. At the economy-wide level, this translates
into a large footprint, with billions of pounds of output, trade, and employment relying on

measured information. 4

In practice, this reduction in uncertainty plays out at the firm level through day-to-day
decision-making. Firms continuously make operational decisions—such as whether output
meets specifications, whether a process is functioning correctly, or whether equipment
requires maintenance—based on measured data. The reliability of these decisions depends
directly on the quality of the underlying measurement information. When measurement
uncertainty is high, decision-making becomes less dependable, increasing the likelihood of
errors. Conversely, more precise and reliable measurements reduce uncertainty and
improve the accuracy of day-to-day decisions. This relationship provides the foundation for
modelling conformance testing, where imperfect measurement leads to decision errors in

the form of false rejections and false acceptances of output.

Conformance testing and the engineers who perform it play an important role in reducing
operational inefficiencies by generating information about the state of production processes.

This function is closely related to the economic concept of x-inefficiency, introduced by

4 Found in ‘A framework for assessing the economic significance of NPL's spillovers’
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Leibenstein (1966), which explains why firms often operate above their minimum possible
costs because of organisational slack, weak incentives, and imperfect monitoring. By
revealing production defects and equipment malfunctions that might otherwise go unnoticed,
conformance testing helps firms reduce these inefficiencies and operate closer to the
efficient frontier. A complementary perspective is provided by Sims' (2003) theory of rational
inattention, which argues that firms face limits in their ability to process information and
therefore allocate their attention selectively. As a result, production errors, equipment
failures, and quality deviations may go unnoticed, allowing inefficiencies to persist. In both
frameworks, conformance testing helps overcome informational constraints by generating
reliable signals about the state of production and directing attention towards economically

relevant problems.

Conformance testing acts as a powerful shield against these internal inefficiencies whereby
CT Engineers serve as an objective quality control check by ensuring that every product
meets exact, predetermined standards. This process uncovers hidden mistakes and
prevents workers from doing subpar work, pushing the business to maximise efficiency.
Moreover, the optimal testing model can be viewed as balancing the benefits of acquiring
additional information against the costs of obtaining it, with the optimal frequency of testing

emerging where the marginal value of information equals its marginal cost.

Conformance testing also serves as a mechanism that mitigates technological uncertainty.
Following Arrow (1962) and MacMinn and Holtmann (1983), technological uncertainty is
conceptualized as imperfect information regarding production processes or output quality.
This lack of clarity dampens long-term investment (Ye, Paulson, and Khanna, 2024),
degrades feedback mechanisms, and increases decision errors—ultimately generating sub-
optimal productivity. Conformance testing counters these challenges by enhancing
measurement precision and reliability, thereby strengthening the informational feedback
loop from the production floor. By allowing firms to accurately distinguish compliant from
defective output, testing reduces decision errors and diminishes structural waste.

Consequently, firms can operate closer to the efficient frontier, proving that conformance
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testing functions not only as a quality control mechanism, but also as a direct driver of

productive efficiency.®

Beyond internal decision-making, the quality of measurement information also scales up to
affect trade and market access. Reliable and internationally recognised measurement
reduces transaction costs in trade. Confidence in measurement equivalence allows goods
to be “measured once and accepted everywhere”, avoiding costly duplication of testing and
conformity assessment across borders. This is supported by institutional mechanisms such
as Mutual Recognition Arrangements (MRAs) and international key comparison exercises,
which ensure the comparability and traceability of measurements across national systems.
By lowering informational frictions, these frameworks facilitate trade and the efficient

operation of global value chains.

Modelling Decision Errors in Production

This relationship between measurement quality and decision-making can be formalised
through a framework of conformance testing, where high-quality measurement reduces
uncertainty in classification decisions, a link formalised in the microeconomic model
developed by King and Nayak (2023). Their work is built on the notion that the conditional
probabilities of Type | (false positive) and Type Il (false negative) errors are decision errors
shaped by measurement quality. High-quality, traceable calibrations reduce measurement
uncertainty, allowing decision makers to re-optimise thresholds and lower total loss from

misclassification.

Building on this, King and Nayak (2025) take a theory-based approach to incorporate the
national quality infrastructure into a classic macroeconomic model, namely, the Solow
Model. Solow’s work in the 1950s explained that an economy can raise output per person
by adding more capital per worker (capital deepening), but only up to the steady state value
of capital intensity. The Solow model assumes full employment, so the size of the labour
force rises with population. A key equation within the Solow model is one which describes

the change in capital stock through new investment financed by saving and depreciation

5 In contrast to operational risks, there also exists market uncertainty which arises from unpredictable shifts
in the external economic environment. It is characterized by imperfect information regarding consumer
demand functions, volatile factor input prices, and the strategic behaviour of competitors (Dixit and Pindyck,
1994). While technological uncertainty disrupts the internal production process, market uncertainty distorts
price signals and revenue forecasting. Consequently, even a firm operating at maximum technical efficiency
faces the risk of a market mismatch, where final outputs cannot be cleared at profitable prices.
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that reduces the existing capital stock. Solow showed that capital accumulates until the
economy’s capital intensity reaches a steady state. At this point investment equals the
effects of depreciation. Solow showed that there exists a specific savings rate that
maximises steady-state consumption per worker known as the Golden Rule savings rate,
balancing the trade-off between current and future consumption. Saving less leaves the
economy under-invested, reducing output, saving more forces excessive resources into

investment at the expense of consumption.

This concept provides a useful analogue for understanding the macroeconomic role of
conformance testing within the measurement infrastructure. Just as the Golden Rule
savings rate identifies the equilibrium which maximises consumption per worker, the
determination of the optimal testing frequency follows the logic of the “Golden Rule,” where
the equilibrium level of testing is defined by the condition that marginal benefits equal
marginal costs, maximising consumption per worker. This level is associated with raised

productivity due to greater share of functioning capital and reduced defective output.

This equilibrium is not fixed and depends on underlying parameters such as error
probabilities and effectiveness of testing. This is where comparative statics becomes
relevant. Changes in parameters such as an increase in the probability of Type | errors
reduce the marginal benefit of testing and shifts the equilibrium towards a lower optimal
testing frequency. In this way, comparative statics provides a useful tool for analysing how

changes in measurement quality translate into changes in economic outcomes.

This model can also be interpreted through a demand and supply lens. The demand for
testing is derived from the marginal benefits of improved reliability, while the supply reflects
the marginal cost of performing tests. Improvements in measurement quality, such as those
enabled by high-quality, traceable calibrations, reduce the probability of Type | errors (p),
thereby increasing the effectiveness of testing. In graphical terms, this shifts the demand
curve for testing upwards, as each additional round of testing yields greater net benefit.
Conversely, higher measurement uncertainty (higher p) shifts the demand curve

downwards, lowering the equilibrium level of testing.

In this manner the framework allows the model to be used for comparative statics, where
changes in parameters generate shifts in the equilibrium level of testing, reliability, and

output. It is precisely this feature that enables the construction of counterfactual scenarios
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like analysing how reduced access to traceable calibrations (in the absence of a domestic
NMI) would alter testing activity and economic performance across the system. Hence, the
Optimal Testing Model adds to the measurement infrastructure framework by quantifying
the changes in demand for conformance testing attributable to public funding of NMS

laboratories and their provision of high-quality calibrations.

1.3 Purpose and Scope of the Report

This report aims to unpack and provide an intuitive explanation of the macroeconomic model
presented in King & Nayak (2025) and discuss the calculator developed for the model. The

work on the macroeconomic model is built on two earlier reports:
e Fennelly, C. (2021). Quantifying Measurement Activity in the UK. NPL Report. IEA7

e King, M. & Nayak, S. (2023). An Economic Model for the Value Attributable to High-
Quality Calibrations by Reducing Mistakes in Conformance Testing. NPL Report.
IEA19

The framework presented in King & Nayak (2025) comprises of four principal components
and adding a final component gives a holistic representation for the framework of the

‘traceability benefits’ channel of impact:

1. Gravity Model
The model is termed a gravity model because, like gravity in physics, interactions
increase with economic size and decrease with distance. It therefore includes GDP,
population, and the straight-line distance between London and a country's largest
city. The model estimates how demand for precise calibrations falls with distance
from NMS laboratories and uses this relationship to analyse scenarios in which
domestic NMS capability is reduced or absent. In such scenarios, firms reduce their
use of precise calibrations and rely more heavily on basic calibration services.

2. Calibration and Fanout Model (work-in-progress)
The Calibration and Fanout Model characterise how traceable measurement
information is generated, distributed, and sustained across the calibration chain in

equilibrium. It explains why calibration activity expands as it moves from top-level
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institutions (such as NPL) to lower tiers, resulting in an exponential increase in the
volume of calibrated instruments. The model also examines how operational
factors—such as turnaround times and pricing—propagate through the chain,
shaping the availability, quality, and economic value of calibrations for end users.
3. Basic and Precise Calibrations Model

It explains that measurement errors consist of two components: Random error (that
can be averaged out); and Systematic error (that can only be reduced via precise
calibration). The model distinguishes two calibration types:

» Precise calibrations (from NMIs): These minimise/ remove systematic error
and significantly improve accuracy.

» Basic calibrations: These leave residual systematic error (linked to the Test
Accuracy Ratio, which corresponds to extra uncertainty introduced through
less accurate calibrations which could be as much as 25% of the baseline
uncertainty). &

4. Type | and Type Il Errors Model
It describes how measurement uncertainty in conformance testing leads to decision
errors, specifically false positives (Type | errors) where conforming output is
incorrectly rejected, and false negatives (Type Il errors) where defective output is
incorrectly accepted. The model formalises the trade-off between these errors and
shows how their rates depend on the Relative Standard Deviation (RSD) of
measurements and the chosen inspection regime, with direct implications for waste,
reliability, and economic efficiency. ’

5. Optimal Level of Testing Model
The Optimal Testing Model defines the equilibrium level of conformance testing in
the economy and enables analysis of how changes in underlying parameters alter
the effectiveness of testing. Crucially, it provides a platform for quantifying the
changes in demand for conformance testing attributable to public funding of NMS
laboratories and their provision of high-quality calibrations. Through its integrated

calculator, the model illustrates how variations in underlying parameters affect both

MCR-001, Issue 1, July 2025

8 TAR is the comparison between the accuracy of a tool (Unit Under Test or UUT) and the reference
standard used to calibrate it. Metrology labs aim for a minimum TAR of 4:1. This implies that the extra
uncertainty introduced through less accurate calibrations could be as much as 25% of the baseline
uncertainty.

" It is the deviation that occurs under the hypothesis that parts of a machinery are defective. It depends on
the expected uncertainty of measurement process.
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the supply and demand of measurement testing, offering valuable insight into the

broader economic impacts of calibration quality and testing infrastructure.

These system of models embody the channel of impact for the NMS, ‘Delivering the
Measurement Infrastructure’. The figure below shows the link between each of these models

and the Annex B explains each of these models and its key features in detail.
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Gravity Model Calibration and Fanout Model

NMS Laboratories

The model explains that uptake of
calibrations supplied by NPL depends

¥ | negatively on the distance between NPL
and its customers.

The National Measurement
System provide the UK with the
infrastructure that ensures the
accuracy, reliability, and
international comparability of
measurements made across the
economy.

The Calibration and Fanout Model
characterise how traceable
measurement information is
generated, distributed, and
sustained across the calibration
chain in equilibrium.

Source of traceable
calibrations and
reference materials.

.
Ll

Builds and analyses counterfactual
scenarios in which NMS laboratories
operate with reduced capability or cease to
exist.

It gives the elasticity
between distance and
uptake.

This aims to show how the
activity (fanout) increases
along the calibration chain and
how the calibration uncertainty
changes at each stage.
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Optimal Testing Model

The Optimal Testing Model
defines the equilibrium level of
conformance testing in the
economy and enables analysis of
how changes in underlying
parameters alter the effectiveness
of testing.

<&
<

Derives the

relationship between
probability of type |
error, power of the test
and the relative
standard deviation.
This is taken into the
OTM to compute the

equilibrium.

R

Type | and Type Il Error Model

It describes how measurement uncertainty
in conformance testing leads to decision
errors, false positives (Type | errors), and
false negatives (Type Il errors).

The model shows how these depend on the
Relative Standard Deviation (RSD) of
measurements and the chosen inspection
regime.

Basic and Precise

Calibrations Model

-
<

<

Derives the reduction
in measurement
uncertainty from

precise calibrations.

The key determinant

from the model is the
relative standard

deviation.

This model distinguishes the
precise calibrations from the basic
calibrations and explains how
precise calibrations supplied by an
NMI reduces systematic
measurement error and improves
testing decisions.

/
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The framework links the constituent models through a clear and structured flow of
information and dependencies. At its foundation, NMS laboratories provide calibrations
that are traceable to national standards, acting as the primary source of traceability,
calibration, and reference materials. To model the impact generated by these laboratories,
the framework begins with the ‘Gravity model’. This model represents the first tier of the
calibration chain and explains how firms’ uptake of calibrations depends negatively on
distance from NPL. It estimates the elasticity between distance and uptake, while also
enabling analysis of counterfactual scenarios in which NMS laboratory capability is reduced
or absent. The next part of the framework characterises how traceable measurement
information is generated, distributed, and sustained across the calibration chain in
equilibrium through the Calibration and fanout model. It captures the structure of the
‘fanout’ of calibrations throughout the supply chain and determines how initial calibration
activity propagates across different tiers of economic activity. The next model ‘Basic and
Precise Calibrations Model’ distinguishes between basic and precise calibrations by
quantifying how precise calibrations reduce measurement error, expressed through
reductions in relative standard deviation. The reduction in measurement uncertainty is
subsequently input into the ‘Type | and Type Il Error Model’. This model links measurement
precision to decision outcomes in conformity testing, describing how uncertainty increases
false positives (Type | errors) and false negatives (Type Il errors), and how these depend
on the relative standard deviation of measurements and the inspection regime. Finally, these
relationships are passed to the ‘Optimal Testing Model’, which uses them to determine the
equilibrium level of testing activity. The model derives how the probabilities of decision errors
and the standard deviation of measurements jointly influence testing behaviour and the key

determinants that shape optimal measurement activity.

Having given the context of the framework, this report focuses solely on the fifth component
of the system to make the underlying logic of the model more accessible and to demonstrate
its practical application via the calculator. Subsequent studies will unpack the other models

and bring them together.

The theoretical framework for determining the optimal level of testing in the economy is
developed by adapting the Solow growth model and using the equilibrium condition where
marginal benefits equal marginal costs. The concept of the “Golden Rule” from the Solow—

Swan model is applied to derive an analogous rule for optimal testing. The model, therefore,
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aims to show how conformance testing is essential for an economy to function efficiently.
The report also introduces a practical calculator to illustrate how various components of the
model are derived and also compute the comparative statics which shows the implications

of changing a basic parameter such as the probability of type | error.

The structure of this report is as follows: Section 2 sets out the model, introducing production
under imperfect reliability and the role of conformance testing, along with the testing
functions and the equilibrium components of the Solow-based framework. Section 3
develops the marginal cost and marginal benefit of additional testing. Section 4 defines all
the parameters, variables and derived quantities used in the model and explains the
interrelationships. Section5 presents the solution for the optimal level of testing and
provides a numerical illustration of the model, followed by comparative statics using the
calculator tool. This examines the counterfactual where NMS labs no longer exist and the
effect on the components of the model. Section 6 provides the conclusion, summarising the

analysis and discussing the implications of the model’s derived components.
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2 Setup of the Model

2.1 Production in the economy

This subsection sets out the production framework, beginning with the representation of
economic output under imperfect reliability of production and introducing the role of

conformance testing in maintaining reliability of production processes.

Time t is continuous and measured in years, and capital is measured in millions. There is
full employment, and the size of the workforce is set by the population. Economic output, Y,
depends on combining labour, L , with capital equipment, K, according to the economy’s
production function: Y = F(L, K). Production is represented by a Cobb-Douglas production
function with constant returns to scale. If production processes were perfectly reliable and

everyone was employed in production, then the economy’s output is given by:
Y = AL®KP

where, A and «a, £ are fixed parameters of the model: A is the economy’s Total Factor
Productivity (TFP); a is the elasticity of output with respect to labour; g is the elasticity of

output with respect to capital; and constant returns to scale implies a + g = 1.

The malfunctioning in capital effect the production process by effecting both the capital and

labour and can be shown as
Y = AWwL)*(vK)P = Ave*BLeKF = AvIeKP

where v is denoted as the reliability of production. Testing output to check the reliability of
production means there will be a proportion of output that passes through the testing and a
small proportion that incorrectly gets thrown away as defective output (regret rate) also

known as Type | error. This can be shown as:
Y = A(1 — 6)vL*KF

where effective TFP (B) is equal to A(1 — 8)v. Note that in the model we cannot observe the
total TFP (A4) but we are able to observe the effective TFP(B)

The intensive form of the production function can be written as
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y = A — O)vkF (1)

where y is the output per worker (labour productivity), and k is the capital intensity (capital

per labour).

Throughout the document, d and A are used interchangeably for the derivative, and defected

output may be referred to as ‘bad’.
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2.2 Testing Functions

2.2.1 Production for the input and output of testing services

Given capital can malfunction and produce defective output, it is subject to conformance
testing by CT engineers. In this framework, it is the output—not the machine itself—that is
directly tested. Say, a machine produces widgets according to a specified standard. Its
functionality cannot be assessed in isolation; it is only through inspecting the widgets that it
can be determined whether the capital is operating correctly. If the output meets the required
characteristics, the machine is deemed to be functioning properly; if it does not, the capital
is considered malfunctioning. In such cases, engineers rely on the evidence from output
testing to trace the issue back to its source, reset or adjust the relevant component, and

restore the system so that it continues to produce conforming output.

The setup computes the marginal benefit and cost to see the impact of an additional round
of testing. The model assumes that there is some existing level of testing in the economy.
Each engineer is assigned a portion of capital say a specific production plant and is
responsible for monitoring its output for any signs of malfunctioning. Upon detecting a fault,
the engineer intervenes to reset the machinery and equipment associated with the issue. In
essence, this model can be thought of as process control informed by conformance

testing.

The model set out below looks at how much testing is feasible by considering the number
of rounds required to ensure that all the capital is functioning. In other words, how many CT

engineers can be hired and the amount each can test, determines the quantity of testing.

Production function for the testing services is written as

(nxk) = (axe) (2)
N—— N———
demand for testing supply for testing

where:

. n denotes the frequency of testing (rounds per year), which with a fixed capital intensity
(steady state) implies a proportional increase in the fraction of the workforce employed

in conformance testing and process control.

. k is the amount of capital per labour (capital intensity).
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. a is the amount of capital a CT engineer ensures is functioning correctly in a year, and
1/a is the time it would take to ensure £1m worth of capital is functioning correctly. It is

also known as the pace of the CT engineer.

. e represents the CT engineers as a proportion of labour force that engages in testing.
CT engineers are mobile and operate in a global labour market. The wages paid to them
are from the share of output produced by the productive labour force. Their wages set at
a global level and so treated as exogenous. Their remuneration is paid out of the output
produced by the domestic productive workforce. The model assumes a closed economy
with respect to all other workers: there is no economic migration, and labour supply in
the domestic sector is fixed. The only exception is CT engineers, who can move freely
across borders and whose wages are unaffected by domestic UK labour market

conditions.

. The LHS denotes the demand for testing i.e. how much capital needs to be tested and
the RHS denotes the supply of testing i.e. how many engineers are available to test the

capital and how quickly can it be tested.

2.2.2 Tax and Spend equation

As described above CT engineers belong to the non-output producing sector so their wages
are paid through the share of output produced by output producing labour force. From here
a concept called ‘reliability tax’ is derived. This is not a tax in the traditional sense but like
an overhead to fund the wages of the CT engineers. An example here is, Human Resources
(HR) plays a vital role in managing an organisation, even though it doesn't directly contribute
to the production of output. The salaries of HR staff are typically covered through the

organisation’s overhead costs.

The ‘reliability tax’ (t) is considered to be proportional to the capital. The more capital there
is, the more testing is required, and hence greater share of output goes to funding the wages
of CT engineers. Hence, ‘reliability tax’ is applied to the capital intensity, and the tax equation

can be written as t X k.

The wages paid to the CT engineers can be denoted as the spend equation and written as
e X w. The tax equation should equate to the wages paid to the CT engineers as it ensures

that the wages of the workers correspond to the taxation funds generated.
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The Tax and spend equation can, therefore, be written as:

wXe = TtXk (3)
N —’ N———
spend side tax side

The equation above denotes that the total spending on conformance-testing engineers must

equal the revenues raised through the reliability tax.

2.2.3 Testing intensity equation

The testing intensity (m) can be denoted as the income to the CT engineers. It can be written

as

It is simply the proportion of output that goes as the total wages to the CT engineers.

2.2.4 Relationship of ‘reliability tax’ to frequency of testing
How does the ‘reliability tax’ () impact the frequency of testing? To find a relationship
between t and n let’s bring the expression of the production function for the supply of testing

and the tax and spend equation together.
nXk=axXe
exw=1tXk

Substituting the value of k in the production function. The expression can be written as
axXT=wXn

4

S| =

Where %/, is the portion size of capital that goes to each CT engineer in a round of testing®.

Rearranging the expression as:

=Y %n (4)

Snxk=axe > k/e = @/, - Equivalent to the portion size of capital
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It shows that ‘reliability tax’ () is proportional to the frequency of testing given wages and

portion size remain constant.

It can also be expressed as t = %, reinstating a negative relationship between ‘reliability tax’

and portion size of capital going to a CT engineer.

2.2.5 Regret and Detection rate

Regret rate (0) also known as the type | error is the good output thrown away accidently.

How would the regret rate be impacted by the frequency of testing?

The figure shows the relationship between frequency of

Regret rate equation

0 =1—exp(—pn) testing and the regret rate. It shows that as the frequency

of testing increases, a fraction of good output falls prey to

8 _ type | errors.
—=p(1-0) yp

slope of the equation

n

Figure 2 Relationship of frequency of testing
and Regret Rate

The differential equation defining regret rate is simply the slope equation and written as:

do ()

it AC )

where p is the probability of making a type | error, 0 is the regret rate (the rate at which
output is incorrectly scrapped). Integrating the expression gives an expression for the regret

rate which can be expressed as, 6 = 1 — exp(—pn)

Using a finite-difference approximation, where d6 and dn are replaced with small discrete

changes, the expression is written as:
AB=px(1—-6)XxXAn (6)

This expression is a key component of the model. It captures the idea that, although a share

(1 —06) of output passed testing as compliant in the previous round, there remains a
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probability pp of a Type | error in the subsequent round. That is, with every additional round

of testing, a proportion of good output falls prey to type | errors.

The detection rate (¢) is the rate at which defective output is detected, and the
malfunctioning part of capital is reset. It has a similar differential expression to the regret
rate.

do (7)

il AC Rl
where q is the probability of correct detection (power of the test). Similar to above using

finite-difference approximation, the expression can be written as:
Ap =g x(1-¢)XxAn (8)

(1 — @) is what previously couldn’t be detected as bad and so could not be reset. With each
round of testing, a fraction of bad undetected output is correctly detected and malfunctioning
capital producing the bad output is reset. From the differential, the expression for the

detection rate is simply ¢ = 1 — exp(—qn).
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2.3 Solow model & Equilibrium Components

2.3.1 Equilibrium level of capital intensity

This is also known as the Markov model for capital intensity (k*). The equilibrium level of
capital intensity is derived from the steady state of the Solow model. The steady state
happens when the amount of capital per worker remains constant over time (inflow is equal
to outflow of capital). That is, the new investment being added to the economy is just enough

to cover depreciation and dilution from population growth.

In our model setup, the existence of the reliability of tax on capital would imply that net output

per worker is:
y' = (T xk")

In the Solow model, the savings rate (s) is assumed to s % (y* — 7k*)

be constant. And gross savings are denoted by sy.

Consequently, gross savings in our model can be

written as:
s(y*—txk") |
(6+g) xk*
The expression above is easily comprehended when \I,

compared to take home salary where all taxes are
. Fii 3 Capital int: ity in the steady stat
deducted from the gross salary and a proportion of the 9“7 meprtatintensityinine steady state

salary left is saved.

In the steady state, since capital per worker (k*) remains constant over time, i.e., at this
point investment equals depreciation and dilution (inflow is equal to outflow of capital). This
can be explained through the diagram that represents a type of a Markov process where the
inflow is the savings that get added back to the capital as investment and the outflow is the

depleted capital and the reduction in capital as a result of increased growth in workforce.

The inflow can be written as s = (y* — k* X 7) and the outflow can be written as (g + 6)k*

where depreciation of capital is denoted by § and growth of population by g.

In the steady state, since inflow and outflow of capital are equal, the expression, therefore,

can be written as:
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s(y*—txk*)=(g+8)k*

The above expression confirms that if there were no CT engineers the maximum saved

would be simply sy (LHS).
Rearranging, we get the following expression for the steady state capital intensity:

sy*=(g+6+s0)k*

sy* 9)

k =(g+6+sr)

It tells us the amount of capital per worker that can be sustained in the long run once all

leakages from the capital stock are accounted for.

2.3.2 Equilibrium level of testing intensity

Substituting the expression for the equilibrium capital intensity in the tax and spend equation:
exXw=kXrt

_ ST . (10)
e><w—(g+6+ST)Xy
Rearranging the expression, gives:

exw ST
y*  (g+6+s7)

And since m = eXTW the testing intensity can be written as:

s (11)
(g +8+s1)

Equation (11) shows that the equilibrium testing intensity m*, is a function of the savings
rate, s. Treating s as exogenous is a "fudge" borrowed from Solow because it assumes
consumers never alter their saving behaviour when testing conditions change. Despite this
limitation, the model maintains this simplification to keep the mathematical framework

tractable.
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2.4 Markov Model for Reliability of Production

The diagram below represents a kind of Markov model for the reliability of production. It
shows the flows inside and outside of the functioning and malfunctioning capital. It shows
two buckets: one with functioning capital and the other malfunctioning capital and it explains
the inflows (positive contributions) and
outflows (leakages) from these buckets, when I

L _ » : (6+g) x1
the system is in equilibrium. Initially all capital

is functioning and falls into the first bucket.

J' G x(1-v7)
—
There are inflows coming from the gross @
—_—
investment and then there are two types of L EX D"
o

outflows: one is in the form of depreciated

I
(6+g)xv B+g)x(1-v7)
capital and capital reductions due to growth in l l

workforce; and the second one is functioning

capital that flips and produces defected output. Figure 4 Flows Ofaﬁ,rsiafm;*y nand outofv:
Functioning capital can naturally flip to producing defected output due to entropy in
production processes®. From the malfunctioning capital, the inflow is simply the functioning
capital that flips, and the two outflows are: depreciation; and the malfunctioning capital
whose output gets detected and part of the capital malfunctioning gets reset, so flows back
into the functioning capital bucket. In equilibrium these inflows and outflows from each
bucket must be equal. Using this condition, we can get an expression for the equilibrium

level of reliability for capital.
eEXV =X -v)+ @G +9)x(A—-v)
Solving for v
ev'=p—pv'+5—-6v'+g—gv*

v+ v+ v+ gvi=090+d5+g

9 All systems naturally wear down, drift, degrade, or move toward disorder unless energy is put in to
maintaining them.
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S+g+ (12)
g+9 wherev < 1

*

Y T stgto+e

The derivative of v* w.r.t ¢ can be written as:

dv*_ 1—-v*
db S+g+db+e

For simplicity in taking a derivative, consider the following

—N N =vD
= —_— ol
v D v

where N=§+g+dbandD=6+g+P+e
Taking the derivative of v w.r.t ¢

dv. D-N D(1-v) 1-v
db D2 Dz D

dv_ 1—v
db S+g+d+e

How is the reliability of production affected by additional testing?
Differential approach can be used to express the change in reliability as a result of a change

in the frequency of testing. The reliability v* depends on n, so its rate of change is given by
the partial derivative Z—f. For a small increment in n (an additional round of testing), the

corresponding change in v can be approximated by:

-An

Multiplying and dividing by v*

dv* _ 1 ov*
v v*on

X dn

Multiplying and dividing by n to get the elasticity (€(v,n)) of v w.r.t n.
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dv* ndv* dn (13)
= — X —
v* v* dn n
E(wn)

Chain rule of differentiation on d”*/dn can be used to derive an expression in terms of ¢ as

it is difficult to obtain the expression for the partial derivative of v* w.r.t n directly.

dv®  dv* N do
dn dé ~ dn

Since we know both the products, the expression can be written as:

dv*_ 1—-v"
dn S+g+d+e

xq(1l— )

The expression for the change in reliability w.r.t to frequency of testing can be written as:

dv: _q(1-¢)A-v") (14)
dn  S+g+d+e

Substituting this back into equation 9, the expression can be written as:

dv' _ng-9)A-v) dn (15)
v* vt S+g+od+e n

This expression shows how sensitive the reliability of production v* is to a small increase in
testing frequency n. The left-hand side dv—’f is the percentage increase in reliability and the
right-hand side is the product of proportional change in testing, and elasticity of reliability

. . . an .
w.r.t testing. Imagine you service your car more often, 7" is how much more frequently you

av*

v*

service it, the middle fraction is how effective servicing is at preventing breakdowns, and

is how much less likely your car is to break down. So, the equation tells you, “A 10% increase

in servicing improves reliability by (elasticity x 10%)”.

This equation will be used later when we derive the marginal benefits equation for an

additional round of testing.
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3 Costs and Benefits of Additional Testing

3.1 Average and Marginal Cost of Testing at the
Optimum
Let’s start with the production function of testing.
axe=nxk
Differentiating both sides w.r.t n.

de_ dn+ dk
adn_ dn ndn

Pace of testing is not affected by n so comes out as a constant. Product rule of differentiation

applies on the term kn.

de K+ dk
Tan =T
At the steady state % = 0, therefore:
de _
@ dn
Multiplying and diving by n
de I x n de axXxe de e
_— —_ _—= - — = —
@ dn n @ d n dn n
Multiplying and dividing by w
de wXe (16)
WwX—=
dn n

The above equation shows that the LHS which is marginal cost of testing (derivative of the

cost function) is equal to the average cost of testing.
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3.2 Cost of Additional Testing

Since the determinants of the cost of testing are the wages (w) that need to be paid for the

CT engineers hired (e = E/L). Cost of testing can be simply expressed as:
c=eXw

From equation 16, it is known that the marginal cost of an additional round of testing is equal

to the average cost of additional testing. Therefore, the marginal cost can be written as:

eXw 17
Ac = X An ( )
7 n s
change in cost ~—— change in frequency

Cost of testing

of testing in a year
per round

Using the tax and spend equation (equation 10) and substituting in the above marginal cost

equation, the expression is written as:

ST An (18)

Ac=—x—
¢ (g+6+sr)xnxy

This formula estimates the change in cost resulting from change in the frequency of testing.

The cost impact is scaled by:

. The proportion of output per worker allocated to testing.
. The proportional change in the amount of testing in a year.

. The output per worker.
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3.3 Benefits of Additional Testing

For the benefits, we consider the production function of testing discussed in the background
section with the effective total factor productivity. A key component considered here is that
the output is proportional to the probability of success which corresponds to functioning
capital. Recall that y = (1 — 8)vAkP?; y is the output per worker, 6 is the regret rate (good
output thrown away as defected), v is the reliability of production (functioning capital), A is
theoretical TFP and Effective TFP is denoted by B where B = (1 —06)vAand A > B and k is

the capital intensity.

For simplicity, let's take the logarithm of the Cobb Douglas production function and then

derivate it to compute the marginal benefits.
log(y) = log[(1 — 8)vAK#|
Using the logarithmic identity:

log(y) = log(1 — 8) + log(v) + log(4) + log(k?)

Taking the derivative w.r.t time:

Ay_A(1—9)+Av+AA+ Ak
y 1-96 v A k
Since A and k? are fixed in the short run:

Ay_A(1—9)+Av
y 1-96 v

The marginal benefits equation can be written as:

Ay Av A6 (19)
y v 1-6

Substituting the expression for A6 from equation 6 in the above expression:

Ay Av px(1-8)xAn
y v 1-06

After rearranging, the marginal benefits equation be rewritten as:
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Ay v (20)
3 (p X An)

Hence, the proportional change in output per worker (labour productivity) is impacted by the

proportional change in the reliability of production and the probability of losing output in each

additional round of testing to type | errors.

From equation 15, we have a developed expression for proportionate change in reliability of

production Avv Substituting that in the above equation, gives:
. _ . .An {qn(l - d)(1—-v") } (21)
Ay* = y*— — pn
n{(+g+od+e)v*

From equation 12, we know that v* = % and so the marginal benefits equation can be
rewritten as:

Ay* An {qn(l - d)(1—-vY) } (22)

y*  n S+g+od pn

The equation shows the net marginal benefit of an additional round of testing. It has two
parts: one is gain from detecting bad output and the other is loss from scrapping good output.
If you imagine servicing your car more frequently, the servicing helps because it removes
emerging faults, but it also hurts because mechanics may sometimes replace parts
unnecessarily and it is costly, so the equation effectively says that a 10% increase in

servicing improves performance by (benefits minus losses) multiplied by that same 10%.
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3.4 Optimal Level of Testing

Optimal level of testing is defined by the point where marginal benefits (Ay) equal the

marginal costs (Ac). Let’s bring both the expressions together.

LAnqn(l—¢)(1 —v") B ST A_n i}
7{ S+g+¢ }_(g+6+sr)xnxy
gn(1—-o)(1 —v) Con e ST
d+g+¢ p (g +6+s1)
md-9)a-vy) . (23)
S+g+¢d P =

Writing the expression as:

qn(l—¢)(1 —v")
d+g+o

=pn+m*

It can be seen that the left-hand side represents the marginal benefit of extra testing which
is the gain from detecting more bad output and resetting the part of capital that is

malfunctioning. The right-hand side has two components:

e Additional scraping of output due to false positives — a result of more testing

e the cost of hiring CT engineers

The gain must offset these two costs for an additional round to be beneficial.
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4 Parameters, Variables & Derived Quantities

4.1 Decomposition of Output
From the setup of the framework, it can be concluded that output has three categories:

. Success rate (A) — The success rate is the good output that is consumed by users and

doesn’t incur any error in the testing process.

A=(1-0)w (24)

. Rebate rate (1) - Defective output mistakenly enters the supply chain and is returned by

users.
0=>0-¢)A~-v) (25)

. Scrap rate (I") — Defective output correctly scrapped.

'=¢(1—v)+vo (26)
The three types of output equate to 100% i.e. A+ Q+T'=1

From the success and rebate rate equations, we can derive an expression that eliminates

v. This will then be used in section 5 to derive the values of 6 and ¢.

A=(1-0)w
Q=(1-¢)1-)
1-8 A
1-¢ 1-¢—-0
A1 -¢) (27)
1=6=1"%"0
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4.2 Table of “Knowns” and “Unknowns”

The model features a number of components some of which are reasonably estimated
others are relatively challenging to estimate. King and Nayak (2025) classify them into three
categories and covers this in great detail. The main categories of the components are basic
parameter, variable or derived quantity. The table below summarises the main components
that feature in this model and highlights an estimate where possible'°. It further points out

the components that need to be estimated using the golden rule of optimal testing.

For estimating the unknowns, it is assumed that the actual economy - the one that we
currently inhabit - has settled into its equilibrium and then use the established equilibrium
relationships to find the values of the unknown. The model here consists of a large set of
interdependent quantities requiring estimation. To minimize the complexity of the model,
algebraic simplification is used whereby the system is reformulated such that only two key
quantities remain unidentified. These two quantities can be estimated directly from the
system of simultaneous equations, and their values subsequently allow for the derivation of
all the other unknown components. The estimates shown in the table below are based on
statistics reported between 2015 and 2019 with 2017 as the midyear. Details of these

calculations can be found in King and Nayak (2025).

Quantity Symbol  Estimate Notes
Basic Parameters
wage rate w £33,000
rental rate r 11.20%
share to labour a 68.90% of GVA
share to capital B 31.10% of GVA
Effective Total Factor Productivity y
B 10.47 B = =%
(TFP) k
Number of productive
workforce L 25.10m
workers
. (6 +g9) k
[0 — v
Savings rate s 17.93% s (1=m)y
Depreciation rate é 4.80%
growth rate of the workforce g 1.50%

0 The calculator covers each of the component and the process of calculating, in detail.
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gross investment rate
statistical power of the test
probability of false positives
pace of testing

flip rate

wage of CT engineers
Variables

capital intensity

reliability of production
Frequency of testing
Derived quantities

CT engineers (as % of workforce)
Portion size

‘Reliability tax’

spend on conformance testing
detection rate

regret rate

power and frequency

Probability of type | and frequency

Elasticity of reliability of production

w.r.t frequency
scrap rate
rebate rate
success rate

yearly output (GVA)

output per worker (labour productivity)

net output per worker

Table 1 Types of components in the model

4 Parameters, Variables & Derived Quantities

d+g 6.30%

q 99.90%
p ?
a ?
£ ?
w £32,400
k £133,944
v ?
n ?

e =E/L 27%

£4.80m per

P engineer
T 0.67%
m 1.88%
[0} ?
0 ?
qn ?
pn ?

E(v,n) ?
r 3.70%
Q 1.50%
A 94.80%
Y £1,203.80bn
y £47.96

y — we ?
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5 Solving Simultaneous Equations and Some

Comparative Statics

5.1 Solving Simultaneous Equations

The aim is to be able to solve the expression for n but because this is an implicit equation
where ¢ depends on n and v which depends on ¢, the route to take is to develop the

expression further and eliminate all variables except for ¢, 6 and constants.
Since gn and pn are symmetric and ¢ = 1 — exp(—qn), therefore, 8 = 1 — exp(—pn)
Solving for gn by taking log on both sides, gives:

(28)

1
)'pn = InG=9

_1<1
qn—nl_q)

Putting these expressions for gn and pn, and applying the notations discussed in section 5

equation 23:

(29)

QO 1 1 )
{5+g+¢}1“(1_¢> ~hGzg =m

Equation 27 and 29 can now be solved simultaneously for 6 and ¢.
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5.2 Numerical Solution

The following components can be estimated once the values are obtained for the detection

and regret rate.

Components Estimate Notes
detection rate 68.65% Solving the two equations simultaneously
regret rate 0.44% Solving the two equations simultaneously
Q
reliability of production 95.21% vi=1-
yore ’ -4
Frontier TFP 11.03 A= S A—
rontier . (1= 0)vkP
f f testi 1.16 L) ( ! )
requency of testin : n=—In
q y g PR g
1
power and frequency 1.16 gn =1In (1 — ¢)
" " 1 1
probability of false positives 0.38% n= 5 ln(1 — e)
Probability of type | and frequency 0.437% pn = 1n(1 6)
Elasticity of reliability of *
Y y 2.322% ndv
production w.r.t frequency v* dn
pace of testing £5.57m a=nxp
flip rate 3.77% €=¢X(1—v)+(5+g)x(1—v)
v*
Relative standard deviation 17.35% 1

z(1-p)—2z(1—-q)
Table 2: Calculations

Increasing the frequency of inspections will improve the reliability of production, v. The
calculations show that doubling the frequency of inspections would increase the reliability of
production by about 2.4%. That is, the elasticity of v with respect to n. Intuitively, the “golden
rule” for the optimal amount of testing is based on equating the cost of doubling the
frequency of testing (again) with the benefit of doubling the frequency of testing (the elasticity
of v with respect to n minus further losses from false positives). Society should keep
doubling the amount of testing until it reaches a threshold where if testing were to double
one more time, then the increased cost matches the increased benefit. Up to this threshold
level of testing, an increase in testing will always add more in benefits than it takes in costs.

The Golden rule optimality condition can be written as follows:
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1.88% = 2.322% — 0.437%

N ——— N — N —

Spend on testing Elasticity of reliability Losses from
asa w.r.t false positives
percent of output frequency of testing (typelerrors)

The “golden rule” is based on equating the marginal cost and marginal benefit of the extra
information from another round of testing. Doubling the frequency doubles the cost (2% of
output again). Doubling the frequency increases the reliability of production processes but

adds to the loss from false positives in the testing process.

The result for frequency of testing implies that instruments should be tested every 10 to 11
months to get the optimal performance from the instruments. It can also be explained using
the example of servicing cars. Most cars are designed to be serviced roughly every 12
months or 12,000 miles, a recommendation commonly cited by sources such as RAC. This
interval is not arbitrary; manufacturers deliberately set it to strike a balance between cost
and reliability. Servicing too frequently can lead to unnecessary expense for the owner, while
delaying maintenance increases the risk of mechanical failure and costly breakdowns. As a
result, the recommended schedule reflects a careful optimisation of factors including normal
wear and tear, the probability of component failure over time, and the overall trade-off

between routine servicing costs and potential repair expenses.

Without the existence of a reliable measurement infrastructure i.e. having a traceable
calibration chain, the effectiveness of additional testing diminishes. This is shown in Figure
4 explained in section 5.3, where an increase in the probability of type | error (p) will shift

the marginal benefits curve downwards and thereby, shifting the optimal levels down.
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5.3 Comparative Statics using the Calculator

Having done the calculations and finding all the components including the basic parameters.
We can now go the other way and perturb one of the basic parameters shift while keeping
the others the same to see the impact on the other components; also known as comparative
statics. Let that basic parameter be the probability of type | error, which shifts from 0.375%
to 0.44%. This refers to the counterfactual where NMS labs no longer exist and so, access
to precise calibrations becomes limited. The table below summarises the components that

change in this new equilibrium and compares them to the baseline. '’

Components Baseline scenario New scenario with p = Percentage
which finds p = 0.376 0.441 change

Capital intensity (k) (unit: £133.94 £133.80 -0.1%

thousands)

Output per worker (y) £47.96 £47.89 -0.1%

(unit: billions)

Output (Y) (unit: billions) £1,203.80 £1,202.16 -0.1%

Cost of Testing (mY) (unit:  £22.69 £22.32 -1.6%

billions)

Net Output (Y-mY) (unit: £1,181.11 £1,179.84 -0.1%

billions)

Effective TFP 11.031 11.031 0.0%

Observed TFP 10.457 10.446 -0.1%

Detection rate 68.652% 68.098% -0.8%

Regret rate 0.436% 0.503% 15.4%

Success rate 94.800% 94.702% -0.1%

Rebate rate 1.500% 1.537% 2.5%

" Comparative statics compares different equilibria after a parameter shift. Sensitivity analysis studies how
sensitive the current equilibrium is to small changes in parameters.
Here, the variation in p is taken as exogenous, but it is grounded in the Gravity Model for calibration uptake
(see King and Nayak, 2025), which is not developed further in this report but will be unpacked in detail in a

subsequent study.

Baseline likelihood of false positives p 0.376%
Relative Standard Deviation (RSD) o 17.352%
% change in accuracy Ao /o 1%
Change in likelihood of false positives Ap 0.065%
New likelihood of false positives p + 4p 0.441%
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Probability of type | error 0.376% 0.441% 17.2%
Flip rate 3.767% 3.767% 0.0%
Reliability of production 95.215% 95.181% 0.0%
frequency of testing 1.161 1.144 -1.5%
(yearly)

Elasticity of reliability of 2.322% 2.361% 1.7%
production w.r.t frequency

of testing

Relative Standard 17.352% 17.526% 1.0%
Deviation

Table 3: Perturbation of the probability of type | errors

In the absence of NMS labs, i.e. a higher type | error rate, cause the net output to decline
by 0.1%. This is because components like the regret rate increases fairly significantly which
means more output is being scrapped erroneously. Detection rate can be seen to slightly
decrease implying less output is being detected as defected and so the part of capital is less

likely to be reset.
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5.4 Graphical Explanation of Optimal Testing

The figure below provides a diagrammatical explanation of the golden rule for optimal

testing.
The downward sloping orange lines (D1
_ 4 D1 , , and D2) are two different demand curves
o 1 L s for testing derived from the marginal
E l : : f, benefit of an additional round of tests. The
E > : x+ downwards  shift  from D1 to
‘E - r : l D2 represents an increase in the likelihood
?Z : : l of false positive (type 1 errors) in the
; L___l N testing process which makes testing less
Frequency of testing (quantity of information) effective and raises the scrap
Figure 5 Optimal Level of Testing rate. The upward sloping blue line (S) is

the supply curve for testing derived from
I the marginal cost of additional rounds of
: testing. The point where the demand
: -~ curve and supply curve intersect defines
: ?'+f the point of equilibrium. The sketch shows
: that if the demand curve moves down (due

I

|

to an increase in the likelihood of false

chsts and benefits in units of (GOF)

b > positives), then the equilibrium level of

Frequency of testing (quantity of information) testing will decline, as represented by the

Figure 6 Effect of decrease in testing on Economic surplus

horizonal dashed line moving to the left.

Figure 5 shows what happens to the surplus (net benefit) when following a downward shift
in the demand curve (due to an increase in the likelihood of false positives). The area under
the demand curve (orange line) but above the supply curve (blue line) gives economic
surplus created by using some resources to perform tests and reset malfunctioning
production processes. Hence, the purple area in the sketch above represents the decrease
in the surplus following a downward shift in the demand curve and a decrease in

the equilibrium level of testing.
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6 Conclusion

This report discusses the macroeconomic model presented in Mike and Nayak (2025) for
identifying the optimal level of conformance testing in an economy, where production
processes are imperfect and capital can sometimes malfunction. By adapting the Golden
Rule Savings rate logic from the Solow—Swan model, the level of testing at which the
marginal benefits exactly equal the marginal costs of additional testing, is derived. The
golden rule maximises consumption per worker which is also where capital intensity and

output is maximised. Several key results emerge from the model analysis:

. Testing improves productivity by increasing the share of functioning capital and reducing

the flow of defective output into the economy.

. The economy reaches its highest sustainable performance at a testing frequency where

the next round of testing adds no further net value.

. Excessive testing becomes counterproductive, raising Type | errors and increases the

‘reliability tax’ that depresses both net output and steady-state capital.

. Even small changes in the probability of measurement error have system-wide

consequences, affecting reliability, capital intensity, labour productivity, and output.

By reducing the complex model into a system of simultaneous equations, the calculator finds
all the unknown components including the basic parameters. The model finds the optimal
frequency of testing to be 1.16 (testing output every 10-11 months to ensure the machinery/
capital is functioning). More importantly it finds that testing frequency improves capital
reliability, i.e. if testing frequency is doubled, the reliability of production increases by roughly
2.4%.

There is evidence from the NMS Private Businesses Survey that some customers of the
NMS laboratories seek products and services abroad, suggesting that they cannot always
obtain the required services within the UK. This indicates potential scope for improvement
in domestic provision. However, the model used in this report abstracts from these frictions
and assumes that the UK operates at the technological frontier with fully effective

measurement services. Hence, there is scope to refine the model.

Several avenues for further development naturally follow:
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e Use the calculator and conduct sensitivity analysis to see how small variations in
basic parameters can alter other components. There may be scope to explore a
tipping point analysis. 12

e Update the calculator using estimates based on data for 2021-2023. This work is
currently underway, and an accompanying report presenting the revised estimates
and a more detailed theoretical explanation of the components is expected to be
published in September 2026.

e With the optimal testing model complete, the next phase is to embed it within the
wider measurement infrastructure framework i.e. integrating it with the Gravity Model
for Calibration Uptake. This would quantify the implications of the absence of a
domestic National Metrology Institute (NMI) implying reduced access to precise
calibrations.

e Develop the Calibration and Fanout Model which links the traceability chain into

our wider measurement infrastructure framework.

As a next step, the framework could be adapted to a manufacturing-specific version of the
model. This would involve analysing a scenario in which only the manufacturing sector
undertakes conformance testing, allowing for a more detailed assessment of testing activity
within production-intensive industries. The analysis could also be extended to incorporate
the sectors that provide outsourced testing services to manufacturers, thereby capturing the
wider supply chain of testing, inspection, and certification activities. Such an extension

would provide a more complex picture of the economy i.e. a multisector general equilibrium.

12 A tipping point analysis is a statistical sensitivity test used to evaluate the robustness of a study or model's
conclusions. It determines how much the missing data or underlying assumptions would need to change in
order to overturn the model's primary findings.
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Annex A: Guide for the Calculator

Link to the Calculator

The calculator is designed to show a mechanical way of how the Optimal Testing Model
(OTM) operates. The calculator constructs two scenarios. The first is the actual scenario —
the true equilibrium of that world. This scenario corresponds to when traceable
calibrations are provided by the NMS labs (domestic NMI) and so the economy has access
to precise calibrations. The second is the counterfactual, which represents the absence

of these precise measurements provided by the NMS labs.

To construct the actual equilibrium, the calculator begins with what the OTM calls the golden
rule. The golden rule captures the frequency of testing where the marginal benefit from an
additional round of testing equates the marginal cost from the additional round. The complex
system of equations reduces to two equations with two unknowns (detection and the regret
rate) which are solved simultaneously. These equations (27) and (29) of the Optimal Testing

Report link the detection and the regret rate as seen below:

_ A0 - 9)
SN T
Q 1 1 .
{6+g+¢}ln(1—¢)_1“(m):m

Using the golden rule and the ‘goal seek’ function of excel the values for the detection and
regret rate are computed. The basic parameters of the model are inferred from these values
and hence, the equilibrium components of the model are computed. This refers to the ‘actual’

scenario for the equilibrium.

The calculator then goes the other way and perturbs the probability of type | error (p) found
in the equilibrium, to construct a counterfactual where precise calibrations are no longer
accessible. This part allows us to see the impact on the system as p increases. It is important

to note that the basic parameters are kept fixed and not changed here.
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Explanation of the tabs of the Calculator

The first three tabs provide a top-level description and overview of the components
of the model. ‘Components detailed’ sets up the calculator highlighting the known and
unknown components.

The baseline equilibrium has three designated tabs, one for the basic / actual
scenario, one for the calculation of the detection and regret rate using the ‘goal seek’
function and last for the counterfactual scenario where the value of the probability of
type | error (p) is perturbed.

‘EQ1T’ tab shows the goal seek function which calculates detection and regret rate.
Goal Seek finds the value of ¢ that makes F(¢p) = 0. Once found, these values
automatically populate the unknown basic parameters and other components of the
model e.g. the frequency of testing, probability of type | error etc.

‘Change in p — EQ1’ refers to the counterfactual where the NMS labs no longer exist
and cause the relative standard deviation to increase which ultimately increases the
probability of type | error. This tab can be treated as a perturbation in the value of p
(comparative statics) where the basic parameters found in the ‘Calculator EQ1’ are
kept fixed. In this tab the function for the testing frequency (n) is defined and ‘goal
seek’ function is used to find the value of n that makes the F(n) = 0. This value will
update all the other components.

By comparing the actual and counterfactual, the impact on the system can be derived.
The ‘Comparison Scenarios’ tab compares all the actual and the counterfactual
scenario comparing for instance, output per worker, capital intensity, net output per

worker etc.
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Gravity Model

NPL provides calibrations
traceable to national

standards King & Renedo (2020) find that if

the time required to travel
between the UK and another

Organisations
coming to NPL
for calibrations

To model the
shift in the The conventional formula for a country’s

uptake due to internal distance is DD = D = 0.67_ |4/
distance is done

The effect of switching off
NPL’s services is If UK retains access of access to precise
ideri calibrations through VSL, then the
asstizsii;};::r_f'fhe:ng The distance from London to Amsterdam is demand for preciseg calibration would
i i
drop by 31%. This reduction in access
would lead the RSD to increase by
about one percentage point, causing
the probability of type | error to increase

by 0.05%.
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Calibrations and Fanout Model — Work-in-
progress

Traceability chain has 4 A model for understandina the distribution cegbbeam e adatioa ot iciorstioe it o

MCR-001, Issue 1, July 2025

tiers

7 The S| Definition & National

Metrology Institutes (NMIs)
Primary Reference
Laboratories

Secondary Industrial
Calibration Laboratories
The End User / Process

The model has 3 states for an
instrument in each of the tiers

1.

State A (Out of Service):
Instruments that have been sent to a
higher-tier calibration lab for
recalibration.

State B (In Service and Properly
Calibrated): Instruments that are
actively used to perform calibrations
and are properly calibrated.

State C (In Service but Not
Properly Calibrated): Instruments
still in use but no longer properly
calibrated, producing unreliable
calibrations.

SI-UNITS

International
standards

National
standards

Reference
standards

Working
standards

Process
Instruments

At each tier, the entities make just
normal profit so there isn’t any
incentive to move up or down the
chain.

instruments in state B and C are
different such that r; > r, but
remains the same across all the
tiers. These capture the
opportunity cost for the instruments
had they been performing testing
and analysis.

As you move down from the NMI,
each level acts as a multiplier. The
number of instruments expands
rapidly, while the price points
compress due to commoditization
and increased competition.

How is the calibration chain
sustained in equilibrium?

How would a change in the
turnaround times for NPL’s
customers feed through to changes
in the availability and quality of
traceable calibrations for end-users
at the bottom of the chain?

What fee should NPL be charging
level 1 labs for its services?

The rental rate for instruments in
state B and C are different such
that rz > r but remains the same
across all the tiers. These capture
the opportunity cost for the
instruments had they been
performing testing and analysis.

The turnaround time is defined as the time it takes at each level to produce a

calibrated instrument.

|T urnaround time = queuing time + laboratory time + transportation time|
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A measurement error
has two components

‘Random’ error and
‘Systematic’ error.

Random errors can be
averaged out by
repeating
measurements.
Systematic errors
(calibration related
uncertainty) can only be
eliminated/ minimised by

Annex B: Overview of Remaining Models within the Framework

‘Basic’ & ‘Precise’ Calibrations Model

The model uses the
concept of TAR for the
systematic error that
comes with a basic
calibration.

‘TAR is the comparison
between the accuracy of
a tool and the reference

standard used to calibrate
it. Metrology labs aim for

a minimum TAR of 4:1,
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Precise calibration can
eliminate all the
systematic error, but
basic calibrations cannot
fully eliminate the
component of the error
associated with
calibrations. It can be as
much as 25% according
to the concept of TAR

o is expressed in terms
of the size of the
deviation that occurs
under the hypothesis
that the parts are
defective. o is thought of
as the Relative Standard
Deviation (RSD) of the
measurement process.
The standard deviation
depends on the
expanded uncertainty of
the measurement
process, incorporating a
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Type | and Type Il errors Model

Assumption:

There cannot be
The model finds an expression connecting a change in g

changes in ¢ to changes in the likelihood of 1 —e-1(1—p)—#-(1—q) R
type-1 (p) and type-2 errors (1 — q). e increases. The
effect will wash

‘The relative standard deviation

Type | error is known :
» (RSD), g, represents potential

as a ‘false positive’. o
- variation in the measured
Rejecting output that :
values for a single sample as a
correctly conforms. : .
proportion of the required

Type Il error is

known as a ‘false

negative’. Accepting

Functioning Capital (Good Output) Malfunctioning Capital (Bad Output)
Pr(pass |good) =1 —p Pr(pass|bad)=1—¢q
Pr(faill | good) = p Pr(fail | bad) = ¢
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