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A B S T R A C T

High-resolution experimental methods now yield detailed elastic strain fields around cracks and other stress 
concentrators; however, these measurements alone cannot provide the displacement gradients required for a 
quantitative fracture assessment. Existing approaches to recover displacement fields from such data are either 
restricted to two dimensions, rely on strong assumptions about material behaviour, or lack robustness when 
confronted with noise typical of diffraction-based strain mapping. To address this limitation, we have developed 
a finite-element framework that reconstructs continuous displacement fields directly from measured deformation 
gradients without prescribing external loads or boundary conditions. The approach formulates strain integration 
as an over-determined least-squares problem defined on linear or quadratic elements in two and three di
mensions. Validation using analytical 2D mode-I and 3D mixed-mode crack-tip fields demonstrates that the 
recovered displacements and derived stress intensity factors deviate from theoretical values by <4 %. The 
method is further applied to HR-EBSD measurements around Vickers-indentation cracks in monocrystalline 
silicon, where the reconstructed fields reproduce AFM-measured surface topography and reveal distinct residual 
mixed-mode loading at neighbouring cracks. These results show that full-field diffraction-based strain mea
surements can be converted into mechanically meaningful displacement and fracture parameters with high fi
delity. The method provides a practical route for quantifying crack driving forces in complex microstructures and 
can be extended to three-dimensional diffraction techniques and in situ studies of evolving damage.

1. Introduction

Understanding material fracture is critically important across mul
tiple length scales – from the microscopic processes inside materials to 
the macroscopic behaviour of entire structures. Fracture phenomena 
span a vast range of scales, occurring in contexts as mundane as 
everyday tool breakage and as colossal as geological faults [1,2]. To 
study deformation and fracture experimentally across these scales, re
searchers rely on methods that measure the full-field deformation or 
strain. In recent decades, various non-contact techniques have been 
developed to map strain distributions with high spatial resolution. Major 
techniques for measuring strain fields at different scales include 2D 
digital image correlation (DIC) [3–6] and 3D digital volume correlation 
(DVC) [7–9]. These are widely used methods that can determine the 
displacement field by precisely tracking the movement of features 
(speckle patterns) between 2D or 3D images taken before and after 

deformation by optical, electron and X-ray microscopy.
On the other hand, diffraction-based techniques can measure and 

map elastic strain fields in materials by measuring the changes in the 
crystal lattice spacing. Over the past decade, advanced characterisation 
techniques – such as high-angular-resolution electron backscatter 
diffraction (HR-EBSD) [10–14], convergent beam electron diffraction 
(CBED) [15], and Bragg coherent diffraction imaging (BCDI) – have 
enabled high-fidelity measurement of elastic strains at micro- and 
nanoscales. Similar progress has been made using transmission electron 
microscopy (TEM) methods, nano-beam electron diffraction (NBED) 
[16], high-resolution TEM [17], and dark-field electron holography 
(DFEH) [18], offering nanometre-scale spatial resolution with high 
strain sensitivity. Synchrotron X-ray techniques, such as high-energy 
diffraction microscopy [19,20], diffraction contrast tomography [21], 
and 3D Laue microdiffraction [22–24], have extended these measure
ments to three dimensions with comparable strain resolution [19,25,
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26]. Neutron diffraction can similarly be applied for strain measurement 
in materials [27,28]. Given its low absorption, neutron diffraction al
lows for the analysis of large bulk samples at the engineering scale [29].

These advanced experimental methods now allow researchers to 
visualise how strain is distributed around stress localisations, including 
crack tips, across different specimen sizes and types of materials, and 
thus evaluate fracture metrics. One such is the J-integral – a path- 
independent integral used to characterise the thermodynamic crack 
driving force – that is defined (in one common form) as an encirclement 
of the crack tip [30–32]: 

J =

∮

Γ

(

W nx − σij
∂ui

∂x
nj

)

ds (1) 

where W is the strain energy density, n is the normal to the integration 
path Γ, ds is the length increment along the integration path, and ui are 
displacement components.

In mode I terms, one of the key contributions involves the gradient of 
the crack-opening displacement (vertical displacement uy) in the crack 
propagation direction (x). Specifically, the term ∂uy/∂x (sometimes 
denoted u2,1 in tensor notation) appears in the integrand. However, 
strain-field measurements do not directly yield this quantity. The 
transverse displacement gradient term ∂uy/∂x is only one part of the 
shear strain εxy, which also contains the lateral gradient ∂ux /∂y. In other 
words, a given field of measured strains, i.e., εxx, εyy, εxy in 2D and 
additional εxz, εyz, εzz in 3D is insufficient to uniquely determine the 
individual displacement derivatives needed in the formulation of the J- 
integral. All other terms in the J calculation (e.g. W or σij) can be ob
tained from constitutive properties (i.e., elastic moduli) or directly from 
measured strains; however, this particular component of the displace
ment field is missing as it is not measured directly.

In light of this issue, an important step is required before full-field 
experimental data can be used for fracture mechanics calculations: 
integrating the measured strain field to recover the displacement field. 
One can obtain the actual displacement components across the field by 
performing strain integration (essentially solving the inverse of the 
differentiation that yields strain from displacement). With the recon
structed displacement field, fracture parameters can then be evaluated – 
for instance, by inserting ui into contour integrals for J [8,33,34], or by 
fitting the near-tip u-field to analytical crack solutions to extract 
K-values [7,35,36]. This integration process is non-trivial because 
experimental strain data may contain noise and may not exactly satisfy 
continuum compatibility conditions. Nonetheless, developing robust 
techniques to derive u(x, y) from εij(x, y) is the central challenge we 
address. Thus, the central challenge is developing a robust, 
scale-independent method for integrating high-resolution strain mea
surements into accurate displacement fields, even in non-uniform mi
crostructures and steep gradients.

In this paper, we provide a novel solution for this hurdle using a 
method that employs the finite element method to integrate the strain 
field by discretising a domain of interest. A system of equations is then 
assembled and solved for the nodal displacements using a least squares 
method. Initially, we validate the method by studying the two- 
dimensional and three-dimensional crack tip deformation fields under 
pure mode I and mixed mode loading, respectively, for a linear elastic 
material. Subsequently, we investigate the full strain field around 
cleavage cracks propagating from a Vickers indentation, using HR-EBSD 
to determine the residual stress intensity factors acting on cracks initi
ated by the indentation.

2. Numerical method

Consider a class of problems where the deformation field is provided 
through measurements such as the engineering strain or the deformation 
gradient in the current configuration. The proposed formulation aims to 

determine the displacement field by integrating the deformation mea
sures at specified points (i.e., mesh nodes). Thus, we consider a body 
subjected to mechanical loading that results in deformation defined by 
the deformation gradient. 

Fij =
∂xi

∂Xj
= δij +

∂ui

∂Xj
(2) 

where Xi, xi, 1, 2, 3, is a standard Cartesian coordinate system for the 
reference and deformed configurations, respectively, ui = xi − Xi is the 
displacement vector, δij is the second-order identity tensor and Hij =

∂ui/∂Xj is the displacement gradient. The displacement gradient can be 
split into an infinitesimal strain εij (symmetric part) and rotations ωij 

(asymmetric part) as: 

Hij = εij + ωij, (3) 

with 

εij =
1
2

(
∂ui

∂Xj
+

∂uj

∂Xi

)

, ωij =
1
2

(
∂ui

∂Xj
−

∂uj

∂Xi

)

. (4) 

The body can be discretised using finite elements to determine the 
nodal displacement field. Thus, the displacement field is interpolated as: 

ui
(
Xj, t

)
=

∑Nnodes

I=1
NI
(
Xj
)
uiI(t) (5) 

where NI are the standard finite element shape functions, which can also 
be expressed in terms of the parent element coordinates ξi ∈ (ξ, η, ζ), 
Nnodes is the total number of nodes in the mesh and uiI are the values of 
the nodal displacements. The reference and current configurations are 
respectively interpolated as: 

Xi
(
Xj, t

)
=

∑Nnodes

I=1
NI
(
ξj
)
XiI, xi

(
Xj, t

)
=

∑Nnodes

I=1
NI
(
ξj
)
xiI(t), (6) 

where XiI and xiI are the coordinates of node I ∈ Ω in the reference and 
current configurations, respectively. Using the definitions in Eqs. (3) and 
(5), the displacement gradient can be obtained by: 

Hij(Xk, t) =
∂ui(Xk, t)

∂Xj
=

∑Nnodes

I=1

∂NI(ξk)

∂Xj
uiI(t) =

∑Nnodes

I=1

∂NI

∂ξl

∂ξl

∂Xj
⏟̅̅̅̅⏞⏞̅̅̅̅⏟

J− 1
jl

uiI(t), (7) 

where Jij = ∂Xi/∂ξj is the mapping gradient from the reference config
uration to the parent domain, which can be calculated using Eq. (8): 

Jij =
∂Xi

∂ξj
=

∑Nnodes

I=1

∂NI

∂ξj
XiI. (8) 

The mapping gradient of the current configuration to the parent 
domain is similarly determined from Eq. (9): 

jij =
∂xi

∂ξj
=

∑Nnodes

I=1

∂NI

∂ξj
xiI, (9) 

where Fij = jikJ− 1
kj . Hence, the displacement gradient can be written in 

terms of the current configuration as follows: 

Hij(xk, t) =
∑Nnodes

I=1

∂NI

∂ξl

∂ξl

∂xm

∂xm

∂Xj
uiI(t) =

∑Nnodes

I=1

∂NI

∂ξl
j− 1
lm Fmj uiI(t) (10) 

Thus, Eqs. (7) and (10) provide an expression for the displacement 
gradient at any point in the reference and current configurations, Xkand 
xk, respectively, within the element at a given instant of time t. It should 
be noted that the displacement interpolation in Eq. (5) requires that the 
shape functions exist and be continuous, satisfying C0 continuity. This 
results in a constant displacement gradient within the element, which 
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can be discontinuous across elements. Using higher-order shape func
tions (ensuring C1 continuity or higher) guarantees the continuity of 
both displacement and its gradient.

Consider experimental measurements of the deformation gradient Fij 

in a domain of interest at given points xk in the current or intermediate 
configuration. The experiment can be conducted in situ or ex situ, where 
the current or intermediate configuration represents the deformed 
configuration, respectively. The displacement gradient Hij is determined 
from Eq. (7). The domain of interest is discretised using the total number 
of elements NEle and the total number of nodes Nnodes. A set of compu
tational points NP, which lie within the element, can be chosen such that 
the total number of measurement points is NCP = NEle × NP. The posi
tion of the computational points is determined by uniform measurement 
steps, which are equal in all directions, as is common in most experi
mental methods. Consequently, the discretisation can be designed so 
that each element type contains a certain number of computational 
points. This may result in some nodal and computational points over
lapping. In such cases, the continuity of the displacement gradient is not 
ensured at the nodes. However, selecting computation points within the 
element’s interior always ensures the continuity of the displacement 
gradient. Additionally, from the interpolation requirements, the mini
mum number of computation points is NP = n − 1, where n is the degree 
of the polynomial of the shape functions.

Therefore, Eq. (10) can be used to express the displacement gradient 
at the measurement points in terms of the nodal displacements. This 
leads to a system of equations where the unknowns are the nodal dis
placements uiI, with the displacement gradient, the deformation 
gradient on the left-hand side, and the deformation gradient on the 
right-hand side prescribed from the experimental measurements. The 
total number of unknowns is NUn = Nnodes × NDim, where NDim is the 
number of dimensions of the problem, and the total number of equations 
becomes NEq = NEle × NP × Nd, where Nd is the number of components 
of the deformation measure (i.e., in 2D problems is Nd = 4 and in 3D 
problems is Nd = 9). The system of equations can be written in the 
algebraic form: 

Aijdj = bi, (11) 

where Aij is a NEq x NUn coefficients matrix that depends on the defor
mation gradient Fij, dj is a vector that encapsulates the unknown nodal 
displacements uiI, bi is a vector that encapsulates the displacement 
gradient from the measurements Hij. The details of these operators are 
provided in the Supplementary Information. The linear algebraic 
equations in (11) result in one of three solution sets [37]: 

(i) If NEq = NUn, Aij has a full rank, and its inverse A− 1
ij is unique. 

Thus, this will lead to a single unique solution as 

dj = A− 1
ij bi. (12) 

(ii) If NEq > NUn, the system of equations is overdetermined, and the 
solution can be best solved using an optimisation method such as the 
least-squares method. Thus, a minimisation of the square error can 
be written as below: 

min ‖ Aijdj − bi‖
2 (13) 

The solution to the minimisation problem of the values of the nodal 
displacements dj is then obtained by Eq. (14). 

dj =
(

AT
ijAij

)− 1
AT

ijbi (14) 

(iii) If NEq < NUn, the system of equations is underdetermined with an 
infinite number of solutions unless the problem is subjected to a 
constraint or regularisations (e.g., condition matrix when using the 
pseudoinverse method (cond

(
Aij

)
) = ‖ Aij‖‖A+

ij ‖, where A+
ij is the 

Moore–Penrose inverse of an Aij matrix).

A unique solution can be obtained when the system of equations is of 
full rank. An overdetermined system of equations will still have a so
lution if some equations are linear combinations of others. Conversely, a 
non-unique solution may arise from an underdetermined system of 
equations. Therefore, the discretisation can be designed by selecting an 
appropriate number of computation points per element and the appro
priate interpolation function to ensure a unique solution. The imple
mentation details, including the shape functions for linear and quadratic 
elements, as well as their coefficient matrices and right-hand-side vec
tors, are provided in the Supplementary materials.

It should be emphasised that the integration does not impose any 
external boundary conditions or applied loads. The recovered 
displacement field is the one that is most consistent with the measured 
elastic strains, regardless of whether those strains originate from resid
ual stress, external constraint, or local incompatibility. Because the 
system is overdetermined, the solution is stabilised by the interior 
measurements rather than by points near boundaries, and local dis
continuities (for example, along crack flanks) do not propagate unless 
they dominate the region. Rigid-body offsets and rotations, which are 
not encoded in strain, are removed after integration as described later in 
Section 3.3.4. This makes the method suitable for residual indentation 
fields and for situations where conventional boundary conditions are 
unknown or cannot be specified. However, caution needs to be exercised 
when integrating polycrystals and macro-cracks due to the errors from 
pattern overlap near grain boundaries [38] and noise near discontinu
ities [39].

Additionally, note that diffraction-based strain mapping techniques, 
including HR-EBSD, provide only the elastic strain tensor; plastic strain 
and other inelastic components are not measurable directly. The present 
formulation is therefore correctly limited to linear elasticity, since the 
integrated displacement field must be compatible with the measured 
elastic lattice distortion. The method does not assume material isotropy, 
as anisotropy is accounted for only through the constitutive law when 
stresses or fracture parameters are computed. Extending the approach to 
nonlinear materials would require experimental access to the total 
deformation gradient, which is not available in diffraction techniques 
and lies outside the scope of this work.

3. Illustrative examples

The methods used are detailed in the following sections. The nu
merical method for approximating the displacement from the measured 
strain or deformation gradient field is derived. This method is then 
applied to a measured HR-EBSD field around a Vickers indent impres
sion in a monocrystalline silicon sample, as discussed in the experi
mental part of the methodology (Section 3.3).

3.1. Synthetic 2D mode I crack tip field

Firstly, a theoretical strain field will be used to predict the 
displacement field using the proposed method as implemented in 
MATLAB using the Object-Oriented method (i.e., FE-OOM) with a 
detailed comparison between the expected field, the only other method 
reported in the literature (JMAN_S [40]), and the actual displacement 
field to show the accuracy of the solution. In JMAN_S, the measured 
in-plane elastic strain field is discretised with a measurement point 
centred inside a square linear element with four nodes. The measure
ment point becomes the Gauss point, as illustrated for each element. The 
elastic field is then integrated into displacement using the finite 
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difference method. Solving the equations uses the 
Trust-Region-Reflective least squares algorithm [41], which is natively 
implemented in MATLAB, utilising the Cholesky factorisation method. 
The method works for full matrices with a regularised grid. For more 
details, refer to [42].

3.1.1. Analytical dataset
We consider a 2D problem of a crack in an infinite elastic body 

subjected to pure mode I and mixed-mode conditions. The 2D asymp
totic solution of the crack tip stress field for a linear elastic material is 
given by the Westergaard solution [43]. The strain field can be derived 
from the crack tip stress using Hooke’s law for isotropic elastic materials 
as follows: 

εij =
1

2μ
̅̅̅̅̅̅̅̅
2πr

√
[
KI f (I)ij (θ, χ)+KII f (II)ij (θ, χ)+KIII f (III)ij (θ, χ)

]
+ O

(

r
1
2

)

,

εyy =
1
2μ

KI
̅̅̅̅̅̅̅̅
2πr

√ cos
(

θ
2

)[

χ + sin
(

θ
2

)

sin
(

3θ
2

)]

.

εxy =
1
2μ

KI
̅̅̅̅̅̅̅̅
2πr

√ cos
(

θ
2

)[

χ + sin
(

θ
2

)

sin
(

3θ
2

)]

. (15) 

where (x, y) and (r, θ) are the Cartesian and polar coordinates of coor
dinate systems, respectively, that are centred at the crack tip, KI is mode 
I stress intensity factor, μ = E/2(1+ν) is the shear modulus, E is Young’s 
modulus, ν is Poisson’s ratio and χ = (1 − ν)/(1+ν) for plane stress and χ 
= 1 − 2ν for plane strain. Using Eq. (15) and the definition of the strain 
components, the displacement in x and y-directions, ux and uy, can be 
expressed by 

ux =
KI

2μ

̅̅̅̅̅̅
r

2π

√

cos
(

θ
2

)[

k − 1+2sin2
(

θ
2

)]

,

uy =
KI

2μ

̅̅̅̅̅̅
r

2π

√

sin
(

θ
2

)[

k+1+ 2cos2
(

θ
2

)]

(16) 

where the parameter κ = 3 − 4ν for plane stress and κ = (3 − ν)/(1+ν)
for plane strain. The choice of crack field is due to the severity of the 
deformation and the large deformation gradient near the crack tip. The 
approach involves using the analytical strain field to determine the 
displacement field via the numerical method, and then comparing the 
numerical results with the analytical solution. Thus, to examine the 
method’s validity, we have developed a numerical method; the theo
retical strain field in Eq. (15) will be integrated into the displacement 
field and compared to the theoretical field computed from Eq. (16).

A 2D square domain of L × L size was considered with the crack 
parallel to x-axis and its tip is located at the centre of the domain (i.e., a 
= L/2). The strain and displacement components in x and y-directions 
are determined for a domain of L = 8 mm and a mode I stress intensity 
factor of KI = 30 MPa⋅m1/2 under plane stress conditions. The isotropic 
elastic modulus and Poisson’s ratio were taken to be E = 210 GPa and ν 
= 0.3, respectively, similar to a ferritic steel. The domain is discretised 
using a uniform square mesh of element length le = 0.2 mm (i.e., total of 
1331 elements). In the discretisation, linear interpolation functions are 
adopted, i.e., a 4-node linear element. The number of computational 
points is taken to be one at the centre of the element, as shown in Fig. 1.

3.1.2. Results and discussion
The synthetic strain field was applied to the JMAN_S method, as well 

as the method developed in this article, which was implemented in 
MATLAB using object-oriented coding of the finite element method (FE- 
OOM). FE-OOM used only one Gauss point to allow for comparison. The 
displacement field in the y-direction, Uy, from both methods and the 
original field are presented in Fig. 2, a.1–3. The variation between the 
integrated and original fields around a boundary can be spotted along 
the crack edge. A boundary in a deformed material creates a 

discontinuity in the field, accompanied by incompatibility in the 
deformation field across the boundary. However, FE-OOM shows better 
accommodation for the incompatibility, which extends across two ele
ments, than JMAN_S, which extends to three pixels. Results from FE- 
OOM can be improved by increasing the number of integration points 
(i.e., Gauss points), which cannot be done in JMAN_S.

Also, the shape of the field behaviour ahead of the crack-tip remains 
curved and consistent between FE-OOM and the original field, contrary 
to the JMAN_S field. A line profile was taken across the field to compare 
the actual integrated value to the original, shown in Figure 2a.I with 
white dotted lines. The results in Fig. 2b show that the proposed method 
(FE-OOM) accurately predicts the displacement field with a small error 
value, i.e., ≈ 0.1%, compared to the more significant errors of the 
JMAN_S method [40]. This is because JMAN_S consider the problem as a 
finite difference (integration) problem that has a linear form (does not 
solve for higher-order polynomials), and it uses an optimal weighted 
sum implemented by the ‘Isqlin’ function, a native MATLAB 
Trust-Region-Reflective Linear Least Squares Algorithm [41], to solve 
for the nodal displacement. The function achieves global convergence 
by iterating over a formulated 2D trust-region sub-problem, which ad
justs in size – using an overall merit function – until an adequate solution 
is found within the allowed error range, prioritising efficiency/speed 
over accuracy. Additionally, JMAN_S assumes that the material is line
arly elastic; therefore, compatibility conditions are used to solve for 
displacement from the linear elastic deformation field of the material. 
This inhibits JMAN_S from analysing most engineering materials (e.g., 
elastic-plastic or anisotropic-elastic).

Regardless of the accuracy of the solution obtained with the finite 
element method, it is only an approximation to the exact solution. 
Hence, the accuracy of this method was assessed by running the previous 
analysis but with different element sizes and integrating using a 
different number of Gaussian points to show their effect on computa
tional time and solution accuracy (δ) using an Intel® Xeon® Gold 6130 
CPU fitted with dual 2.10 GHz processors, 512 GB RAM, a 64-bit oper
ating system and x64-based processor, but only used half (32) of the 
nodes. The solution accuracy (δ) is defined as in Eq. (17), where n is the 
total number of elements, aW

i is the value of the ith element obtained 
directly from the Westergaard solution Uy displcement field and S is for 

Fig. 1. Schematic of (a) Linear and (b) Quadratic elements with a range of 
Gauss integration points used for (I) full or (II) reduced integration. A dimen
sionless local natural coordinate system (η1, η2) was defined by its origin at the 
rectangular element’s centre.
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the integrated Uy displacement field. 

δ =
1
n
∑n

i=1

⃒
⃒
⃒
⃒
aW

i − aS
i

aW
i

⃒
⃒
⃒
⃒ (17) 

The computational time and accuracy using different resolutions (i. 
e., elements in the 8 × 8 mm² map) and Gauss points were then plotted 
in Fig. 2c. Here, the strain measurement point was centred inside an 
element and then interpolated to the Gauss point(s). From this compu
tational experiment, it can be concluded that the number of Gauss points 
has a substantial impact on accuracy while having a minimal impact on 
computational time. In contrast, when only using 1 Gauss point, a steep 
and gradual increase in accuracy with element quantity can also be 
observed. This is because, generally, Gauss quadrature integration using 
high-order terms, i.e., Gaussian points, yields more accurate values with 
a higher number of orders, thereby improving the integration solution 
accuracy. Additionally, it yields exact values for polynomials of degree 
up to 2n-1, where n is the number of quadrature points [44]. However, 
as highlighted in Fig. 2c, this also increases the computational time. The 
relationship between the number of elements (Nel), number of Gauss 
points (Ng) and accuracy (δ) can be estimated from Fig. 2c as in Eq. (18)
with R2 = 0.93. 

δ =
0.2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Nel ∗ Ng

√ (18) 

This implementation allows various methods to ensure efficient and 
accurate problem computation. The difference between the two types of 
element order is emphasised. The two-dimensional implementation 
enables the use of a linear, lower-order element (Fig. 1a) and a 
quadratic, higher-order element (Fig. 1b), linked to appropriate linear 
and nonlinear shape functions and Jacobians for full and reduced inte
gration. As the name suggests, the linear element, i.e., f(x) = ax + b, is 
more suitable and efficient for linear integration between two points and 
does not capture curvature (e.g., quadratic function). Higher-order el
ements, e.g., f(x) = ax2 + bx+ c. On the other hand, they are accurate 
for higher-order polynomial integration but are far more expensive. 
Cubic elements, i.e., f(x) = ax3 + bx2 + cx + d, were not 
implemented.

When implementing the quadratic element, one faces a problem: for 
full integration using a quadratic element, nine Gauss points are 

required, which means the element needs to encompass nine measure
ment points, compared to four for full integration using a linear element. 
Then, looking at Fig. 1b, the reader will notice that placing the mea
surement points where the Gauss points are can be easy when consid
ering a uniform spacing. Nevertheless, the problem arises when the 
integration for nodal displacement is completed because there is no 
integration for the centric point. Thus, the integrated map will have a 
missing point for each element constructed around nine measurement 
points. Of course, the reverse approach can be taken by placing the 
measurement point at the element’s centre and then linearly interpo
lating to the Gauss points before (octically1, 8th-degree polynomial) 
interpolating the displacement for the centric points from the values of 
the integrated eight-node displacement surrounding the point. Howev
er, interpolating to enrich the map will negate the need to use high-order 
elements to achieve similar accuracy (similar to segmenting a curve into 
small lines). Another approach uses reduced quadratic element inte
gration, using nine measurement points, i.e., the 4-point numbered 1 to 
4 in Fig. 1bII are 1, 3, 9, and 7 from Fig. 1bI. This leads to reduced ac
curacy compared to full integration. Note that “full integration” here 
refers to the order (number of Gauss points) that is required to get an 
exact solution for an undistorted (or regular shape) element, which has 
straight edges that meet at edge nodes [45].

This relationship between element order (p) and the number of el
ements (h), where the accuracy between different element orders con
verges at a higher number of elements, is not unique to our method but 
something that was explored by Babuška and Szabó [46] in the 
hp-adaptive finite element method, which can efficiently solve similar 
problems. Considering the issue at hand and the number of points in 
most measured elastic strain fields; linear elements should be enough to 
approximate the problem accurately with careful consideration given to 
the number of Gauss points, especially in three-dimensional analysis 
where full integration is highly recommended as it will at least provide a 
(tri-) quadratic solution for 3 × 3 × 3 gaussian (points) integration.

3.2. Synthetic 3D mixed-mode crack field

Having searched the existing literature, we did not find a method to 

Fig. 2. (a.I) An original Uy displacement field was created using the Westergaard solution, and the integrated field was obtained using (a.II) the finite element object- 
oriented method (FE-OOM) and (a.III) JMAN_S. (b) A diagonal line profile (along the white dotted line in a.I) was obtained from a.I-III. (c) The computational time 
and accuracy of solving for nodal displacement using different elements with different integration points using Intel® Xeon® Gold 6130 CPU.

1 James Cockle proposed the name in 1851 [160]
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integrate the three-dimensional (volumetric) strain field into the 
displacement field. Such data can be obtained using micro-Laue 
microdiffraction [47] and dark-field X-ray microscopy [48]. Therefore, 
a theoretical strain field was used to predict the displacement field using 
the proposed method, and the accuracy of the solution was demon
strated by comparing it with the original field through the stress in
tensity factors.

3.2.1. Analytical dataset
Consider a 3D crack under mixed modes I, II and III. Similarly, using 

the Westergaard solution for a linear elastic material, the strain field is 

εij =
1

2μ
̅̅̅̅̅̅̅̅
2πr

√
[
KI f (I)ij (θ, χ)+KII f (II)ij (θ, χ)+KIII f (III)ij (θ, χ)

]
+ O

(

r
1
2

)

, (19) 

Following that, the displacement in x and y-directions, ux and uy, can 
be expressed by 

ui =
1
2μ

̅̅̅̅̅̅̅̅̅̅
r̅̅
̅̅̅̅

2π
√

√
[
KI g(I)i (θ, k)+KII g(II)i (θ, k)+KIII g(III)i (θ, k)

]
+ O

(

r
3
2

)

,

(20) 

where g is a dimensionless function that depends on θ and the parameter 
k.

A 3D cubic domain of L x L x L size was considered such that the crack 
is parallel to x-axis and its front is located at the centre of the domain (i. 
e., a = L/2) at x = a,y = 0, and z ∈ [− L /2, L /2] as shown in Fig. 3b The 
strain and displacement components in x, y and z-directions are deter
mined for a domain of L = 8 mm and stress intensity factors of KI =

30 MPa⋅m1/2, KII = 40 MPa⋅m1/2 and KIII = 10 MPa⋅m1/2. The isotropic 
elastic modulus and Poisson’s ratio were taken to be E = 210 GPa and ν 
= 0.3. The domain is discretised using a uniform hexahedral mesh of 
element length le = 0.67 mm (i.e., total of 1331 elements). In the dis
cretisation, linear interpolation functions are adopted, i.e., 8-node linear 
element (Fig. 3a). The number of computational points is set to 8, as 
shown in Fig. 1.

3.2.2. Results and discussion
For the mixed-mode synthetic data, the central mode I equalled 30.4 

± 0.5 MPa m0.5, mode II was − 38.5 ± 3.2 MPa m0.5, mode III was 8.7 ±
0.5 MPa m0.5 and the energy release rate of 10,958 ± 1050 J m− 2 

(continuous lines in Fig. 3c). These values are ~4 % lower than the 
theoretical stress intensity factors used to calculate the synthetic field. 

This could be attributed to the sensitivity of stress intensity calculation 
(via the interaction integral method [49]) to the crack tip position, 
especially for mode I and mode II components [50] and considering the 
very coarse field. The variance is from the values obtained as the domain 
of integration expanded from the crack tip. A thorough analysis of this is 
out of the scope of this paper.

The integrated displacement fields have an average stress intensity 
factor for mode I loading that equalled 31.7 ± 3 MPa m0.5, mode II is 
− 36.8 ± 1.1 MPa m0.5, mode III is 8.6 ± 0.2 MPa m0.5, and the overall 
energy release rate of 11,094 ± 52 J m− 2. There is good agreement 
between the overall results and across the sample thickness, as shown in 
Fig. 3, where the results from the synthetic data are plotted with a 
continuous line, and points and dotted lines represent the integrated 
field.

The 3D validation employs synthetic strain fields because current 
volumetric diffraction-based techniques do not provide dense, uni
formly sampled 3D elastic strain maps at the noise level required for 
controlled benchmarking. The synthetic case verifies the formulation 
when the full strain tensor is known, while the 2D HR-EBSD example, in 
Section 3.3, demonstrates robustness under real experimental noise. 
More details about optimisation can be found in the Supplementary 
Information.

3.3. HR-EBSD field around a nanoindentation

3.3.1. Methodology
A pre-polished single-crystal Silicon sample was micro-indented on 

the surface (001) plane at room temperature using a Vickers Diamond 
Pyramid indenter (136◦ between faces). A load of 50-gramme force (gf) 
was applied in 1 s. These conditions are suitable for initiating half-penny 
cracks with minimal chipping or radial cracks. The indented sample was 
then fixed to an aluminium stub using conductive paste (i.e., Silver DAG) 
to minimise image drift and the intensity of blooming caused by electron 
beam charging. The sample was subsequently attached to a Universal 
EBSD 70◦ pre-tilted sample holder and placed inside a Carl Zeiss Merlin 
field emission gun scanning electron microscope (FEG-SEM). High- 
quality 800×600-pixel electron backscattering patterns (EBSPs) were 
collected using a Bruker eFlash CCD camera. The operating parameters 
were a 20 kV/10 nA beam condition, an 18 mm working distance, a 200 
ms exposure time per pattern, 4 × 4 hardware pattern binning, and a 
0.25 µm step size.

The topography around the indentation contact impression was 

Fig. 3. (a) Schematic of a linear brick element with 8 Gauss points (full integration). A dimensionless local natural coordinate system (ξ1, ξ2, ξ3) was defined by its 
origin at the centre of the brick element. (b) Synthetic mixed-mode crack field showing displacement in x, y, and z. (c) The stress intensity factor and energy release 
rate values for synthetic data (continuous line) and the integrated field (point and dotted line) are both calculated in ABAQUS®.
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measured using a Veeco AutoProbe (high-resolution) atomic force mi
croscopy (AFM) in contact mode using a 10 nm probe tip with an ac
curacy of < 1 nm. The scan speed is 0.35 line/sec and 15.6 nm step size 
for an 8 × 8 µm field of view.

The subsurface geometry of the cracks was revealed using Focused 
Ion Beam (FIB) slicing using a Zeiss Auriga dual-beam SEM-FIB system 
with a Schottky field emission Gemini electron column and an Orsay 
Physics “Cobra” Ga+ ion FIB. The sample was tilted to achieve an ec
centricity of 54◦ before moving to a working distance of 5 mm. The FIB 
and electron beam coincidence was achieved by adjusting the stage- 
beam working distance and spatial stage movement, allowing simulta
neous milling and secondary electron imaging (SEM). Once the eccen
tricity and coincidence were achieved, a protective platinum and carbon 
layers (~1.5 μm thickness of each layer) were deposited using a beam 
(240 pa/30 kV) to protect the surface, as shown in Fig. 4a. A trapezium 
trench, 35μm deep, was milled using 16 nA/30 kV to allow for easy 
viewing of the feature in the third dimension (Fig. 4b). In-lens and 
Secondary Electron (SE) Imaging conditions with 36◦ tilt correction 
(effective 90◦ viewing) were used for fine milling into the indentation 
contact impression (green arrow in Fig. 4a) using ATLAS 3D with 600 
pA/30 kV milling conditions (Fig. 4c).

The obtained 16-bit image stacks from the FIB slicing each had a 
voxel size of 10×10×25 nm3 and examined a volume of 
28.29×12.09×23.35 µm3. 3D image drift was corrected using Fiji 
ImageJ [51] before manually training a Weka Segmentation classifier 

[52] on 20 frames to detect cracks from the matrix and the protective Pt 
layer (Fig. 4d) before applying the trained classifier to the entire image 
stack. The segmented stack was then processed using AVIZO (version 
2020.3.1) to visualise the crack in 3D

3.3.2. Indent morphology
One crack emanated from each of the four corners of the Vickers 

micro-indentation. The cracks were slightly curved near the contact 
impression, but propagated in a straight line along the [110] and [110]
directions (x and y-axis, respectively) (Fig. 5a). The 3D observation of 
the cracks caused by the indentation (Fig. 4e) shows they did not have 
the same length, straight surface trace, and did not conform to a specific 
cleavage system, but – in general – may be described as having a 
Half-penny geometry for the 〈110〉{111} cracks labelled (1) and (3)
inclined by ~35◦ from the (110) near the surface and branching into a 
lateral crack (Fig. 5b) ~3 µm away from the indentation site and deep 
into the sample. The half-penny crack starts from the expected location 
of the plastic zone under the indentation impression. The radial geom
etry for the 〈110〉{110} crack labelled (2) and the 〈530〉{110} crack (4)
also branched to a lateral crack, which can cause chipping. Radial ver
tical cracks started outside the plastic zone and are shallower than the 
half-penny cracks. The half-penny geometry of the crack switches be
tween crystal planes, as seen in Fig. 4d, where the crack changes the 
(111) plane to (211) plane before going back to the (111). Median 
cracks, parallel to the loading axis and induced due to the outward 
stress, were observed directly beneath the indentation impression and 
reached a maximum depth of ~1.1 µm.

The sequence of crack formation with indentation generally starts 
with median cracks, and once the indent is lifted, leaving a residual 
impression, the residual tensile stresses cause lateral cracks that may 
curve upward to meet the surface and cause chipping, whereas the re
sidual hoop stress causes shallow radial cracks [53]. Microcracks 
generated by stresses from the plastic deformation at the contact 
impression vicinity coalesce to form a large crack that propagates to
wards the surface and may influence the radial crack geometry [54] 
Crack deflection may also be related to the crack propagation velocity 
[55,56]. These factors all contribute to the irregular crack shape [57].

3.3.3. HR-EBSD analysis
The elastic deformation at the surface (Fig. 5) was calculated using a 

cross-correlation-based HR-EBSD analysis [13,58] on the collected 
EBSPs with a reference pattern chosen remotely from the stress con
centration [59]. The independent change in interplanar spacing and 
shifts in zone axes were measured in 30 regions of interest (ROI) in each 
EBSP with a bicubic interpolation method for the best-fit solution. After 
the 1st iteration to calculate the local lattice rotation, HR-EBSD analysis 
was repeated to calculate the strain after remapping the pattern with a 
rotation matrix constructed from the local lattice rotation [60]. The 
measured small shifts and distortion between EBSPs and reference EPSP 
were then related to the elastic displacement gradient (∇ue) and polarly 
decomposed to deviatoric strains (symmetric part, where ij = ji), εij,

and lattice rotations (asymmetric part, where ii = jj = 0), ωij. Stress 
was calculated using (001) Silicon anisotropic elastic constants of C11 =

165.7, C44 = 79.6, C12 = 63.9 in GPa [61]. For 18 dislocation types (12 
edge and six screw dislocation systems) of face-centric cubic (FCC) 
mono-Si crystal, the geometrically necessary dislocation (GND) density 
was also estimated from the lattice rotation [62].

The high-quality EBSPs yielded a field with an excellent average 
cross-correlation peak height of 0.87 ± 0.08, and an extremely low 
mean angular error of ± 2.82 × 10− 4 rad (excluding the cracks and 
indentation itself). The deformation fields are symmetrical around the 
indentation impression. For example, compressive normal strains can be 
observed along the x- and y-axes, with in-plane shear stresses positive 
and negative along the cracks, all indicating a residual crack opening 
stress field.

Fig. 4. (a) deposition of protective Platinum (Pt) and Carbon (C) layers. (b) 
Trapezium trench. (c) SE image for the crack. (d) Segmented crack geometry 
(purple) in a Silicon (green) covered with a Pt layer (red). (e) Crack geometry as 
revealed by focused ion beam (see https://shorturl.at/UNlX0).
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The out-of-plane shear strain is minimal, but there is a slight gradient 
in εyz and εxz (Fig. 5b) that, on integration to the displacement field, 
describes a rigid body rotation. This gradient is due to the uncorrected 
pattern centre (PC) shift from beam movement during pattern acquisi
tion [63]. The effect of this gradient on the integrated displacements can 
be removed by assigning the absolute minimum displacement to zero 
and then taking this as the origin to extract the rotation angles (ψ ,θ,ϕ) 
using Kevin Shoemaker’s method [64]. This allows one to construct the 
transformation matrix (R in Eq. (21)) and correct the displacement 
field’s rigid body movement [65]. Fig. 6a shows the inverse relationship 
between the induced rigid body rotation and the thickness (Z) of the 
HR-EBSD information depth. 

R =

⎡

⎣
cosθcosϕ cosθsinϕ − sinθ

sinψsinθcosϕ − cosψsinϕ sinψsinθsinϕ + cosψcosθ cosθsinψ
cosψsinθcosϕ + sinψsinϕ cosψsinθsinϕ − sinψcosϕ cosθcosψ

⎤

⎦

(21) 

The out-of-plane (positive) normal strain distribution (εzz in Fig. 5b) 
is similar to out-of-plane surface displacements that have been obtained 
from optical interference measurements of a Palmqvist crack system 
[66] and correlate with the calculated GND density distribution 
(Fig. 6b). The GND density near the indentation impression edges is 7.7 

± 1.8 × 1012, decreasing gradually to about 2.7 ± 0.9 × 1012 m− 2 with 
83 % of the dislocations at 45◦/〈110〉b to the surface normal (between 1 
and 2 in Fig. 6c) before falling to a background density of 0.3 ± 0.1 ×
1012 m− 2. Silicon is a brittle material at room temperature, but when 
indented, the deformation is accompanied by a competitive process of 
transformation-induced plasticity [67,68] and dislocation nucleation at 
the surface [69,70]. As the indenter moves into the sample, uniform 
material pile-up occurs around the indentation, changing the local 
orientation and strain compared to undeformed material away from the 
indenter contact site. The GND represents lattice rotations resulting 
from crystal distortion and does not necessarily indicate actual plasticity 
[71]. Thus, the calculated geometrically necessary dislocations (Fig. 8b) 
represent equivalent dislocations that maintain the material change in 
orientation. Interestingly, the GND distribution is elliptical and rotated 
by 1.2◦ from the edge trace of the indentation (θ in Fig. 6b). This may be 
due to the indenter being slightly inclined relative to the surface, which 
would affect the measured field and crack length.

3.3.4. Strain integration
Hexahedral (brick) elements with eight nodes were used to struc

turally mesh the field, assuming a thickness Z of the membrane layer 
probed by the backscattered electrons. The model excluded the cracks 
(Fig. 7a), which were identified by their locally elevated level of GND 
density (greater than 1.6 × 1013 m− 2). The thickness Z was obtained by 
simulating the EBSP acquisition process using a Monte Carlo Simulation 
(Casino v2.48 [72]) of the trajectory of 5 million electrons impinging on 
a bulk Si sample (Fig. 7b) with a beam radius of 25 nm at these condi
tions [73]. The probabilities of the (EBSP) signal being from a certain 
depth were binned (Fig. 7c) into differently sized ranges from 1 to 1600 
nm, with the mean (50 % probability) at 173 nm and the mode at 40 nm. 
The strain field was then integrated into the equivalent elastic 
displacement field for these values of Z, i.e., different ranges of the EBSP 
information depth.

The profile of the out-of-plane displacement Uz increases towards the 
indenter centre, similar to the GND density profile discussed earlier. The 
magnitude of the Uz changed with the assumed membrane thickness, as 
did the spatial distribution (Fig. 8), although the in-plane displacements 
(Ux and Uy) were identical in magnitude and did not change with Z. 
Results for Z = 700 nm are shown in Fig. 9b–d. The in-plane displace
ments (Fig. 9c and d) indicate that the cracks may be under a residual 
tensile opening. It is generally assumed that once the indenter is 
removed, the cracks should be minimally loaded [74–76] only by the 
residual tensile stresses exerted due to the compressed plastic zone. This 
assumption will be investigated shortly.

The out-of-plane displacement fields, calculated using a range of 
assumed depth Z, were compared to the topographical profile of the 
indentation impression measured using AFM. Agreement in magnitude 
was found both at Z of 700 nm and 16 nm (Fig. 8b), but the distributions 
agreed best at 700 nm, which is also the depth within which 91.7 % of 
the signal is produced.

The depth resolution of EBSD is widely accepted to vary between 10 
and 40 nm, decreasing with the material’s atomic number [77]. 
Nevertheless, experimental measurement, using a differently thick 
transparent amorphous layer of Cr coating a mono-Si crystal, indicated 
that the depth of resolution may be as shallow as 2 nm [78]. However, 
using a similar experimental approach, different results were reported 
(Table 1) with no clear trend. For example, Isabell and David [79] 
concluded that depth resolution in Si could extend to 1 µm due to in
elastic scattering (including tangential smearing and channelling effect). 

Fig. 5. (a) Secondary electron microscopy (SEM) image for the indentation on the (001) mono-Si crystal. (b) HR-EBSD deviatoric strain and rotation components. 
The location of the reference EBSP0 is highlighted with a star in εyz.
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Thus, the apparent depths of 16 or 700 nm are still reasonable.
MC simulation results appear more consistent, decreasing with ma

terial density, as the calculated depth of resolution for EBSPs formation 
is understood using Bloch wave theory. In this context, backscattered 
primary electrons, after interacting with the crystal lattice, exit the 
surface carrying information about the crystallinity of the volume that 
interacts with the electrons. The backscattered electrons (BSE) energy 
distribution depends on the material’s characteristics and the beam 
conditions [96]. This BSE wave field is also affected by the thermal 
diffuse scattering process that causes incoherent and inelastic (energy 
loss) scattering – after the Bragg diffraction events – which does not, yet, 
have a complete physical description that can be related to mechanisms 
that constitute EBSP depth resolution [97,98]. However, there are 
supporting arguments that MC simulation gives an (accurate [85,93]) 
approximation that is based on the wrong assumptions [78].

On the contrary, the experimental results in Table 1 are not consis
tent. These experiments are highly cumbersome due to the need for 
highly precise and well-calibrated equipment, with the results open to 
interpretation [99]. This is mainly because there is no agreement about 
the definition/criteria of depth resolution. For example, definitions that 
are dependent on where ~92 % of the signal is generated [100,101], 
pattern quality [78], or as ambiguous as “where useful information is 
obtained” [102]. All reported values in Table 1 either do not provide a 

Fig. 6. (a) Corrected rigid body Euler angles (ψ, θ, ϕ) extracted from the out-of-plane shear strain field gradients of Fig. 5b, as a function of the assumed layer 
thickness, Z, of HR-EBSD information. (b) Estimated geometrically necessary dislocations (GND) density with the theoretical circular profile around the indentation 
in dashed white lines and the experimental oblique profile in continuous white lines. The angle between the circle and the oblique is θ. The dashed black line is where 
the GND density line profile shown in (c) is taken, starting from near the indentation impression and going outward.

Fig. 7. (a) The membrane layer represents the probed field excluding the crack 
stem and is meshed using an eight-node Hexahedron element. (b) Monte Carlo 
simulation of an electron’s trajectory. (c) Probability of backscattered electrons.
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definition or lack a rationale for the definition. In addition, most of these 
experiments do not mention the beam size, tilt angle, beam to sample 
and sample to detector working distance, and – sometimes – even the 

beam energy, which are critical parameters for determining (or simu
lating) the depth resolution of the patterns as the interaction volume 
increases with beam energy and size and decreases with the sample 

Fig. 8. Displacement Integration assumes a different membrane (Z) thickness, illustrated as (a) Uz maps and (b) absolute average. The absolute average of the 
integrated displacement fields was calculated from a 25×25 µm² window centred around the indent to match the AFM window.

Fig. 9. (a) AFM measured topography around the indentation impression. Integrated (b) Uz, (c) Ux and (d) Uy elastic displacement calculated while assuming 700 nm 
depth (Z).
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atomic number or density [79]. Also, the beam current is not considered 
a parameter that affects the depth resolution, either in experimental or 
simulation settings. However, it affects the beam spot size and the 
pattern signal-to-noise (S/N) ratio [91,103,104]. Most importantly, 
conclusions drawn from both experiments and simulations assumed the 
surface is pristine and that the depth resolution is heterogeneous, which 
is not valid for a deformed sample [78].

Determining the depth resolution is still challenging, as it was made 
clear from the contradicting depth resolution reported in the literature; 
thus, we will assume the depth resolution as 700 nm (where 91.7 % of 
the information is coming from, Fig. 7c) considering that this depth 
resolution yields (elastic) out-of-plane displacement similar to AFM.

The robustness of the integration against experimental artefacts is 
further demonstrated in the Supplementary Information, which includes 
additional optimisation methods to account for noise and missing 
points. For more information about how noise and HR-EBSD reference 
patterns affect fracture parameters, please refer to [105] and [39,106], 
respectively.

3.3.5. Calculating fracture parameters
To characterise the indentation cracks, we use the elastic strain field 

obtained from HR-EBSD to calculate the stress intensity factors for the 
inclined (111) crack labelled (3) and the orthogonal (110) crack labelled 
(2). The three-dimensional stress intensity factors (SIFs) can be extrac
ted using the interaction integral natively implemented in ABAQUS® 
finite element solve, which uses the displacement field obtained from 
integrating the elastic strains at a 700 nm depth of information as a 
boundary condition and the material’s elastic stress-strain relationship 
[33]. Plane stress conditions were assumed by considering the thin 
probed layer and that the sample is not constrained at the surface; thus, 
it deforms freely in the third dimension [107]. The interaction integral 
approach – as implemented in ABAQUS® – is robust [50] and less sen
sitive to the crack position compared to field fitting approaches [108].

The field at crack 3 (the (111) crack, Fig. 10) was mainly compres
sive εxx, with a minimal εyy (localised at the crack tip) and a uniform in- 
plane shear strain along the crack. The strains εxx and εzz uniformly 
encapsulated the crack (Fig. 10a). The analysis of the field, when 
calculated for integration contours where convergence stabilised 
(shaded area in Fig. 10b), obtained a total mode I stress intensity factor 
(KT

I ) of 0.02 ± 0.00 MPa m0.5, including the in-plane component of 
mode I (KI) that equals 0.01 ± 0.00 MPa m0.5, in-plane mode II shear 
(KII) of − 0.38 ± 0.00 MPa m0.5, and out-of-plane mode III shear (KIII) of 
− 0.38 ± 0.01 MPa m0.5. Because the HR-EBSD field represents a residual 
elastic field, a negative or vanishing mode I indicates the absence of 
residual opening, and the existence of a compressive field at the crack tip 
that is closing the crack. The signs of the shear components (KII and KIII) 
depend solely on mesh-based nodal ordering and are not physically 
meaningful [109]. Therefore, the crack exhibits residual shear loading in 
a direction inclined to the indented surface, with a negligible opening 
load.

On the other hand, crack 2 (the (110) crack, Fig. 11) has a field with 
similar in-plane and out-of-plane shear strain but without an apparent 
strain εyy localisation at the crack tip. The strains εxx and εzz are also not 
uniformly distributed around the crack. The crack plane is orthogonal to 
the surface and is loaded by a KT

I of − 0.31 ± 0.04 MPa m0.5, KI of − 0.19 

± 0.03 MPa m0.5, KII of 0.26 ± 0.02 MPa m0.5, and KIII of − 0.66 ± 0.01 
MPa m0.5.

The higher out-of-plane mode III (KIII) and the out-of-plane compo
nent of mode I (Kr

I ) in these examples, inflate the value of the strain 
energy release rate (J-integral) to extend it so that it can be higher than 
those measured for loaded cracks [110]. This is because KIII and Kr

I are 
dependent on the depth resolution and the size of the integrated window 
[106]. Thus, these values should be dismissed unless correction methods 
are developed to address these dependencies. Additionally, because the 
assumed information depth influences only the out-of-plane displace
ment component, and this dependency has already been quantified and 
validated against AFM measurements, any resulting variation in the 
fracture parameters, namely KIII and Kr

I , is bounded by the same un
certainty, and does not require a separate sensitivity analysis.

Although it is somewhat speculative to conclude from these analyses; 
the observation of mode I in the crack (2), which is orthogonal to the 
surface, and the higher mode II of crack (3), which is inclined to the 
surface, is interesting. This difference in the mechanical conditions 
ahead of these cracks may be due to the orientation of the crack plane 
geometry relative to the indentation. Both cracks have the same direc
tional Young’s modulus and Poisson’s ratio [61] due to similar forces 
from the indentation. The difference in crack planes between cracks (2)
and (3) is speculated to be due to the relationship between the plane 
normalised stress and the plane fracture toughness, i.e., for crack (2)
σ⊥{110}/KIc{110} > σ⊥{111}/KIc{111} [111] and surface cracks, mixed mo
dality may be due to stress relaxation from lateral cracking [112].

Considering the crack shape, the measured surface mechanical 
conditions will change with depth; an in situ three-dimensional strain 
map will be optimal for fully characterising the crack field and properly 
linking it to geometry, especially in materials where the local fracture 

Table 1 
Measured EBSP depth resolution from experiments and Monte Carlo (MC) based 
simulation to infer EBSP depth resolution. Density was measured at room 
temperature.

Author Material Density 
(kg/m3)

Voltage 
(kV)

Depth 
Resolution (nm)

Dingley [77] – – – 10–40
Dingley and Randle 

[80]
– – – 10

El-Dasher et al. [81] – – – ~20
Bhattacharyya and 

Eades [82]
– – – < 1000 (MC)

Zaefferer [78] Si 2.33 15 3.5 ± 1.5
Yamamoto [83] Al 2.70 20 50
Bhattacharyya and 

Eades [82]
Al 2.70 20 15–40

Baba-Kishi [84] Al 2.70 20 > 50
Ren et al. [85] Al 2.70 20 115 (MC)
Isabell and Dravid 

[79]
Al 2.70 30 ~400

Michael and Goehner 
[86,87]

Al 2.70 40 100

Yamamoto [83] Al 2.70 50 120
Isabell and Dravid 

[79]
Nb 3.58 30 < 1000

Isabell and Dravid 
[79]

SrTiO₃ 5.11 30 ~300

Keller et al. [88] GaAs 5.32 15 30
Steinmetz and 

Zaefferer [89]
Fe 7.87 7.5 10

Bordín et al. [90] σ-Fe 7.87 20 16 (MC)
C. Zhu et al. [91] Ni 8.91 10 10 (MC)
Harland et al. [92]2 Ni 8.91 30 <

∼
10

Kohl [79,93] Ni 8.91 30 5–6 (MC)
Michael and Goehner 

[86,87]
Ni 8.91 40 20

Chen et al. [94] Cu 8.96 5 38
Chen et al. [94] Cu 8.96 10 46
Yamamoto [83] Cu 8.96 20 20
Ren et al. [85] Cu 8.96 20 35 (MC)
Chen et al. [94] Cu 8.96 30 72
Yamamoto [83] Cu 8.96 50 50
Ren et al. [85] Ag 10.49 20 30 (MC)
Isabell and Dravid 

[79]
W 19.30 30 ~50

Ren et al. [85] Au 19.30 20 22 (MC)
Harland et al. [95] Au 19.30 30 80
Michael and Goehner 

[86,87]
Au 19.30 40 10

2 Using a small-angle detector.
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behaviour needs further investigation. In principle, this could be ach
ieved by a 3D strain measurement technique, such as Laue micro- 
diffraction [47], performed in situ, or it could be done using in situ 
EBSD with a sample geometry that allows examination of the crack 
under load, such as indentation close to an edge (see [113]). Thus, the 
method discussed here can be used with (three-dimensional [47,48,
112]) local deformation measurement to calculate fracture toughness 
without detailed knowledge of the indentation deformation process or 
the crack length; thus, it can analyse short cracks that do not fit the 
Lawn-Evans-Marshall (LEM) model.

4. Potential applications

4.1. Fracture at the micro-scale

Fracture toughness at the microscale (e.g., of brittle coatings, parti

cles and hard surfaces) is typically estimated by analysis of indentation- 
induced cracking via empirical equations, with assumptions of the crack 
geometry [114–116] and the loading history of the crack tip during 
indentation [75]. For example, as we showed in the last example, Lawn 
et al. [117–120] indicated that the mode I fracture toughness (KIC) can 
be estimated for a half-penny-shaped crack that is induced by Vickers 
indentation with knowledge of the contact impression radius (a), the 
surface crack length (l), Young’s modulus (E), Hardness (H), and 
maximum indenter load (P), where xv, is a fitting factor with a value of 
0.015 ± 0.007 [115,121]. Dukino and Swain [122] later modified Eq. 
(22) for Berkovich indentation. 

KIC = xv

(
E
H

)1/2 P
c3/2, c = l + a (22) 

One potential drawback of using indentation to assess toughness is 
the uncertainty of the true subsurface crack shape, as the Palmqvist 

Fig. 10. (a) Elastic strain and displacement fields for (111) crack number 3 in Fig. 5a. Displacement was integrated, assuming a 700 nm depth resolution. (b) J- 
integral and stress intensity factors were calculated from the crack field.

Fig. 11. (a) Elastic strain and displacement fields for (110) crack number 2 in Fig. 5a. Displacement was integrated, assuming a 700 nm depth resolution. (b) J- 
integral and stress intensity factors were calculated from the crack field.
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cracks that can initiate from the indentation impression corners [66]) 
appear similar to median or radial cracks [120]. The significant range of 
xv also leads to some inconsistency (and forced consistency [123]) in the 
toughness values obtained using indentation. One in-depth review [124] 
concluded that – even for a highly finished surface – the indentation 
fracture method has "poor value" due to large scatter and user bias, and 
some believe that fracture toughness determined using indentation 
should not be accepted, and such data can only be used for comparative 
purposes [125]. Some of the issues – especially for anisotropic brittle 
materials – include dependency on the indenter tip angle [126–128], 
crack deflection [57,129], indentation depth/load dependency [130], 
and the effects of surface pile-up and size-dependent plastic deformation 
[131]. For further critical reviews on the indentation fracture method, 
see [132–134].

More importantly, indentation cracking is a complex phenomenon, 
as illustrated by the case of silicon at room temperature. Silicon can 
deform in compression through a high-pressure phase transformation 
from a diamond cubic structure (Si-I phase) to a body-centred tetragonal 
structure (β-Si or Si-II phase). The change in stress field with the 
application and removal of the indenter leads to elastic ‘pop-in’ and 
‘pop-out’ by transformation-induced plasticity to the cubic BC8 (α-Si or 
Si-III phase) or rhombohedral R8 structure (Si-XII). Cracking occurs due 
to the resulting strain mismatch [67,68]. Furthermore, the cracks that 
develop at the microscale within single grains on specific cleavage 
planes, or along grain boundaries, are not necessarily oriented perpen
dicular to the indented surface and may propagate under mixed-mode 
conditions. Thus, what we have developed in the previous example 
can be used to quantify the fracture toughness of 
nanoindentation-induced cleavage cracks, providing alternatives to 
micro-pillar and cantilever experiments, the indentation fracture 
method, and analytical solutions.

4.2. Beyond fracture

The J-integral was extensively used in conjunction with surface 
measurements; however, volumetric quantification coupled with this 
approach may provide insights into the criteria for deformation-twin 
[105]/slip-band [106]/micro-cracks propagation [135], as well as 
twin/slip thickening and twin variant selection. The method is of in
terest because, firstly, the J-integral can be calculated directly from 
experimental data without resorting to crystal plasticity models or 
knowledge of the loading condition or specimen geometry. Secondly, 
the mechanical condition of a twin can be readily obtained by decom
posing the J-integral into opening and shear modes, which are described 
as stress intensity factors [3,6,33]. Thirdly, the nature of the J-integral 
facilitates the employment of finite element analysis, and its evaluation 
is implemented natively in most FE solvers. Furthermore, the experi
mental strain-integrated displacement field used in the J-integral 
assessment can be easily incorporated with crystal plasticity models, 
which can simulate twin growth via the extended finite element method 
(XFEM [136,137]). Such analyses would benefit from advanced strain 
energy integral definitions that can be applied to linear elastic and 
elastic-plastic materials to address factors, including surface traction 
[138], loading and internal tractions [139], thermal [140] and elec
trochemical [141], residual stresses [142] and boundary interactions 
[143–145], which are natively implemented in commercial Finite 
element software.

Other path-independent conservation integrals are evaluated over a 
surface that encloses a defect [146,147] can be used to represent a 
configurational force measured around defects, as most of the 

information required for computing these integrals is either directly 
obtained from local measurements or can be approximated (i.e., inte
grating strains to obtain displacements). For example, the elastic field at 
a dislocation can be measured using HR-TKD [148] and analysed using 
the J-, M-2 and L-integrals [149–151], dislocations arrangement 
measured using high-resolution synchrotron diffraction [152] can be 
parameterised using M-integral [153], misfitting inclusions and voids 
measured using HR-EBSD [154,155] can be evaluated using the Eshelby 
integral [156], M-integral [157], and pile-ups ahead of the slip band 
impinged at grain boundaries measured using HR-EBSD [158] or Laue 
micro-diffraction combined with differential aperture microscopy 
(DAXM) [159] and analysed using the vectorial J-integral to predict the 
slip system to nucleate [147].

Furthermore, considering the analysed stress concentration, the 
measured surface mechanical conditions will change with depth; an in 
situ three-dimensional strain map will be optimal to fully characterise 
the concentration field and properly link it to geometry, especially in 
materials where the local fracture behaviour needs further investigation 
and the material does not have a trackable volumetric structure suitable 
for digital volume correlation (DVC). This can be achieved using DAXM 
for depth-resolved 3D X-ray microscopy at the 34-ID-E beamline, the 
Advanced Photon Source (APS) [47], or dark-field X-ray microscopy 
available at the European Synchrotron Radiation Facility (ESRF) [48].

5. Conclusion

This work establishes a general finite-element framework that re
constructs displacement fields directly from experimentally measured 
elastic strains, removing the dependence on unknown boundary condi
tions or applied loads. By casting strain integration as an over- 
determined least-squares problem, the method delivers stable solu
tions for both two- and three-dimensional fields. Validation against 
analytical crack-tip solutions demonstrates that the reconstructed dis
placements and corresponding stress intensity factors match theoretical 
values with high accuracy. Application to HR-EBSD measurements 
around Vickers-induced cracks in monocrystalline silicon confirms that 
the method can accommodate realistic experimental noise while 
reproducing independent topographic measurements and resolving 
local mixed-mode residual loading.

The approach, therefore, provides a practical route to convert high- 
resolution strain measurements into mechanically meaningful fracture 
parameters, enabling quantitative assessment of microscale cracks in 
complex materials. Its formulation is compatible with diffraction-based 
three-dimensional strain mapping techniques and in situ experiments, 
making it suitable for studying evolving damage processes, short cracks, 
and microstructural features that cannot be characterised reliably 
through conventional indentation-based toughness methods or analyt
ical assumptions. The framework thus opens the way for systematic 
integration of local strain microscopy with fracture mechanics across 
multiple length scales.

The code associated with this work is available at 10.5281/zenodo. 
6411572.
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[152] O. Muránsky, L. Balogh, M. Tran, C.J. Hamelin, J.S. Park, M.R. Daymond, On the 
measurement of dislocations and dislocation structures using EBSD and HRSD 
techniques, Acta Mater. (2019), https://doi.org/10.1016/J. 
ACTAMAT.2019.05.036.

[153] J.H. Chang, A.J. Chien, Evaluation of M-integral for anisotropic elastic media 
with multiple defects, Int. J. Fract. 114 (2002) 267–289, https://doi.org/ 
10.1023/A:1015561313059.

[154] P.S. Karamched, A.J. Wilkinson, High resolution electron back-scatter diffraction 
analysis of thermally and mechanically induced strains near carbide inclusions in 

a superalloy, Acta Mater. 59 (2011) 263–272, https://doi.org/10.1016/J. 
ACTAMAT.2010.09.030.

[155] Y. Guo, C. Zong, T.B. Britton, Development of local plasticity around voids during 
tensile deformation, Mater. Sci. Eng.: A 814 (2021) 141227, https://doi.org/ 
10.1016/J.MSEA.2021.141227.

[156] J.D. Eshelby, R.E. Peierls, The determination of the elastic field of an ellipsoidal 
inclusion, and related problems, Proc. R. Soc. Lond. Math. Phys. Sci. 241 (1957) 
376–396, https://doi.org/10.1098/rspa.1957.0133.

[157] T. Hui, Y.H. Chen, The M-integral analysis for a nano-inclusion in plane elastic 
materials under uni-axial or bi-axial loadings, J. Appl. Mech., Trans. ASME 77 
(2010) 1–9, https://doi.org/10.1115/1.3176997/469765.

[158] Y. Guo, T.B. Britton, A.J. Wilkinson, Slip band–grain boundary interactions in 
commercial-purity titanium, Acta Mater. 76 (2014) 1–12, https://doi.org/ 
10.1016/J.ACTAMAT.2014.05.015.

[159] Y. Guo, D.M. Collins, E. Tarleton, F. Hofmann, A.J. Wilkinson, Britton T ben, 
Dislocation density distribution at slip band-grain boundary intersections, Acta 
Mater. 182 (2020) 172–183, https://doi.org/10.1016/j.actamat.2019.10.031.

[160] J. Cockle, Notes on the theory of algebraic equations, Mech.’ Magazine 55 (1851) 
331.

A. Koko et al.                                                                                                                                                                                                                                    Acta Materialia 304 (2026) 121818 

17 

https://doi.org/10.1016/j.scriptamat.2018.12.039
https://doi.org/10.1016/j.scriptamat.2018.12.039
https://doi.org/10.1016/J.MECHRESCOM.2017.09.001
https://doi.org/10.1016/J.MECHRESCOM.2017.09.001
https://doi.org/10.1016/J.IJSOLSTR.2015.01.025
http://refhub.elsevier.com/S1359-6454(25)01106-1/sbref0151
http://refhub.elsevier.com/S1359-6454(25)01106-1/sbref0151
http://refhub.elsevier.com/S1359-6454(25)01106-1/sbref0151
https://doi.org/10.1016/J.ACTAMAT.2019.05.036
https://doi.org/10.1016/J.ACTAMAT.2019.05.036
https://doi.org/10.1023/A:1015561313059
https://doi.org/10.1023/A:1015561313059
https://doi.org/10.1016/J.ACTAMAT.2010.09.030
https://doi.org/10.1016/J.ACTAMAT.2010.09.030
https://doi.org/10.1016/J.MSEA.2021.141227
https://doi.org/10.1016/J.MSEA.2021.141227
https://doi.org/10.1098/rspa.1957.0133
https://doi.org/10.1115/1.3176997/469765
https://doi.org/10.1016/J.ACTAMAT.2014.05.015
https://doi.org/10.1016/J.ACTAMAT.2014.05.015
https://doi.org/10.1016/j.actamat.2019.10.031
http://refhub.elsevier.com/S1359-6454(25)01106-1/sbref0160
http://refhub.elsevier.com/S1359-6454(25)01106-1/sbref0160

	Computation of displacements from strain fields: Derivation, validation, and application
	1 Introduction
	2 Numerical method
	3 Illustrative examples
	3.1 Synthetic 2D mode I crack tip field
	3.1.1 Analytical dataset
	3.1.2 Results and discussion

	3.2 Synthetic 3D mixed-mode crack field
	3.2.1 Analytical dataset
	3.2.2 Results and discussion

	3.3 HR-EBSD field around a nanoindentation
	3.3.1 Methodology
	3.3.2 Indent morphology
	3.3.3 HR-EBSD analysis
	3.3.4 Strain integration
	3.3.5 Calculating fracture parameters


	4 Potential applications
	4.1 Fracture at the micro-scale
	4.2 Beyond fracture

	5 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interests
	Acknowledgements
	Supplementary materials
	References


