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Quantum subspace expansion approach for simulating dynamical response
functions of Kitaev spin liquids
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We develop a quantum simulation-based approach for studying properties of strongly correlated magnetic

materials at increasing scale. We consider a paradigmatic example of a quantum spin liquid (QSL) state hosted
by the honeycomb Kitaev model and use a trainable, symmetry-guided ansatz for preparing its ground state.
Applying the tools of quantum subspace expansion (QSE), Hamiltonian operator approximation, and overlap
measurements, we simulate the QSL at zero temperature and finite magnetic field, thus moving outside of the

symmetric subspace. Next, we implement a protocol for quantum subspace expansion-based measurement of
spin-spin correlation functions. Finally, we perform QSE-based simulation of the dynamical structure factor
obtained from Green’s functions of the finite field Kitaev model. Our results show that quantum simulators
offer an insight into quasiparticle properties of strongly correlated magnets and can become a valuable tool for

studying material science.
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I. INTRODUCTION

Studying materials with strong correlations is essential for
discovering new phases of matter [1], which in turn can en-
able further technological advances [2—4]. Strongly correlated
materials correspond to quantum systems where complex
many-body interactions prevent them from being described in
the mean-field approach, and thus are difficult to study owing
to complexity increasing with system size [5]. One example
corresponds to the family of strongly correlated magnetic
materials [6], which includes quantum spin liquids [7] and
Kitaev materials [8—11]. These systems can be described by
two-dimensional (2D) models that exhibit long-range corre-
lations [12], ground-state entanglement [13], fractionalized
statistics of excitations [14,15], among many other features
[16]. State-of-the-art numerical methods include density ma-
trix renormalization group (DMRG) [17] with other tensor
network (TN) approaches [18,19], and quantum Monte Carlo
(QMCQC) [20,21]. DMRG is instrumental for describing large
systems with up to a hundred sites, but truncates correlations
and typically assumes cylindrical topology [7,22]. TNs offer
excellent results for 1D systems, but tensor contractions for
2D models remain a challenge [23,24]. QMC works suc-
cessfully for lattices of varying dimensionality [5,25] but is
confined to nonzero temperature and can suffer from the sign
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problem [26]. All the aforementioned methods are suitable
for studies of ground-state properties, while dynamical studies
remain a challenge. When studying zero temperature behavior
in the absence of symmetries and with the need of evolving
states, magnetic systems require using exact diagonalization
(ED) [27]. For ED the state-of-the-art remains limited to
N = 48 sites [28,29]. Consequently, the development of new
numerical tools capable of simulating quantum dynamics on
larger scales is necessary. To this end, an end-to-end quantum
algorithmic toolbox supported by quantum simulation hard-
ware with reduced noise is much desired by material scientists
studying finite-size scaling of strongly correlated matter [30].

Quantum simulation (QS) and computing may offer a dis-
tinct powerful framework for studying materials at regimes
that are inaccessible to classical numerics [31-33]. The goal
of quantum simulation is to implement effective Hamil-
tonians of quantum systems with a controllable quantum
hardware [34-36], and study their properties via state prepa-
ration [37,38], unitary evolution [39—41], and measurements
[42,43]. QS is particularly suitable for material science prob-
lems when hardware matches the lattice topology of the
simulated system [44,45], reducing the overhead for quantum
runs. Towards the correlated matter studies, current state-
of-the-art QS include Rydberg atom-based implementation
for 2D topological spin liquid of Anderson type [46], Ising
models with varying lattice geometry and ordering [35,47,48],
superconducting circuits-based QS of topologically ordered
matter [49], discrete time crystals [50-52] etc. Recent QS
results on studying dynamics for the kicked transverse Ising
model on a heavy-hex lattice [53] suggested the quantum
utility for such tasks run on 1004 qubit registers. Despite

Published by the American Physical Society


https://orcid.org/0000-0001-5229-5208
https://orcid.org/0000-0002-5679-209X
https://orcid.org/0000-0002-1888-6490
https://orcid.org/0000-0002-9222-9317
https://orcid.org/0000-0002-6259-6570
https://ror.org/03yghzc09
https://ror.org/015w2mp89
https://ror.org/04g2vpn86
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevMaterials.9.034401&domain=pdf&date_stamp=2025-03-04
https://doi.org/10.1103/PhysRevMaterials.9.034401
https://creativecommons.org/licenses/by/4.0/

CHUKWUDUBEM UMEANO et al.

PHYSICAL REVIEW MATERIALS 9, 034401 (2025)

Ising @
coupling

overlap measurement frequency magnetic field

state [ H) A<

preparation

J S~

N\
O - Aortex o | oXX¢
’.‘ 2z 1\ v
{/ \. ’ }@‘é
YY 32
O=0

[ ] 23

XX

DOS

» »

frequency

Z
-‘/ i

honeycomb Kitaev
model

Kitaev magnetic
material

quantum simulator

density of states and
quasipatricle dispersion

quantum dynamics

FIG. 1. Sketch of the workflow for quantum subspace expansion-based approach for studying properties of Kitaev materials. First, material
physics is mapped into a strongly correlated spin model that can host a spin liquid (here represented by the honeycomb lattice Kitaev model
for spin-1/2). Next, the spin Hamiltonian is mapped into a quantum simulator with the same coupling topology, representing a quantum digital
twin. Then, we perform state preparation and dynamical evolution with the system Hamiltonian, followed by overlap measurements (via
Hadamard test, reference state comparison, or equivalent). Finally, the measured overlaps are post-processed to distill the information about
off-diagonal Green’s functions for spin-spin correlations, dynamical structure factor (DSF), and quasiparticle response functions.

the fact that alternative classical solutions can still reach this
scale [54,55], these simulations start to be very difficult to
test in silico. The advances of quantum hardware and reduced
noise level thus open new opportunities for strongly correlated
magnetism [11]. However, it is yet to be shown how the
ability to evolve many-body Hamiltonians can be converted
into relevant insights into material properties.

On the quantum software side, quantum simulation tasks
can be split into two parts: ground-state preparation [56] and
simulation of dynamical properties [57]. Ground-state prepa-
ration involves finding the lowest energy state of a quantum
system, which can be achieved using the variational quantum
eigensolver (VQE) for near-term devices [58,59]. VQE has
been used to study molecular systems [60—64] and models of
magnetic materials [45,65-68]. A distinct approach for these
tasks is to use dynamics and overlap measurements with quan-
tum subspace expansion (QSE) [42,68-75], also known as
quantum filter diagonalization [69,72], where evolution-based
ansatz allows studying low-energy physics of simulated mod-
els. This is closely related to Krylov-type methods [76-78]
and their quantum equivalents [71,79]. QSE avoids pitfalls
of barren plateaus [80,81], and can be employed to access
beyond-ground-state physics [69]. Applications of quantum
subspace expansion include studying electronic structure [75],
calculating Green’s functions via QS [82-86], and estimating
other response functions. This approach provides a powerful
tool for probing the properties of strongly correlated models
that are challenging to study using other methods [30].

In this paper, we develop a quantum simulation-based
workflow for studying properties of strongly correlated mag-
netic materials at increasing scale. Taking the honeycomb
Kitaev model as an intriguing example [87,88], we describe
steps of preparing a quantum spin liquid state as an approx-
imate ground state in the symmetric sector (Sec. II), and
effectively cooling the system to the symmetry-broken QSL
via quantum subspace expansion (Sec. III). We show that
using just a few steps of evolution with a nearest-neighbor
Hamiltonian, supplemented with overlap measurements, we
are able to reach QSL physics at zero temperature. We design
the measurement strategy that by using the same ingredients
allows the measurement of dynamical response functions,
density of states, and generic Green’s functions for spin-spin
correlations (Sec. IV). From the selected measurements of

Green’s functions we map out the dynamical structure factor
for the finite field Kitaev model (Sec. V). Our study paves
a road towards establishing a quantum simulation toolbox for
future studies of quasiparticle properties of strongly correlated
materials.

II. KITAEV MODEL

We study the honeycomb Kitaev model—a model of inter-
acting spin-1/2s with exchange anisotropy on a honeycomb
lattice, which can contribute to the description of compounds
known as Kitaev materials (Fig. 1, left) [10]. The Kitaev
model is composed of the Ising interaction terms with alter-
nating basis, where different bonds correspond to XX, YY,
and ZZ two-body interactions (Fig. 1, middle) [7,16,89]. The
corresponding Hamiltonian for N sites reads

ey

1‘70 =J* Z
(

XX+ 0 Y W4T Y 22,
ijleX ( (ij)eZ

ij)ey

where X;,Y;, Z; are the Pauli operators acting on qubit i,
and J* (@ = x, Y, z) are Ising coupling constants. While gen-
eral coupling can be considered, it is instructive to study an
isotropic point of J* = J, which leads to the competition
between couplings. Here, X, ), and Z are sets containing
pairs of nearest-neighbor sites (bonds). The sets of bonds
can be defined to accommodate various boundary conditions.
We consider the coupling arranged using periodic bound-
ary conditions on a torus, since such configuration is most
representative of thermodynamic limit physics [90,91]. The
ground state of the Hamiltonian (1) hosts the quantum spin
liquid phase of the Kitaev type, characterized by long-range
correlations and interesting physics even at limited system
sizes [27]. At the same time, it is known to be integrable in
the absence of symmetry-breaking terms, usually analyzed in
terms of Majorana fermions or vortex excitations [89,91]. For
the extensive review of Kitaev physics we refer to specialized
reviews in Refs. [7,10,16], and studies of correlated materials
including iridates (Na,;IrO3) and ruthenates («-RuCl3), among
others [11].
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Next, we introduce an additional term corresponding to the
external magnetic field [27,92],

N N N
Hmagn = Z hf)zl + Z h;Yl + Z hfzia (2)
i=1 i=1 i=1

where A are the Cartesian components of the magnetic field
acting on site i. The full finite field Kitaev model Hamil-
tonian therefore is the sum of two terms, H = Hy + I-?magn.
Note that the major consequence of adding ﬁmagn to the pure
honeycomb Kitaev Hamiltonian is breaking the symmetry
corresponding to vortex conservation (to be discussed in the
next subsection). This makes the model highly nontrivial to
study, already at the level of quantum phase transitions in
the ground state [27]. For instance, aspects of magnetic field
dependence and the presence of a gapless spin liquid remain
a matter of debate [93].

Finally, we note that symmetry breaking can also be
achieved by adding the next-nearest-neighbor coupling terms
and anisotropy. We stress that the developed quantum simula-
tion approach is also suitable for studying generalized Kitaev
models and Kitaev-Heisenberg Hamiltonians that are closer to
real materials [11,94,95], as long as some approximate initial
state is prepared and QSE is performed.

Field-free ground-state preparation

Let us return back to the pure (zero-field) Kitaev model Ho.
This Hamiltonian is of particular interest as it is exactly solv-
able (meaning its observables can be studied with tractable
“polynomial depth” calculations). Kitaev demonstrated this
by reducing the model to free fermions in a static Z, field [89].
While this method works well in the thermodynamic limit
and studying dispersions, for finite-size systems and states
the treatment is less trivial and generally requires gauge fix-
ing [90,96]. If we desire to perform ground-state preparation
(GSP) for finite systems, keeping the spin-1/2 description, and
remain in the symmetric subspace, one requires an alterna-
tive method. One option was proposed in Ref. [88] where a
symmetry-aware ansatz for variational preparation was de-
veloped. Being in essence similar to geometric quantum
machine learning [97,98], this has proven to be a train-
able approach when symmetries are embedded to enable an
equivariant workflow from initialization through variation,
and measurement.

Let us briefly describe the main ingredients for efficient
GSP for the symmetric point of the Kitaev Hamiltonian,
i.e., Hy [88]. First, we need to define plaquette operators
), which represent symmetry operators for the honeycomb
Kitaev model. These operators are composed of the prod-
ucts of bond operators multiplied along a plaquette (loop).
For instance, multiplying YY, XX, ZZ bond operators in
the counterclockwise direction, as shown in Fig. 1 (middle),
we obtain the plaquette operator | = X2, X425%s (indices
here are labeled simply by incrementing from the starting ver-
tex; actual indexing depends on the system size considered).
Working in the vortex basis, the expectation value of each W,
defines the presence or absence of a vortex in the correspond-
ing plaquette w, [7,90]. Each plaquette operator commutes
with all the others, as well as, crucially, the zero-field Kitaev

Hamiltonian [16],

[0, By =0 ¥p,p, [0, Hl=0Yp. (3
As a consequence, the number of vortices is conserved in
the system. There are also two loop operators le,y, defined as
products of bond operators along a closed loop around the
torus. These also define integrals of motion, as [le,y, Hyl =
0. Together with the plaquette operators, these define the
stabilizer group [99],

S = {w,}r_, U{L. 1}. )

Hence, these symmetries can be used to motivate the search
for a suitable ansatz. The system is first initialized in a eigen-
state of S. As explained in further detail in Ref. [88], this
initial state is prepared using a set of projections onto each of
the plaquette and loop operators. These projectors can be im-
plemented via a set of single and two-qubit gates acting on an
extended register. After this, the system is placed into the vor-
tex eigenspace, which contains the (degenerate) ground state.
Note that moving between vortex sectors is easy, as they can
be generated and annihilated in pairs by local rotations [91].

Once the initial state is prepared, we know we are in the
vortex sector where the ground state lies. Hence, the varia-
tional ansatz should not take us out of this subspace. With
this in mind, we construct our variational ansatz U (9) using a
set of centralizers of the stabilizer group, C(S) [100], which
for this model are two-body Pauli operators acting along the
bonds of the honeycomb lattice, I?"l’ A= 15["‘131‘?‘. Here, o =
x,y,z and A= X,)Y, Z. The full ansatz can be written as
00) = [T2) [aery.c XP{—ibk.0.aKS;)/2}), with d denoting
the number of layers.

During VQE [58], the ansatz parameters are opti-
mized to minimize the energy of the system, Ey =
WolU @) HU (0)|y0), where |) is the initial state pre-
pared considering a selected symmetry sector. When the
optimal parameters are found, Ey ~ Egg and U, [Yo) = |Ygs).
Employing the centralizer ansatz [88], we show that the vari-
ational preparation of the Kitaev QSL ground state is efficient
in the absence of a magnetic field. The corresponding GSP
runs are presented in Fig. 2, showing that we achieved an en-
ergy distance AE = |Egs — Ey| < 1070 for all system sizes
investigated, and similar results for the infidelity (1 —
[(Ws||¥e)|?). We note that this state preparation approach
converges to the exact ground state at d ~ N/6, and the tran-
sition to the trainable regime is sharp. In fact, this linear depth
requirement corresponds with the linear scaling of the Hamil-
tonian’s dynamical lie algebra (DLA) via the overparameter-
ization phenomenon [101]. The favorable overparameteriza-
tion and small DLA thus enable a high-quality GSP for Hp.

In the presence of nonzero magnetic field the conserva-
tion laws for vortices are no longer valid. This makes the
symmetry-preserving ansatz inefficient. Although the ansatz
can be adjusted to account for this symmetry breaking, the
DLA scaling of the new Hamiltonian H is unfavorable; it was
found that d = 50 was required to prepare an approximate
GS even at N = 8§ [88], on par with what is usually required
for a Hamiltonian variational GSP in the absence of extensive
symmetries [37]. Hence, it is necessary to pursue alternative
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FIG. 2. Infidelity (a) and energy distance (b) between symmetry-
aware variational ground state and exact Kitaev model GS, shown as
a function of varying number of ansatz layers d. We consider J =
—1.0, * =0and N = 8 and N = 12. Variational ansatz was trained
for 500 epochs and the same performance is observed over various
initialization of parameters (random uniform).

methods for Kitaev model GSP in the presence of symmetry-
breaking terms, and magnetic field in particular.

III. QUANTUM SUBSPACE EXPANSION
FOR GROUND-STATE PREPARATION

For the problem of ground-state preparation of the Kitaev
model with a magnetic field, we turn to quantum subspace
expansion (QSE). This method has appeared under several
different names within the field [69,70,83,102-105], but the
idea is the same: represent the trial GS wavefunction as a
linear combination of basis states. We begin by choosing some
reference state |¢o). This state shall be easily preparable and,
ideally, have a sizable overlap with the true GS. A suitable
choice in our case is the VQE-prepared GS for the zero-field
(h = 0) Kitaev model.

We then build the GS basis by applying the time evolution
operator V@)= exp(—itI:I ) onto the reference state. We use
the two-level multigrid time evolution approach introduced
in Ref. [83], which is beneficial over standard methods as it
reduces the circuit depth required to propagate to long times.
Hence, we define our basis states as

(bra) = VKAV (i + 1DA)) o), ®)
and the corresponding GS wavefunction as

Kkmax

GS)= > D o1eu). (6)

l=—n; k=kmin

Here, [ and k are integers used to index the basis states. The
values of kuyin and knax depend on I: for [ > 0, (kmin, kmax) =
(0,nt); for I <0, (kmin, kmax) = (—n¢, 0); and for [ =0,
(kmin»> kmax) = (—ng, ng). The integers ny and n; determine the
size of the basis, ny = 2(n; + 1)(nx + 1) — 1. The timestep
A; has to be selected carefully to ensure that the QSE con-
verges to accurate energies quickly. Following Ref. [69], we

set A, = 2w /k, where « is a spectrum normalization factor
estimated heuristically using the Gershgorin circle theorem.

The final step is to calculate the coefficients ¢,Gks to find
the ground-state energy (GSE), Egs = (GS|H|GS). These
coefficients are determined using the variational Rayleigh-
Ritz procedure, which corresponds to solving the generalized
eigenvalue problem [69]

H¢% = EgsS¢®S. (7

For this, we compute the Hamiltonian matrix H with matrix
elements, H;; i = (¢;; |H |¢x), and overlap matrix S with ele-
ments, S;; = {(P;;||$x). These two types of matrix elements
are qualitatively different. For pure overlaps of propagated
states S;j . we can use the Hadamard [69,106] or SWAP test
(ancilla-based or destructive) [107,108]. To minimize qubit
requirement we can alternatively use a suitable reference state
as detailed in [42,71,72,83], replace indirect measurements
by direct ones [109], employ classical shadows of increasing
power [110,111], and recent state-of-the-art in the form of
low-depth phase-sensitive measurements [112].

For the Hamiltonian overlaps of the type H;jx;, we need
an extra effort, as together with unitaries the Hermitian (but
not unitary) operators must be implemented. While previ-
ously it was mostly done via Pauli averaging [83,113,114],
we propose to use the Hamiltonian operator approximation
[72,115], which allows decomposing H into a sum of evo-
lution operators. This can be naturally incorporated into the
QSE scheme avoiding major overheads and circuit repetitions.
Finally, once all elements are measured to sufficient precision,
Eq. (7) is solved classically using a standard eigenproblem
solver to determine Egs and its corresponding eigenvector
¢°5. As with all generalized eigenvalue treatment, care must
be taken to avoid instabilities, usually handled by adding a
small regularization term and choosing a suitable algorithm.

IV. QUANTUM SUBSPACE EXPANSION
FOR MEASURING CORRELATION FUNCTIONS

Now, we proceed from the ground-state preparation to
studying excitation on top of GS. Here, we suggest a
QSE-based approach towards simulating (and measuring) cor-
relation functions for spin systems that require dynamical
quantum simulation. The procedure is related to protocols
for calculating Green’s functions (GFs) in fermionic systems
[83], while having the advantage of avoiding fermion-to-qubit
mapping. Following Ref. [83], fermionic GFs can be calcu-
lated in the frequency domain, the retarded Green’s function
for fermions reads

Gap(2) = G5(2) + G (2), ®)

with the greater and lesser GFs defined as
Gop(2) = (GS|ee(z — H)'¢}IGS), C))
G4(2) = (GS|e}(z+ H)™'¢4|GS). (10)

Here, é(ﬂl and ¢, are the creation and annihilation operators
acting on spin «, and z is the energy. Transitioning to spin
systems, we choose to work with &, +— Z, operators at differ-
ent sites (qubits), therefore studying information spread over
the lattice. We focus on the calculation of the @ = 8 greater
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GF [Eq. (9)]. We note that the algorithm for the lesser GF
[Eq. (10)] is analogous, and the generalization to off-diagonal
elements is straightforward, and given in [83]. We now drop
the index « to simplify the notation.

Similar to the ground-state preparation, quantum subspace
expansion for calculating correlation functions relies on
building a basis on top of some reference state. In this case,
the reference state is |yo) = &'|GS), where |GS) is our
QSE-prepared GS for H. Our basis states in this case are

W) = V(AW (G + DA [%0). Y

We use these basis states to build a set of orthogonal Krylov
states {|xn)},

Kimax

) =Y Y ViV (12)

[=—my k:lzmin

The tildes are used to distinguish the parameters used here
from the similar parameters used previously for the GS basis
(5) and wavefunction (6). The orthogonal set of Krylov states
{Ixx)} spans the space corresponding to the nonorthogonal
states |xo0), Hlxo0), H?|xo0) - - ., H"|x0) [83]. In this Krylov
space, the Hamiltonian is tridiagonal and the diagonal greater
GF can be written as a continued fraction,

G ()= 13)

z—ag—

—ar—

b2

7—ap...

To determine the coefficients {a,}, {b,} we have to calculate
the coefficients of the Krylov states ;. To do this, we
calculate elements of the Hamiltonian matrix Hy, the overlap
matrix Sy, and the transition matrix Sy, 4, given by

Hy)ij = (Wi [ H V), (14)
Sy)ijx = Wijllvm), (15)
Sy etp)ijur = (Wij1e" | pua). (16)

As before, these matrix elements can be computed on a
quantum computer with detailed techniques for measuring
overlaps. By defining the first Krylov state |xo) = |¥0), we
can compute the first set of coefficients ¥° by

¥ =8,'S, :1,6%, (17)

with ¢S being the set of coefficients of the QSE-prepared
GS. The rest of the coefficients are determined iteratively as

a, = ¥ Hyy", (18)

b, =" "H,S,'Hyy"' —a,_, — b, (19)

n— n—1°

W= (8 Hy —a ¥ bW ) 0)
n

with by = 0. Having calculated the matrices on the quantum
device, these coefficients are calculated on a classical
computer using standard matrix multiplication. Finally, the
coefficients are inserted into Eq. (13) to calculate the GF. The
iterative process can be terminated when one of the b2 ~ 0,
as past this point higher order terms are insignificant.

TABLE . Details of the VQE-prepared GSs used as the reference
states for QSE. Infidelity and energy distance are measured between
the variational GS and the corresponding exact GS.

Model details No. of layersd  Infidelity  Energy distance
N=8,J=+1 1 10°5 10~
N=38,J=-1 1 1071 10714
N=12,J =+1 2 10714 10713
N=12,J=-1 2 10~ 1071

V. RESULTS

A. Implementation details

We now proceed with the numerical study of the honey-
comb Kitaev model for coupled spin-1/2s by simulating the
workflow of the quantum algorithm. As we need to assess
the performance at a high degree of precision, we perform
state-vector simulation as a starting point, and compare them
with exact diagonalization-based results. For the toric periodic
boundary conditions, we focus on systems with four and six
plaquettes, corresponding to registers with N = 8 and N = 12
qubits, respectively. We consider the isotropic case, where
J5¥* = J. When considering the model with a nonzero mag-
netic field, we choose a uniform magnetic field applied in the
z direction, so ﬁmagn =h Zivzl Z:.

In Sec. III, we mentioned that the reference state required
for QSE is the variationally prepared GS for the field-free
(h* = 0) Kitaev model. Figure 2 shows the results of the VQE
procedure for N = 8 and N = 12 qubits. Here, we plot the in-
fidelity, 1 — F = (1 — |{(¥gs||¥s)|?), and the energy distance,
AE = |Egs — Ey|, between the variationally prepared GS and
the exact GS. Here, d denotes the number of layers of the
symmetry-inspired ansatz used for VQE.

These results confirm that GSP for the field-free model
using VQE works excellently. For N = 8, just one layer is
required to converge to the exact ground state up to numerical
precision, while for N = 12 only 2 layers are required. Using
this information, we can select our reference states for QSE,
as detailed in Table I.

Throughout our investigation we make use of the Julia-
based full state simulation package Yao [116]. As detailed
previously, QSE relies on solving the generalized eigenvalue
problem. We make use of the Locally Optimal Block Pre-
conditioned Conjugate Gradient method (LOBPCG) [117],
importing the solver from the SciPy library for Python.

B. Trotterization

We rely on the application of the time evolution operator
V(1) = e~ with varying time steps to create the basis for
QSE. On quantum circuit simulation packages such as Yao,
we can apply V(t) as an exact operation as a reference for
analog simulation mode. However, for digital simulators it
is instructive to decompose the operator into a form which
is implementable with finite gate sets available for certain
platforms (e.g., Rydberg atoms or superconducting circuits).
We note that several fast-forwarding methods exist for re-
ducing the circuit depths for quantum simulation [118,119],
but the exponential scaling of the Kitaev Hamiltonian algebra

034401-5



CHUKWUDUBEM UMEANO et al.

PHYSICAL REVIEW MATERIALS 9, 034401 (2025)

— n =0 — np=2 — np =4
ng =1 — n, =3 — np =95
10° 10°
10721 10771
i i
< <
10710 d 10710 d
10—15 . 10—15 ,

(a) n (b) n

FIG. 3. Energy distance between GS prepared by QSE and exact
Kitaev model GS for N = 8,J = —1.0, h* = 0.1, as a function of n;,
for QSE with exact time evolution (a) and Trotterized time evolution
with r = 1 step (b).

makes these procedures challenging. Hence, we opt for the
second-order Trotter-Suzuki approximation

m . 1 . r
i —iflyt —iflt
e e e 2 , 21)

s=1 s=m

where the Hamiltonian A = Yo H,, and r is the number

of Trotter steps. Increasing r reduces the Trotter error, at the
expense of a linear increase in circuit depth. A balance has
to be found to ensure that the algorithm works successfully,
while keeping circuit depths suitable for near-term quantum
computation.

Each term e is a Pauli-string rotation, implementable
using Pauli-Z rotations, CNOT gates, and basis rotations. The
maximum circuit depth required to implement the two-level
multigrid evolution (5) is d,(n; + 1), where d, is the depth
required to implement V(¢) using Trotterization. Since the
2-qubit gates contribute the majority of the quantum circuit
noise, we can measure the depth in terms of the number of
layers of CNOT gates [83].

In our case, all the 2-qubit Pauli-X rotations in Hp act on
different pairs of qubits, so all N/2 rotations can be applied in
parallel within one layer. The same applies for the 2-qubit Y
and Z rotations. Taking into account the symmetrization from
the second-order Trotter-Suzuki expansion (which also means
that the two middle layers can be combined), as well as the
number of Trotter steps r, we have 5r layers of rotations, with
each rotation containing two CNOT gates. Hence, d, = 10r,
and the total number of CNOT gates is d,N/2 = 5Nr.

—iHt

C. Kitaev model ground-state preparation

We now use quantum subspace expansion to effectively
“cool down” the system into an approximate ground state
of the full Hamiltonian A. Figure 3 shows results for the
GSP using QSE with exact time evolution (a) and Trotter-

— N=8§ J=+1 — N=12,J=+1
N=8J=-1 — N=12,J=-1
10”4 107
107°4 107°
L i
< <
10—10_ 10710_
O M S
10—15 . . . . 10—15 . . . . ,
0 10 20 30 0 2 4 6 8 10
(a) g (b) r

FIG. 4. (a) Energy distance between GS prepared by QSE with
exact time evolution and exact Kitaev model GS as a function of
number of basis states. (b) Energy distance between GS prepared
by QSE with Trotterized time evolution and exact Kitaev model GS
as a function of number of Trotter steps. For all calculations, the
magnetic field was set as #* = 0.1. For the Trotterized QSE, we set
n =n = 3.

ized time evolution (b) of the honeycomb Kitaev model. We
calculate the energy distance AE for varying n; and ny. As
expected, increasing n; and n; significantly improves the QSE
convergence to the exact GS for both exact and Trotterized
time evolution, and we are able to reduce the error below
10~ % with a sufficient number of basis states. Furthermore,
we can see that the error in QSE with exact time evolution
only depends on the total number of basis states ng = 2(n; +
1)(n; 4+ 1) — 1, rather than the individual values of n; and ny.
For example, as Fig. 3(a) shows, the value of AE is virtually
identical for (n;, n,) = (0, 5), (1,2), (2,1), and (5,0), which all
correspond to ng = 11. Similar behavior for dynamically ex-
panded GS was found in the case of quantum inverse iteration
methods [42].

Following this, we can look at QSE convergence with
increasing ng, which we plot in Fig. 4(a). Naturally, QSE is
more difficult with larger system sizes, but we are still able
to converge to the exact GS with errors < 107° for N = 12
qubits with a large basis size.

The same applies in general for QSE with Trotterized evo-
lution [Fig. 3(b)], just that more basis states are required to
achieve good convergence compared to QSE with exact time
evolution. When using Trotterization, we have to be mind-
ful of the distinct impacts of n; and n; on performance and
resource requirements. An increase in n; causes an increase
in the Trotter error for this evolution. However, as explained
in [69,83], the QSE method is tolerant to these inaccuracies.
By increasing ny, we can increase the size of the basis ng, as
well as the maximum time reached, T = ((ny + )n; + i) A,
without increasing the total number of Trotter steps, r(n; + 1).
In summary, the two-level multigrid evolution helps us to re-
duce circuit depths for the same basis size, while maintaining
high-QSE performance.
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We can also fix n; and n;, and increase the number of
(outer) Trotter steps r used in the Trotter-Suzuki expansion
(21), as seen in Fig. 4(b). The impact of reducing the Trot-
ter error by increasing r is particularly noticeable for the
12-qubit model.

Regarding the scaling of our protocol, we have already
noted the linear dependence of the Trotterization circuit depth
with system size. The other contribution to the scaling comes
from the matrix element calculations via overlap estimation.
The number of matrix elements scales quadratically with the
basis size ng [83]. The exact scaling of ny for arbitrary system
sizes is unclear, but we suspect that it should be polynomial
if the basis is prepared with careful choices of A;, n; and ny.
Overall, this protocol keeps circuit depths shallow at the cost
of a higher number of circuit runs arising from the increased
basis size required at larger system sizes.

D. Kitaev model Green’s function computation

For the correlation function calculations for the honey-
comb Kitaev model, we begin with the QSE-prepared GS
with n;, = n; = 3. As mentioned, we used single qubit Pauli-Z
operators Z, as the creation/annihilation operators ¢l /éy. For
the GF basis, we used the same variables as for the GS basis,
so A, =2 /k and ity = 7, = 3.

When considering Trotterized evolution, we use the same
number of Trotter steps for the GS and GF basis, r =7 = 5.
We calculated the retarded Green’s function for the diag-
onal elements Gi;(z) and off-diagonal elements Gy,(z) for
energies 7 = w + i8, where w is a real energy and § = 0.1.
We do our calculations using QSE and compared the values
to those calculated via exact diagonalization, as shown in
Figs. 5(a) and 5(c).

We can see that when a sufficient basis size is used for both
the GS basis and GF basis, our QSE calculations align almost
perfectly with the exact diagonalization results. This is true
even with the error introduced by Trotterization, demonstrat-
ing the robustness of the method to errors introduced by the
imperfect basis creation. This bodes well for implementations
of this method to study the Kitaev model on near term devices.

From the GF, we can compute several other observables
that may arise in studies within materials science. One of
these is the density of states (DOS), which can be calcu-
lated directly from the diagonal retarded GF in the frequency
domain: DOS(w) = —LImG; (w + i8). Generalizing to the
off-diagonal case, we can define an equivalent spectral func-
tion (SF): SFp(w) = —%ImGlz(a) + i8). We plot the DOS
and SF for the Kitaev model in Figs. 5(b) and 5(d).

We then extend the analysis further and calculate other
correlation functions, such as the dynamical structure factor
(DSF). This is given by [120,121]

Sql@)= ) Syt (22)
U=X,y,Z
1 . o )
= Y =) e / dre' S () (23)
u:wa ij - !

— Exact QSE - trotterized
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FIG. 5. Real part of the retarded Green’s function. Diagonal el-
ements Gy, (a) and off-diagonal elements Gy, (c). We also plot the
corresponding spectral functions: DOS;; in the diagonal case (b),
SFy, in the off-diagonal case (d). All calculations were done for
the Kitaev model with N =8, J = —1, h* = 0.1. The off-diagonal
quantities were calculated on spins (1, 2), i.e., &, = Z; and é; =2,
whereas for the diagonal quantities ¢, = 673 = 7,. For the Green’s
function basis we use the same basis size as for the ground-state
preparation, i.e., ny = n; = iy = iy, = 3.

where Sf‘,-“ (1) = (6} (t)c?;‘ (0)). We can then rewrite the DSF
in terms of the retarded GF,

Sq(w) = Z ]lvze*"‘l“f*rﬂlm{cﬁ;ﬂ(w)}. (24)

U=X,),Z ij

We calculated the DSF with q = 0, for a range of external
magnetic field strengths and energies. The QSE calculations
for the DSF used the same parameters as for the GF cal-
culations: n;y = n; = 3 for the GS basis and 7, = ii; = 3 for
the Krylov basis. We compared our QSE-computed DSF to
exact diagonalization results in Fig. 6, and we observe a clear
qualitative agreement between the two plots. These correla-
tion functions have a direct relation to observables measured
within scattering experiments. Specifically, inelastic neutron
scattering (INS) represents a well-known technique for study-
ing a material’s DSF [95], making it a target for simulations
in strongly correlated magnetism. Our toolbox shows that
quantum simulators can contribute here as well. Therefore,
our protocols facilitate the accurate studying of Kitaev model
and spin liquid phenomena.

VI. CONCLUSIONS

In this study, we have demonstrated the application of the
quantum subspace expansion to calculate high-fidelity ground
states of the honeycomb Kitaev model with an external mag-
netic field. We have linked it with protocols for calculating
correlation functions of the Kitaev model, employing quantum
subspace expansion and Hamiltonian operator approximation.
Using these calculations, we were able to extend to accurately
compute other quantities of interest within condensed matter
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FIG. 6. Dynamical structure factor (DSF) Sq—o(w) calculated
using exact diagonalization (a), and quantum subspace expansion
(b) approaches. Here, we considered the system with with four pla-
quettes, toric boundary conditions, and isotropic coupling of / = —1.
The intensity values for DSF as normalized to fit in range [0,1].

research, namely the spectral function as an imaginary part
of the retarded Green’s function, and the dynamical struc-
ture factor. The results from QSE strongly matched those

produced by exact diagonalization, even with a limited num-
ber of Trotter steps used in the preparation of the ground state
and Krylov bases.

Hence, we have shown that QSE is a viable quantum sim-
ulation protocol for nontrivial strongly correlated materials,
with a resource budget suitable for implementations on near-
term quantum hardware. It should be noted that studying the
honeycomb Kitaev model is particularly pertinent owing to
the link to quantum error correction procedures, particularly
toric codes. Beyond the Kitaev model, we envision that the
QSE protocol can be extended to other complicated physical
systems of interest within the material sciences community.

In the future, this will help to transform powerful quantum
simulators into quantum digital twins for correlated materials.
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