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ABSTRACT

Single-photon avalanche diodes (SPADs) are critical components in low-light-level sensing and photonic quantum information applications.
For these, it is often necessary that a full characterization of the SPAD is performed, for which a key metric is the afterpulse probability. This
study provides a detailed comparison of the common synchronized and non-synchronized methods used to measure afterpulse probability.
Measurements on a single SPAD reveal inconsistencies between the afterpulse probabilities obtained by the two methods. By re-deriving the
equations from first principles, the discrepancy is traced to the analysis approach for the non-synchronized experiment. An improved analysis
approach is presented, leading to better agreement between the non-synchronized and synchronized methods. The study also provides guid-
ance on the experimental conditions required for the valid application of both methods, along with a detailed analysis of the limitations of
the non-synchronized method under high photon flux. These findings offer a more accurate approach for characterizing afterpulse probabil-
ity and for reconciling the results of two methods, which enables better quantification of SPAD performance.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://

creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0226118

Single-photon avalanche diodes (SPADs) are non-photon-num-
ber-resolving “click”/“no-click” solid-state photodetectors capable of
detecting light at the single-photon level, producing an output voltage
pulse when a photon is detected. They are widely used in many
research areas,'” in part due to their relatively small physical footprint,
broad spectral response, and low cost.

A non-ideal property of a SPAD is its afterpulsing behavior.” An
afterpulse is a spurious detection event originating from the release of
charge carriers trapped in defect states during the preceding avalanche
event.”” The release of a charge carrier is a probabilistic and time-
dependent process; hence, the afterpulse probability is defined as the
probability that an afterpulse is generated in a given time window
succeeding an event;'’ the total afterpulse probability is a time-
independent quantity defined as the total probability that an afterpulse
is generated succeeding an event.

A number of methods have been proposed to suppress the after-
pulse probability. These can be grouped into techniques which modify a
SPAD’s intrinsic properties such as temperature, hold-off time, excess
bias, and capacitance;'' and photoionisation of trapped carriers,"” and

post-processing techniques such as signal comparison,”’ and self-
differencing.'*"> While these methods have been shown to reduce after-
pulsing probability, there are inherent tradeoffs and an implementation
that completely eliminates afterpulses is yet to be demonstrated.

For many applications, accurate characterization of afterpulse
probability is required. An example is quantum key distribution'"®
where afterpulses not only increase the quantum bit error rate, lower-
ing the secret key rate, but are also correlated with previous events,
potentially causing information leakage. Knowledge of the afterpulse
probability allows for optimization of detector parameters and hence
the key rate. Methods used to characterize afterpulse probability can
be loosely categorized into those which model the mechanisms respon-
sible for afterpulses, and those which do not. The former includes sin-
gle or multiple discrete,’ " and continuous™’*” models of the energy
distribution of defect states. Notably, it was shown in Ref. 23 that the
afterpulse probability for different SPADs is best approximated by fun-
damentally different mathematical models, even when the SPADs are
nominally identical, so in practice they must be individually character-
ized using methods that do not require models. Examples of these
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methods include g (1) measurements,"*** auto-correlation meth-

ods,””** and methods based on time-correlated single-photon count-
ing (TCSPC).”>*"!

In this paper, we refer to the auto-correlation (time-difference)
method in Sec. 15.5 of Ref. 28, which is similar to that used in Refs. 25
and 26, as the non-synchronized method, and to the method based on
pulsed excitation and TCSPC used in Refs. 23 and 31 and Method 4 in
Sec. 15.6 of Ref. 28 as the synchronized method. The synchronized
method is advantageous because the different click sources can be eas-
ily distinguished, which makes the total afterpulse probability calcula-
tion straightforward. However, this method cannot be used to reliably
determine the time dependence of the afterpulse probability and
requires an appropriate pulsed source with suitable duration, extinc-
tion ratio, and repetition rate which might not be readily available. In
contrast, the non-synchronized method is less resource-intensive, i.e.,
can be performed using only the intrinsic dark counts of the SPAD, or
with a CW laser, and is suitable for measuring both the time depen-
dence of the afterpulse probability and the total afterpulse probability.
However, more steps are necessary to distinguish the contributions of
different click sources, and as we show in this paper, the method is
only valid under certain experimental conditions.

Consistency between these methods has not been proven. Here,
we report a direct comparison of the synchronized and non-
synchronized methods performed on the same SPAD. We show that
an inconsistency between the afterpulse probabilities measured by the
synchronized and non-synchronized methods arises as a consequence
of the analysis for the non-synchronized method. We propose an alter-
native and show that this provides better agreement across a wide
range of detector dead-times. We then use this method to measure the
dependence of the afterpulse probability on photon flux and highlight
the limitations on the experimental conditions under which the after-
pulse probability can be reliably characterized.

In the synchronized method, a pulse generator (Tektronix
AWG70001) was used to send synchronized signals to the start chan-
nel of the time-tagging module (FAST ComTec GmbH MCS6A oper-
ated in multi-stop mode) and to trigger emission from a 1550 nm
pulsed laser (PicoQuant LDH-P-F-N-1550), which was attenuated to
the desired power by a variable optical attenuator (VOA, Hewlett
Packard 8158B) before coupling into an ID Quantique ID230 SPAD—
see Fig. 1(a). The time-differences between the SPAD clicks and the
immediately preceding start signal were recorded on a computer, and
a histogram with 1 us bin-widths was generated as shown in Fig. 1(b).

Detections from the pulsed laser occur in the first time bin (green
dotted line) in Fig. 1(b), and the afterpulses originating from these
clicks cause a second decaying feature after the dead time of 10 us. A
small number of clicks are measured between these that occur in clock
cycles when there are no detections from the pulsed laser. Dark counts
and their afterpulses are uncorrelated with the clock signal from the
pulse generator and hence form a uniform background in the histo-
gram. The background value is the mean value of the histogram in the
bins after the afterpulses have decayed. The background-subtracted
histogram contains only pulsed laser detections and their afterpulses.
The ratio of the two is equal to the number of afterpulses generated
per detection event, 71, and is expressed as

D Ner,, Clicks(N)

= =Ny T 1
"ap ZNerlmr Clicks(N) M
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FIG. 1. (a) Experimental setup for the synchronized method. (b) Clicks histogram
and probability distribution (black) measured using a pulsed laser with a 1 kHz repe-
fition rate incident on the ID Quantique D230, set to 10 us dead time, 20% detec-
tion efficiency, and a temperature of 183.15K. The uniform background level is
indicated by a solid red line. The inset shows the region of the histogram used to
calculate the uniform background level.

where N is the set of bin-numbers equal in length to the histogram and
INuser and Iy, are the set of bin numbers containing the laser pulses
and their afterpulses, respectively. In Fig. 1(b), I'iser and I'p corre-
spond to the bin highlighted by the dashed-green line and bins after
~ 10us, respectively. Since the probability of each afterpulse-order is
taken to follow a geometric distribution,”" the infinite sum of a geo-
metric distribution is used to correct for the presence of higher order
afterpulses (see the supplementary material). In doing so, the total
afterpulse probability is calculated by

(A _ M
aptotal — 1+n . (2)
ap

For accurate implementation of this method, the repetition rate
of the laser must be such that the entirety of the afterpulse distribution
occurs between laser pulses so that the background level can be deter-
mined, and its pulse width must be significantly shorter than the dead
time of the SPAD to distinguish between the photon detection and
afterpulse clicks.

In the non-synchronized method, analysis is performed on dark
counts. Low flux CW light can be used to increase the click rate, while
maintaining the average time difference between clicks to be much
longer than the dead time of the SPAD. This should be implemented
with care as the total afterpulse probability measured is flux dependent,
as shown later. Throughout, we assume that the SPAD recovers the
same state, on average, after a detection event.” In the setup illustrated
in Fig. 2(a), the clicks were time-stamped on a single channel of the
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FIG. 2. (a) Experimental setup for the non-synchronized method. The laser can be
substituted for the beam block (no light source) to perform the measurements with
CW light. (b) Clicks histogram and probability distributions measured by the non-
synchronized method using only dark counts on the ID Quantique ID230, set to
10 us dead time, 20% detection efficiency, and a temperature of 183.15K. The his-
togram bins are 1 us wide.

time-tagging module and recorded on a computer. The time differ-
ences between consecutive clicks were used to calculate the probability
that a click was measured in a given time bin after a previous click, Py.
This is referred to as the click interval probability distribution, and an
example of this is shown in Fig. 2(b).

The click interval probability distribution is expressed as

Py :P(CN’EN—I:---761|CO)3 (3)

where C; (C;) indicate whether there was (not) a click in the ith time
bin. This reads as the probability that a click was measured in the Nth
time bin and no clicks were measured between the first and (N — 1)th
time bins inclusive, given that a click occurred in the zeroth time bin.
This exactly describes the probability distribution generated for the
time difference between consecutive clicks, wherein the first click is
said to have occurred in the zeroth time bin, and the second click
occurs in the Nth time bin. Two equivalent ways in which Eq. (3) can
be factorized are

Py =P(EN—M---761|CN7C0)P(CN|C0), (4)
and
Py = P(CN|6N717 ...,61, C())P(EN,17 ...,61|C0). (5)

Equation (4) is expressed in a particularly useful way. Since, by
definition, if a click occurred in the Nth time bin following a previous
click, then no clicks occurred in the N — 1 preceding time bins, hence
P(Cy_1,...,C1|Cn, Cy) = 1. Therefore, it follows that

pubs.aip.org/aip/apl

Py = P(Cy|Gy), (6)
=1- P(Dy|Gy)P(AN|GCo), (7)
=1—[1 = P(Dy|G)][1 — P(An|Go)], (®)

where we have distinguished the Poissonian clicks, i.e., dark counts
and CW light, denoted D, and afterpulse clicks, denoted A. P(Ax|Cy)
and P(Dy|Cy) are the probabilities that the subsequent click occurs in
the Nth time bin and is an afterpulse or Poissonian click, respectively.
Written in this way, it is clear that P(Ay|Cy) is the time dependence of
the afterpulse probability. The total afterpulse probability can then be
expressed as

B o0
pgp{ml =" P(AN|Gy). ©9)
N=1

To determine P(Ayn|Cy), P(Dy|Cp), must be calculated first. The
afterpulse probability typically decays much faster than the Poissonian
probability distribution”” and we define the afterpulse lifespan Tap
= N AT as the time after which the afterpulse probability distribution
has become negligible, i.e., P(An~y,,|Co) < P(Dn>,, |Co)- The clicks
occurring in time bins N > Ny, are attributed only to Poissonian sour-
ces and hence follow the distribution

P(Dy|Co) = alexp(rnAT) — 1)exp(—r,,NAT), (10)

where a is the amplitude and r,, is equivalent to a rate, but is notably
not equal to the Poissonian detection rate. Notes on the physical
meaning of a and r,, can be found in the supplementary material. This
fit, illustrated by the red curve in Fig. 2(b), was extrapolated to time
bins N' < N, after which Eq. (8) was used to calculate P(Ay|Cy).

It could be misconstrued that the afterpulse probability distribu-
tion measured by the non-synchronized method is equivalent to the
one measured by the synchronized method, which is derived by divid-
ing the background-subtracted histogram by the number of pulsed
laser detection events. Figure 3 shows that the distributions agree only
for a duration equivalent to one dead time after the detector is active,
where the main source of clicks is first-order afterpulses. Beyond this,
the distribution generated by the non-synchronized method diverges
from the synchronized distribution due to higher order afterpulses, i.e.,

1072 :.
. 1
=107 3
=
O
g 4]
P10 7
_5-
10 0 3
10 10 10 10
Time / us

FIG. 3. Afterpulse probability distributions measured by the non-synchronized and
synchronized methods on the ID Quantique ID230, set to 10 us dead time, 20%
detection efficiency, and a temperature of 183.15K. The bin corresponding to one
dead time after the detector is active is indicated by the green dotted line. The histo-
gram bins are 1 us wide.
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FIG. 4. (a) The first-order afterpulse probability distribution measured by the non-
synchronized method using only dark counts, and the second- and third-order after-
pulse probability distributions. (b) Afterpulse probability distribution measured by the
synchronized method and the sum of afterpulse probability distributions measured
by the non-synchronized method up to the tenth-order.

afterpulses originating from afterpulses. A method for reconstructing
the probability distribution measured by the synchronized experiment
from the distribution measured by the non-synchronized experiment,
by considering higher order afterpulses, is presented in the supplemen-
tary material. Figure 4(a) shows the results from this analysis, and the
close similarity of the probability distributions in Fig. 4(b) shows that
the method can be used to reconcile the synchronized and non-
synchronized methods.

As previously noted, Eq. (3) can be factored in two useful ways.
Further factorization of Eq. (5) leads to

PN — [1 - P(BN‘CN—M ...,61, C())P(IKN|6N_17 ...,Cl, Co)}
N-1

X [P(En|an,1,...,617C0)P(Zn|6n,1,...,617(:0)}.
n=1

(11)

Using Bayes’ theorem and the property of Poissonian clicks—that they
have a fixed probability of occurring in any time bin if the time bins
are of the same duration—Eq. (11) can be simplified to

Py = [1 — P(D)P(Ax[Cn_1, ..., C1, co)]
N-1

x P(D)" ' [[P(A,[Cpors ... C1, ). (12)

n=1

pubs.aip.org/aip/apl

which is equivalent to Eq. (5) in Ref. 26 and Eq. (15.4b) in Ref. 28. The
derivation of Eq. (12) can be found in the supplementary material.

In this paper, we make explicit comparisons with the method out-
lined in Sec. 155 of Ref. 28, in which the term equivalent to
P(Ax|Cn_1, ..., C1, Cp) is defined as the first-order afterpulse proba-
bility in the Nth time bin. This term reads as the probability of measur-
ing an afterpulse click in the Nth time bin given that there was a click
in the zeroth time bin and no clicks in the intermediate time bins.
Note that this is not equal to P(Ayx|Cy), and the difference is elabo-
rated on later. For the purposes of comparison, we use only the total
afterpulse probability up to first-order, which is defined in Ref. 28 as
equivalent to

P = D P(Au[Cir, ..., C1, Co). (13)
n=1

It should be noted that the inclusion of higher order terms as defined
in Ref. 28 would increase Pi?mt o

For the ID Quantique ID230 SPAD, one can adjust the dead time
between 2 and 100 us, detection probability between 0% and 25%, and
the temperature between 183.15 and 223.15 K. Figure 5 shows the total
afterpulse probability measured at different detector dead time settings
with the detection probability and temperature set at 20% and
183.15K, respectively. The measurements applying the non-
synchronized method were performed without illumination of the
SPAD, and in the synchronized method, the laser generated pulses
with FWHM < 40 ps at a repetition rate of 1 kHz. These results dem-
onstrate that the agreement between the synchronized method and the
non-synchronized method when analyzed with Egs. (2) and (9) are
significantly better than when Eq. (12) is used in the non-
synchronized method.

A closer examination of the mathematical relationship between
Pgﬁ)total and Pagtotal predicts the measured divergence. It can be shown
that the afterpulse probability distributions defined in Egs. (9) and
(13) are related by

P(EN_],...76]|C0) = 7P(AN|C0)7 . (14)
P(AN|CN—1: ..., Cy, Co)

¥ ]
1.0 - P
ap total
(B) B
[0 X I Pap total

(o]
* Pap total

Probability
=
(9,

o x

X
. v
o]
| - o
0.0 — . ———r
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Dead time / ps

FIG. 5. Total afterpulse probability measured at different dead time settings for the
ID Quantique 1D230 by the synchronized method (A), and the non-synchronized
method with our proposed analysis method (B), and the previous analysis
method (C).
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P(Cy_1,...,C1|Cp) is the probability of not measuring a click in time
bins 1 to N — 1 given that there was a click in the zeroth time bin. As
the dead time is decreased, the number of trapped charge carriers that
can cause an afterpulse increases.”” This increases the probability that
clicks occur with shorter time differences, which corresponds to a
decrease in P(Cy_1,...,C1|Cy). Since P(Cy_1,...,Ci|Co) <1,
P(Ax|Co) < P(An|Cy-1,...,C1, Co) for N > 1 and therefore P*)

ap total
(©
and Pap total

supplementary material.

The difference between Pig)mml and Pig)mtal can also be under-
stood by considering the conditions for P(Ayx|Cy) and
P(An|Cn_1,...,C1,Cp). In the former, the condition is that there
was a click in the zeroth time bin, which is satisfied by all of the
events in the time-difference histogram. In the latter, the condi-
tion is that there was a click in the zeroth time bin and no clicks in
time bins 1 to N — 1, which is satisfied by only a subset of events
in the time-difference histogram. Therefore, the number of events
in which an afterpulse click occurs in the Nth time bin constitutes
a smaller proportion of the former than the latter, hence
P(AN‘C()) < P(AN‘ENfl, ...761, C()) for N > 1.

For some applications, an accurate quantification of the afterpulse
probability dependence on photon flux is critical, such as for the char-
acterization of SPAD detection efficiency.” " To investigate this, we
used a laser diode (Thorlabs LP1550-SAD2) shown in Fig. 2(a) and
measured the total afterpulse probability using the non-synchronized
method over a range of SPAD click rates. The results are presented in
Fig. 6(a) alongside the total afterpulse probability measured without
illumination of the SPAD. The total afterpulse probabilities measured
at the dark count level and at 20 kcps are similar (<2% difference), but
increase rapidly for click rates greater than this, up to almost unity
near saturation. The increase arouses suspicion because the predomi-
nant cause of afterpulses, release of charge from defect states,'” should
not be strongly dependent on photon-flux.

Two potential explanations have been identified. First, the non-
synchronized method requires the Poissonian distribution to be deter-
mined from fitting of Eq. (10) to Py. Figure 6(b) shows the coefficient
of determination, R%, measured on the fit at each click rate, decreases
as the click rate increases, implying that it becomes increasingly diffi-
cult to distinguish a Poissonian probability distribution within the click
interval probability distribution. This is intuitive since a decrease in the
mean time between Poissonian events leads to a faster decay of the
click interval probability distribution and therefore greater overlap of
Poissonian and afterpulse events in the histogram, making the distinc-
tion harder. Second, there is the possibility that for the dead time
selected, a non-negligible fraction of the charge remains trapped at
defect sites after an event, causing an overall increase in the number of
trapped states as the increasing laser power reduces the mean time
between photon emissions.

These results highlight potential limitations of using the non-
synchronized method for measuring the total afterpulse probability
with added photon fluxes; further work is planned to assess whether
the total afterpulse probability can be accurately measured under these
conditions.

In conclusion, we have demonstrated that the synchronized and
non-synchronized methods described in the literature give diverging
estimates of the afterpulse probability, especially at shorter detector

diverge. The derivation of Eq. (14) can be found in the
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FIG. 6. (a) Total afterpulse probability measured on experimental data by the non-
synchronized method and (b) R? measured for the Poissonian probability distribu-
tion fit. The values measured when the SPAD was not illuminated are shown in
orange. The results are for the ID Quantique D230, set to 10 us dead time, 20%
detection efficiency, and a temperature of 183.15K.

dead-times. We proposed an alternative analysis method for the non-
synchronized method and demonstrated that it generated better agree-
ment with the results of the synchronized method, for measurements
on an ID Quantique ID230 SPAD. We also presented experimental
results, which highlight limitations of this method for measuring the
afterpulse probability with added photon-flux. The methodologies pre-
sented in this paper can be used to inform full in-depth characteriza-
tions of SPAD modules and a future revision of the ETSI standard GS
QKD 011.%*

See the supplementary material for additional notes and deriva-
tions of various equations.
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