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ABSTRACT

Least-squares data approximation or regression is a technique widely used in metrol-
ogy (and other scientific disciplines) for modelling experimental data. Often, and
certainly when there is no information to the contrary, the regression is undertaken
under the assumption that the measurement deviations (‘errors’) associated with
the data are independent and identically distributed. Model validation is used to
establish confidence in the reliability of a least-squares fitted model and hence
predictions made on the basis of the model. The application of standard statistical
tests, such as theχ2 goodness-of-fit, Kolmogorov-Smirnov and Shapiro-Wilks’
tests, is considered with the aim of validating assumptions made about the statis-
tical model for the experimental data, viz., the distribution for the measurement
deviations. In cases where these tests indicate there is doubt that the assumed
statistical model applies, an approach is presented to improve knowledge of the
statistical model. The approach involves applying a local analysis of the data to
evaluate the standard uncertainties associated with the measurements. Applications
to simulated data and to real data arising in the application of thermal analysis
techniques are given.
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1 Introduction

Least-squares data approximation or regression is a technique widely used in metrol-
ogy (and other scientific disciplines) for modelling experimental data. An impor-
tant application of the technique is in thecalibration of a measurement system or
instrument. Here, the experimental data consists of measurements of the response
of the system to a number of stimuli, and the data is modelled by a function that
describes the behaviour of the system. The fitted function, orcalibration curve,
can be used subsequently to predict, for example, the response of the system to any
given stimulus and, particularly, the stimulus that produces an observed response
of the system.

Let x andy denote, respectively, the stimulus and response variables. Then, the
ingredients for formulating a least-squares data approximation problem are

• experimental data(xi, yi), i = 1, . . . ,m, comprising measurementsyi of
the response corresponding to measurementsxi of the stimulus,

• standard uncertaintiesui, i = 1, . . . ,m, that quantify the accuracy of the
measurementsyi,1 and

• a modely = f(x, c) defined in terms of parametersc.

In some cases, aphysicalmodel, based on an understanding of the measurement
system or instrument or experiment giving rise to the data, will be known. In
the absence of a physical model,empirical models are used. Important classes
of empirical models are polynomial and polynomial spline curves, with the latter
providing a flexible class of models that may be used to represent a wide variety of
behaviour [10, 11]. The standard uncertaintyui corresponds to the standard devia-
tion of possible measurements atx = xi of whichyi is one realisation.2 It is usual
to assume a statistical model for the data in which the ‘error’ or (measurement)
deviationassociated with the measurementyi is a random sample drawn from
N(0, u2

i ), a normal (Gaussian) distribution with mean zero and standard deviation
ui [8, 9]. In the case that the standard uncertaintiesui are known, a weighted
least-squares data approximation problem is formulated and solved, with weights
given bywi = 1/ui, i = 1, . . . ,m [7].

In order to have confidence in the reliability of predictions made on the basis of a
least-squares fitted model to experimental data it is required that

1In the treatment given here thexi are taken as exact. A generalised treatment is possible, in
which thexi are also regarded as inexact. A further generalisation is possible in which mutual
dependencies are permitted among the measurement data [7].

2It is assumed that the inexactness in the measurementsyi, i = 1, . . . , m, arises from random
effects only [9].
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1. the model is capable of representing the function underlying the data, and

2. the deviations associated with the measurements satisfy the above statistical
model.

Model validation[1] is the process by which such requirements are verified in
particular circumstances. If it is assumed that both 1 and 2 (above) apply, then the
weighted residual deviations defined by

ẽi = wiei, ei = yi − f(xi, c), i = 1, . . . ,m,

estimate the deviations associated with the measurements (scaled by their respec-
tive standard uncertainties) and can be expected to appear as a random sample
from the (standard) normal distributionN(0, 1). Statistical tests may be applied
to test the null hypothesis that this is the case. If the null hypothesis is accepted,
predictions made on the basis of the fitted model are also accepted.

It is often the case that the standard uncertaintiesui associated with the measure-
ments are not known. Then, and certainly where there is no information to the
contrary, it is usual to assume that the deviations associated with the measurements
are independent and identically distributed (i.i.d.), and are drawn fromN(0, σ2)
with unknownstandard deviationσ. In this case, anunweightedleast-squares
data approximation problem is formulated and solved,3 andσ is estimated from
the resulting fitted model. As above, model validation is necessary to verify the
‘i.i.d.’ assumption, and to establish confidence in both the fitted model as well as
predictions made on the basis of the fitted model.

In this work polynomial spline curves are used to model the experimental data,
and it is assumed that a suitable choice of function from this class of models
that adequately represents the function underlying the data can be made. This
is achieved by making appropriate choices for the order and interior knot positions
of the spline curve. The aims of the work are then two-fold.

Firstly, consideration is given to applying standard statistical tests, such as the
χ2 goodness-of-fit, Kolmogorov-Smirnov and Shapiro-Wilks’ tests, to validate as-
sumptions made about the statistical model for the experimental data, viz., the
distribution for the deviations associated with the measurements.

Secondly, in cases where these tests indicate there is evidence that the ‘i.i.d.’ as-
sumption does not hold, an approach is presented to improving our knowledge of
the statistical model for the experimental data. The approach involves applying
a local analysis of the data to evaluate the standard uncertainties associated with
the measurementsyi. The motivation for the approach is that, whereas the ‘i.i.d’
assumption may not holdglobally across the data set, the assumption may be

3Equivalent to a weighted least-squares data approximation problem with weights given by
wi = 1, i = 1, . . . , m.
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appliedlocally to obtain a local estimate of the data accuracy. The local estimates
are subsequently used to formulate a weighted least-squares data approximation
problem for the complete data set.

The focus is on a simple modification to the statistical model for the experimental
data, concerned only with removing the assumption that the deviations associated
with the measurements are identically distributed. More comprehensive adjust-
ments to achieve conformity between a model and experimental data, the latter
including the uncertainties associated with the data, may be necessary [9]. In
particular, the problem of achieving model and data conformity arises in the context
of laboratory intercomparisons [6].

The report is organised as follows. In Section 2 a formulation is provided of the
least-squares data approximation problem, together with its particularisation for the
empirical models of polynomial curves and polynomial spline curves with fixed
knots. In Section 3 an overview is given of a number of general techniques for
testing whether a sample of observations is drawn from a specified probability
distribution. A discussion is included concerning the application of these general
techniques in the context of model validation, where the sample of observations
consists of the (weighted) residual deviations associated with the solution to the
approximation problem, and the specified probability distribution is the normal
distribution. In Section 4 an approach is described to obtaining local estimates of
the accuracy for a set of experimental data. Sections 5 and 6 present the results of
applying the approach to, respectively, simulated data and real data arising in the
application of thermal analysis techniques. Finally, Section 7 contains a summary
and recommendations.

2 Least-squares data approximation

Given are data points(xi, yi), i = 1, . . . ,m, standard uncertaintiesui, i =
1, . . . ,m, associated with theyi, and a modely = f(x, c) defined in terms of
parametersc = (c1, . . . , cn)T. The least-squares data approximation problem is to
determine values for the parametersc such that the sum of squaresS̃, where

S̃ =
m∑

i=1

ẽ2
i , ẽi = wiei, wi =

1
ui

, ei = yi − f(xi, c), (1)

is minimised. The quantitiesei and ẽi, i = 1, . . . ,m, in the above formulation
are referred to, respectively, as unweighted and weighted residual deviations. The
quantitieswi, i = 1, . . . ,m, are theweights, and are calculated in terms of the
standard uncertaintiesui, i = 1, . . . ,m. The minimisation of (1) is referred to
here as aweightedleast-squares data approximation problem.
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If the modelf is linear in its parametersc, i.e.,

f(x, c) =
n∑

j=1

cjφj(x),

where{φj(x) : j = 1, . . . , n} is a set of basis functions for the class of models of
whichf is a member, then the weighted least-squares data approximation problem
has the linear algebraic formulation

min
c

eTV −1e, e = y − Φc, (2)

whereΦ is anm× n matrix withΦij = φj(xi), and

V = diag
{
u2

1, . . . , u
2
m

}
is the uncertainty matrix (covariance matrix) associated with the measurements
y = (y1, . . . , ym)T. Formally, the solution to (2) is given by [1, 22]

c =
(
ΦTV −1Φ

)−1
ΦTV −1y, (3)

with associated uncertainty matrix

Vc =
(
ΦTV −1Φ

)−1
. (4)

However, for reasons of numerical stability, matrix computational methods [18]
are applied to (2) to obtain the solution and the associated uncertainty matrix.

In the case that the measurements are assumed to be ‘i.i.d.’ withui = σ andσ
unknown, the least-squares data approximation problem is formulated in terms of
weightswi = 1, i = 1, . . . ,m, and the problem is to determine values for the
parametersc such that the sum of squaresS, where

S =
m∑

i=1

e2
i , (5)

is minimised. The minimisation of (5) is referred to here as anunweightedleast-
squares data approximation problem. Expressions (3) and (4) apply also for the
unweighted problem, but with

V = diag
{
s2, . . . , s2

}
= s2I,

whereI is the identitity matrix of orderm, ands2 is an estimate ofσ2 given by

s2 =
∑m

i=1 e2
i

m− n
, (6)

Page 4 of 31 http://www.npl.co.uk/ssfm/download/documents/cmsc4704.pdf



NPL Report CMSC 47/04

with ei, i = 1, . . . ,m, evaluated at the solution. Note that the solution is indepen-
dent ofs2 because, from (3),

c =
(
ΦTs−2IΦ

)−1
ΦTs−2Iy =

(
ΦTΦ

)−1
ΦTy.

In this workempiricalmodels for least-squares data approximation are considered,
particularly polynomial curves and polynomial spline curves with fixed knots. Both
are examples of linear models. The representation of each model is described
below, as is the formulation of the least-squares data approximation problem in
terms of these representations.

2.1 Least-squares data approximation by polynomial curves

A polynomial curvep(x,a) of ordern (degreen−1) on the intervalx ∈ [xmin, xmax]
has the representation

p(x,a) =
1
2
a0T0(X) + a1T1(X) + . . . + an−1Tn−1(X),

whereX ∈ [−1,+1] is related tox by

X =
(x− xmin)− (xmax − x)

xmax − xmin

andTj(X), j = 0, . . . , n − 1, are theChebyshev polynomials(of the first kind)
[17] defined by the recursion

T0(X) = 1, T1(X) = X, Tj(X) = 2XTj−1(X)− Tj−2(X), j > 1.

The use of (2) together with the Chebyshev representation of polynomials, gives
the linear algebraic formulation

min
a

eTV −1e, e = y − Φa,

wherea = (a0, . . . , an−1)T andΦ is them× n matrix with elements

Φi,j+1 =

{
1
2T0(Xi), j = 0,
Tj(Xi), j > 0.

2.2 Least-squares data approximation by polynomial spline curves

Let I := [xmin, xmax] be an interval of thex-axis, and

xmin < λ1 ≤ λ2 ≤ . . . ≤ λN−1 ≤ λN < xmax
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a partition ofI. Define sub-intervalsIj , j = 0, . . . , N , of I by

Ij =


[xmin, λ1) , j = 0,
[λj , λj+1) , j = 1, . . . , N − 1,
[λN , xmax] , j = N.

Then, a polynomial spline curves of ordern (degreen − 1) on I is a piecewise
polynomial of ordern on Ij , j = 0, . . . , N . The spline isCn−k−1 at λj if
card(λ` = λj , ` ∈ {1, . . . , N}) = k.4 So, for example, a spline of ordern = 4 for
which theλj are distinct is a piecewise cubic polynomial of continuity classC2,
i.e., continuous in value, first and second derivatives, at the pointsλj .

The partition pointsλ = {λj}N
1 are called the (interior)knotsof s. To specify the

complete set of knots needed to defines on I, the interior knots are augmented by
(exterior) knots{λj}0

1−n and{λj}N+n
N+1 satisfying

λ1−n ≤ . . . ≤ λ0 ≤ xmin, xmax ≤ λN+1 ≤ . . . ≤ λN+n.

For many purposes, a good choice of additional knots is

λ1−n = . . . = λ0 = xmin, xmax = λN+1 = . . . = λN+n,

which readily permits derivative boundary conditions to be incorporated. OnI, the
spline curves of ordern with knotsλ has the B-spline representation

s(x, c) =
q∑

j=1

cjNn,j(λ, x),

whereq = N + n andNn,j(λ, x) is theB-splineof ordern with knots{λ`}j
j−n

[4, 5, 16].

The linear algebraic formulation (2) of the least-squares data approximation prob-
lem applies withc = (c1, . . . , cq)T andΦij = Nn,j(λ, xi).

3 Tests for normality

An approach to validating the solution to the least-squares data approximation
problem (Section 2) is to examine the weighted residual deviationsẽi, i = 1, . . . ,m,
evaluated at the solution. It is expected that the weighted residual deviations
associated with a valid solution appear as a random sample from the standard
normal distributionN(0, 1). A systematic trend in the weighted residual deviations
can be a symptom of a model that does not adequately represent the function
underlying the data. For example, a trend will generally be observed when using

4card(A) is used to denote thecardinalityof the setA, i.e., the number of elements in the set.
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a straight-line model to approximate experimental data that clearly describes a
quadratic curve. A value for the mean-squareweightedresidual deviation, defined
by

s̃2 =
∑m

i=1 ẽ2
i

m− n
(7)

(cf. equation (6)), that is appreciably larger (or smaller) than unity can be a symp-
tom that the standard uncertaintiesui associated with the measurementsyi are
underestimated (or overestimated) [1].

Additionally, statistical tests are available to examine whether a given sample of
observations is drawn from a specified probability distribution. Such tests would
appear to be of value in the context of model validation, where the (weighted)
residual deviations constitute the sample of observations and the probability dis-
tribution is a normal distribution:N(0, 1) for the weighted least-squares problem
andN(0, s2) for the unweighted problem.

In the following sections four basic approaches to undertaking such tests are de-
scribed, based on comparing

1. probability density functions,

2. cumulative distribution functions,

3. order statistics, and

4. moments.

Particular statistical tests that implement each approach are also indicated. The
issues that arise in the application of these statistical tests to (weighted) residual
deviations in the context of model validation are considered.

3.1 Comparing probability density functions

The standard test in this category is theχ2 goodness-of-fit test. It is applied to data
and distributions that arebinned.

Let xi, i = 1, . . . ,m, be a sample of observations of the random variableX, and
Bk, k = 1, . . . , b, a set of classes or bins for values ofX. Theχ2 test statistic is
defined by

χ2
0 =

b∑
k=1

(ok − fk)2

fk
,

whereok is theobservedfrequency of observations for thekth bin, i.e.,

ok = card(xi ∈ Bk, i ∈ {1, 2, . . . ,m}) ,

http://www.npl.co.uk/ssfm/download/documents/cmsc4704.pdf Page 7 of 31
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andfk is theexpectedfrequency, calculated from

fk = pkm,

where
pk = Prob(X ∈ Bk) .

For large sample sizesm the distribution of the test statistic is approximately that
of aχ2 random variable withb− 1 degrees of freedom [2].5

A large value ofχ2
0 suggests that the null hypothesis (that the observed frequencies

ok are drawn from a population represented by the expected frequenciesfk) is not
true. The level of significance of the observed resultχ2

0 is given by

Prob
(
χ2 > χ2

0

)
and can be used to decide whether to accept or reject the null hypothesis.

A disadvantage of theχ2 goodness-of-fit test is that it is necessary to decide the
numberb of bins used as well as the ‘bin-edges’. Especially for small sample sizes
m the results from aχ2 goodness-of-fit test can vary depending on the choice ofb
and their bin-edges. An advantage of the test is that the individual contributions to
the test statistic from the bins can give some information as to the nature of the de-
parture of the sample of observations from the specified distribution. Furthermore,
the test is quick to apply, even for large samples, because the calculation of the test
statistic does not require the sample to be sorted (as is necessary for other tests, see
below).6

The NAG library [23] includes a routine (G08CGF) that provides an implementa-
tion of theχ2 goodness-of-fit test in the case that the specified distribution takes one
of the following forms: normal, uniform, exponential,χ2, gamma, or a distribution
defined by user-supplied probabilitiespk.

3.2 Comparing cumulative distribution functions

The standard test in this category is theKolmogorov-Smirnovtest [20, 27, 28]. It is
applied to distributions that are continuous and data that is not binned.

Let xi, i = 1, . . . ,m, be a sample of observations of the random variableX.
SupposeF (x) is the expected cumulative distribution function forX, andS(x) is

5It is assumed here that the expected frequencies sum to the sample sizem, i.e.,
∑m

k=1
fk = m.

A normalisation of the expected frequencies can be used to ensure this property. Alternatively, the
bins may be chosen to ensure the probabilities sum to one, i.e.,

∑b

k=1
pk = 1. Note that if the model

that gives the expected frequencies has free parameters that are estimated from the data, then each
such parameter decreases the degrees of freedom by one.

6It is necessary only to decide to which a bin a sample value belongs and, generally, the number
b of bins is appreciably smaller than the numberm of samples.
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thesamplecumulative distribution function defined by

S(x) =
1
m

card(xi ≤ X, i ∈ {1, 2, . . . ,m}) ,

i.e., S(x) is the fraction of the sample to the left ofx. The function is constant
between consecutive valuesx(i) (obtained bysorting the valuesxi into ascending
order), and jumps by the same constant1/m at eachx(i) (provided thex(i) are
distinct).

The Kolmogorov-Smirnov test statistic is defined by

D = max
x

|S(x)− F (x)|,

i.e., the maximum value of the absolute difference between the sample and ex-
pected cumulative distribution functions. The distribution of the test statistic in the
case of the null hypothesis (that the sample of observations is drawn from a dis-
tribution specified byF (X)) can be calculated, at least to a useful approximation,
thus giving the level of significance of an observed result.

A property of the test is that it is invariant under a reparametrization ofX [24].
A disadavantage is that the cumulative distribution functionF (X) must be fully
specified, i.e., the parameters ofF (X), such as its expectation and variance, must
be known. A variation of the Kolmogorov-Smirnov test that is applied in the
case thatF (X) corresponds to a normal distribution whose mean and variance
are estimated is the Lilliefors test [3, 21].

The NAG library [23] includes a routine (G08CBF) that provides an implementa-
tion of the Kolmogorov-Smirnov test in the case that the specified distribution takes
one of the following forms: uniform, normal, gamma, beta, binomial, exponential
and Poisson. In addition, NAG routine G08CCF provides an implementation of the
test for a user-specified distribution.

3.3 Comparing order statistics

The most common ‘test’ for normality is to use anormal probability plot. Graph
paper with scales such that a plot of the cumulative distribution function for a
normal distribution takes the form of a straight-line is called ‘normal probability
paper’.

Let xi, i = 1, . . . ,m, be a sample of observations of the random variableX
with sample cumulative distributionS(x) (see above). IfX is normally distributed
then the points(xi, S(xi)), i = 1, . . . ,m, should lie close to a straight-line when
plotted on normal probability paper. A measure of the ‘closeness’ of the points to
a straight-line is therefore a test for whether the sample of observations is drawn
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from a normal distribution. This is the basis of the Shapiro-Wilks’ test.7

The Shapiro-Wilks’ test statistic [25, 26] is defined by

W =

(∑m
i=1 wix(i)

)2

∑m
i=1(xi − x̄)2

,

wherex(i), i = 1, . . . ,m, denotes the sample values arranged in non-decreasing
order,x̄ is the sample mean, andwi, i = 1, . . . ,m, are ‘weights’ whose values only
depend on the sample sizem. The statisticW can be interpreted as the squared
correlation coefficient between the ordered sample valuesx(i) and the weightswi

that correspond to the expected values of standard normal order statistics for a
sample of sizem. W is a measure of the straightness of the normal probability
plot.

The NAG library [23] includes a routine (G01DDF) that provides an implementa-
tion of the Shapiro-Wilk’s test, returning values for the weightswi, the test statistic
W , and the significance level forW under the null hypothesis that the sample of
observations is drawn from a normal distribution.

3.4 Comparing moments

The normal distribution has zero skewness (third moment) and zero (standardised)
kurtosis (fourth moment). Consequently, the values of the sample skewness and
(standardised) kurtosis calculated for a sample of observationsxi, i = 1, . . . ,m,
can be used as the basis for testing whether the sample is drawn from a normal
distribution. However, these sample statistics tend to be non-normally distributed,
and so are first transformed to have an approximate normal distribution. This leads
to the D’Agostino and Anscombe-Glynn tests [15]. A combined test based on
comparing both skewness and kurtosis is the D’Agostino-Pearson test [14].

3.5 Application to residual deviations

The approaches and tests described above are used to test whether a sample of
observations is drawn from a specified probability distribution, such as a normal
distribution. It appears to be common to apply these tests without further mod-
ification to the (weighted) residual deviations obtained from fitting a model to
experimental data. However, the following considerations are relevant.

7The normal probability plot can also be produced by plotting the ordered observations against
the theoretical quantiles of a normal distribution. In the case that the observations correspond
to the (weighted) residual deviations associated with a fitted model to experimental data, other
‘residual plots’ can also highlight non-normal behaviour, for example a plot of the weighted
residual deviations against the fitted values can indicate heteroscedastic data, i.e., data for which
the associated measurement deviations are independent but not identically distributed.
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1. The residual deviations are not independent. This is the case even if the orig-
inal observationsyi are independent. The effect of the correlation induced
by the regression is usually not considered to have a significant effect.

2. The residual deviations are linear combinations of the observations, and
so by the Central Limit theorem will tend to normality even if the (true)
measurement deviations are not drawn from a normal distribution.

3. The rejection of the null hypothesis (of normality) may be due to an inad-
equate model. Consequently, tests for normality should always be used in
combination with other tests for validating the suitability of the model.

It should be noted that while the theoretical framework for (least-squares) methods
may be built on the assumption that the data (deviations) are normally distributed,
many of the inferences made on the basis of least-squares methods are robust to
that assumption. For example, if the data (deviations) are ‘i.i.d.’ and normally
distributed, then their (sample) mean also follows a normal distribution. However,
if the data is not normally distributed, then in most cases and for large samples
the mean will, by the Central Limit theorem, still follow an approximately normal
distribution.

A further point is that if the mean and variance of the population from which the
sample is drawn are unknown, it usually requires a large number of observations
to detect non-normality. Estimating the mean and variance from the sample of
observations provides a ‘best-fit’ normal distribution for the data that will mask
some of the non-normality, e.g., a large sample variance will negate some of the
effect of kurtosis.

Finally, it is also necessary to consider the source of any ‘non-normality’. The
non-normality of a sample of observations may be due to the presence of a small
number of ‘odd’ (outlier) values rather than a non-normal distribution for the bulk
of the data. It may be sensible to remove these values before testing the bulk of the
data for normality (although tests for outliers will usually assume a distribution for
the data in order to assess what is to be regarded as an extreme value).

Examples of the results of applying a selection of the tests described above in the
context of model validation are given in Sections 5 and 6.

4 Local analysis

In this section a procedure is presented to evaluate the standard uncertainties asso-
ciated with the measurementsyi in cases where such information is not available
or is shown to be invalid, for example by the tests described in Section 3. The
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motivation for the approach is that, whereas the ‘i.i.d.’ assumption may not hold
globallyacross the data set, the assumption may be appliedlocally to obtain a local
estimate of the data accuracy. Polynomials are used to approximate subsets of the
data, in terms of which the local data accuracy is estimated. The local estimates
are subsequently used to formulate a weighted least-squares data approximation
problem for the complete data set in terms of a polynomial spline curve with fixed
knots.

Subsets of the complete set of data are constructed consisting of` (` given) succes-
sive points. Each subsetXk, where

Xk = {(xi, yi) : i = k, . . . , k + `− 1}, k = 1, . . . ,m− ` + 1,

is approximated by an (unweighted) least-squares polynomial fit of low ordern (n
given), and the root-mean-square residual deviationsk associated with the residual
deviationsei,k, i = k, . . . , k + `− 1, of the fit is computed from

s2
k =

∑k+`−1
i=k e2

i,k

`− n

(cf. equation (6)).

Supposêxk defines the midpoint of the interval containing thex-values for thekth
subset of data, viz.,

x̂k =
xk + xk+`−1

2
, k = 1, . . . ,m− ` + 1.

(For the particular case of uniformly-spaced data and` odd,x̂k will correspond to
the middlex-value for thekth data set, viz.,̂xk = xk+(`−1)/2.) Then,sk provides
an estimate of the standard uncertainty associated with a measurement made atx̂k.
Defining

(x̂0, s0) = (x1, s1)

and
(x̂m−`+2, sm−`+2) = (xm, sm−`+1),

the piecewise-linear function joining the points

(x̂k, sk), k = 0, . . . ,m− ` + 2,

provides an estimate of the data accuracy associated with measurements made
anywhere in the interval[x1, xm] containing the data.

To use this procedure it is necessary to choose values for` andn. Clearly,` must
exceedn, for otherwise each subset is interpolated by a polynomial, and nothing
can be learnt about the data accuracy. On the other hand, if` is large compared with
n, the polynomial models may consistently underfit the data giving overestimates
of the uncertainties associated with the measurements. We have found that the
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choice` = 5 andn = 3, i.e., quadratic polynomial fits to subsets of five points,
gives acceptable results in many cases. By repeating the analysis using other values
for ` andn, the estimates obtained by this procedure may be validated: in some
cases the value ofsk may be sensitive to the choice of` andn.

5 Application to simulated data

In this section simulated data is used to illustrate the application of the procedure
described in Section 4 to evaluate the standard uncertainties associated with mea-
surementsyi.

Figure 1 shows an example of some simulated data.8 The function underlying the
data is a cubic (ordern = 4) spline curve withN = 6 knots. The measurement
deviation associated with the measurementyi, i = 1, . . . ,m, is a random sample
from N(0, σ2

i ) with σ2
i varying as a quadratic function ofxi. (Thus, the mea-

surement deviations are mutually independent butnot identically distributed.) The
‘standard uncertainty profile’ for the data, corresponding to the piecewise-linear
function joining the points(xi, σi), i = 1, . . . ,m, is shown in Figure 2.

Figure 3 shows the weighted residual deviationsẽi, i = 1, . . . ,m, associated
with a weighted least-squares spline fit to the data using (correct) weightswi =
1/σi, i = 1, . . . ,m.9 Figure 4 shows the weighted residual deviations as a fre-
quency distribution (histogram) scaled to have an area of unity10 together with the
probability density function forN(0, s̃2) with s̃ the weighted root-mean-square
residual deviation evaluated from

s̃2 =
∑m

i=1 ẽ2
i

m− (n + N)
. (8)

The first row of numerical values in Table 1 contains the value ofs̃2 and the results
of applying three statistical tests, viz.,χ2 goodness-of-fit,11 Kolmogorov-Smirnov
and Shapiro-Wilks’, to test the null hypothesis that the weighted residual deviations
form a sample of observations of a random variable with distributionN(0, s̃2).12

The table contains, for each test, the ‘p–value’ for the observed value of the test

8In this example, there arem = 1001 measurements uniformly spaced betweenxmin = 100 and
xmax = 110.

9Throughout this example, the fitted model is a cubic spline curve with the same (six) knots as
the curve used to simulate the data. Consequently, the model is capable of representing the function
underlying the data (Section 1).

10This scaled frequency distribution provides an approximation to the probability density function
for the distribution of weighted residual deviations.

11With b = 50 bins.
12The expected value for̃s2 is unity. We choose here to test whether the weighted residuals are

samples froma normal distribution, rather than from theparticular normal distributionN(0, 1)
(Section 3).
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statistic for the test, viz., the probability of observing a similar or more extreme
value for the test statistic given the null hypothesis is true. Ap–value that is small
(for example, less than 0.05) implies a significant result and evidence to reject the
null hypothesis. The other rows in this table show the results for other data sets,
simulated on the basis of the same underlying functional and statistical models.
The results of Figures 3 and 4, and Table 1, are obtained on the basis of the ‘correct’
statistical model for the data. It is concluded that the null hypothesis about the
statistical model is accepted, and (usually) with a high level of confidence.13

Figures 5 and 6 show the residual deviationsei, i = 1, . . . ,m, associated with
an unweighted least-squares spline fit to the data of Figure 1. In Figure 6 the
probability density function forN(0, s2) is also shown,14 with s the root-mean-
square residual deviation evaluated from

s2 =
∑m

i=1 e2
i

m− (n + N)
. (9)

Table 2 contains the value ofs2 and the results of testing the null hypothesis that
the residual deviations form a sample of observations of a random variable with
distributionN(0, s2). The results of Figures 5 and 6, and Table 2, are obtained
on the basis of an ‘incorrect’ statistical model for the data. The inhomogeneity
of the residual deviations is clear in Figure 5, and to a lesser extent in Figure 6.
Thep–values given in Table 2 are generally smaller than the corresponding values
given in Table 1.15 On the basis of theχ2 goodness-of-fit test, the null hypothesis
would be rejected for all four data sets.

Figure 7 shows the standard uncertaintiessk, k = 0, . . . ,m−`+2, associated with
the datayi obtained using the local analysis procedure described in Section 4.16

The standard uncertainty profile for the data (Figure 2) is shown as the solid curve.
It is clear that the valuessk describe the correct ‘shape’ of standard uncertainty
profile for the data, but exhibit considerable scatter about that profile. Figure 8
shows estimates of the profile obtained by ‘smoothing’ the standard uncertainty
data(x̂k, sk), k = 0, . . . ,m − ` + 2, using polynomials of degrees 2, 3, 4 and
5. Again, the standard uncertainty profile for the data is shown as the black solid
curve. The reason for replacing the individual estimatessk by ‘smoothed’ values
is that each estimate, being derived from a small number of measurements, might
not be expected to be very reliable. The results show that the ‘smoothed’ values
are not unduly sensitive to the degree of the approximating polynomial.

13The exception is theχ2 goodness-of-fit test applied to data set 2 and (to a lesser extent) data
set 4.

14It is interesting that the scaled frequency distribution shows a ‘sharper peak’ than the probability
distribution function. This appears to be the case for the other results presented in this section and
Section 6.

15The exception is the Shapiro-Wilks’ test applied to data set 1.
16Based on using quadratic polynomial fits to subsets of` = 5 points (Section 4).
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Finally, Figures 9 and 10 show the weighted residual deviations associated with
a weighted least-squares spline fit using estimated weights. The weights are cal-
culated in terms of standard uncertainties obtained by evaluating the degree five
polynomial approximation to the standard uncertainty data shown in Figure 7.
In Figure 10 the probability density function forN(0, s̃2) is also shown. Table
3 contains the value of̃s2 and the results of testing the null hypothesis that the
weighted residual deviations form a sample of observations of a random variable
with distribution N(0, s̃2). The results in Figures 9 and 10, and Table 3, are
obtained on the basis of an ‘estimated’ statistical model for the data. The weighted
residual deviations appear ‘random’ and homogenous (compare with Figure 5).
Thep–values given in Table 3 are generally greater than the corresponding values
given in Table 2 and comparable to those given in Table 1.17 There is evidence
to accept the null hypothesis about the statistical model, and (usually) with a high
level of confidence.18

6 Application to the analysis of thermophysical data

The example considered here concerns the application of thermal analysis tech-
niques, including differential scanning calorimetry (DSC), dynamic mechanical
analysis (DMA) and deflection temperature under load (DTUL), for the assessment
of the processing and performance of polymer composites and adhesives. DSC
[19] is a thermal analysis technique in which the difference between the heat flux
(power) into a test specimen and that into a reference specimen is measured as
a function of temperature (and/or time) while the specimens are subjected to a
controlled temperature programme.

A study of a data set arising from the application of DSC is available [12]. The
aim of the study is to ‘extract features’ from the data, in particular the positions of
peaks and troughs. The features provide information about the characteristic tem-
peratures that correspond to, for example, the crytallization and melting transitions
of the material of which the test specimen is made. Here, we use a part of that data
set to illustrate the application of the procedure described in Section 4 to evaluate
the standard uncertainties associated with the measurements of heat flow. The part
of the data set considered comprisesm = 361 measurements between 200◦C and
300◦C, and is shown in Figure 11. Throughout this section, thex–axis represents
temperature (in◦C) and they–axis heat flow (in mW).

17The exceptions are theχ2 goodness-of-fit test applied to data sets 2 and 3, and the Shapiro-
Wilks’ test applied to data set 1.

18The large range ofp–values observed in Tables 1 and 3 for theχ2 goodness-of-fit test is
somewhat surprising. When applying any of the tests considered to normally distributed data one
would expect, by chance, to classify some as non-normal. Here, theχ2 goodness-of-fit test appears
to be rejecting (although for a small number of cases) a larger than expected proportion. This aspect
requires further investigation.
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s̃2 p–value
χ2 K–S S–W

Data set 1 1.03 0.63 1.00 0.23
Data set 2 0.99 0.05 0.76 0.70
Data set 3 1.00 0.74 1.00 0.91
Data set 4 0.98 0.16 1.00 0.26

Table 1: Results of applyingχ2 goodness-of-fit, Kolmogorov-Smirnov (K–S) and
Shapiro-Wilks’ (S–W) tests of the null hypothesis that the weighted residual deviations
associated with a weighted least-squares spline fit using correct weights form a sample
of observations of a random variable with distributionN(0, s̃2) with s̃ the weighted
root-mean-square residual deviation. Data set 1 corresponds to the simulated data
illustrated in Figures 1–10.

s2 p–value
χ2 K–S S–W

Data set 1 0.009 3 0.00 0.19 0.25
Data set 2 0.009 1 0.00 0.02 0.21
Data set 3 0.009 1 0.00 0.16 0.22
Data set 4 0.008 9 0.00 0.33 0.03

Table 2: Results of applying statistical tests of the null hypothesis that the residual
deviations associated with an unweighted least-squares spline fit form a sample of
observations of a random variable with distributionN(0, s2) with s the root-mean-square
residual deviation.

s̃2 p–value
χ2 K–S S–W

Data set 1 1.34 0.48 1.00 0.15
Data set 2 1.30 0.00 1.00 0.84
Data set 3 1.16 0.06 1.00 0.96
Data set 4 1.25 0.99 0.95 0.19

Table 3: Results of applying statistical tests of the null hypothesis that the weighted
residual deviations associated with a weighted least-squares spline fit using estimated
weights form a sample of observations of a random variable with distributionN(0, s̃2).
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Figure 1: Simulated measurements. The function underlying the data is a cubic (order
n = 4) spline curve withN = 6 interior knots. The measurement deviation associated
with yi is a random sample fromN(0, σ2

i ) with σ2
i varying (quadratically) withxi: see

Figure 2.

Figure 2:Standard uncertainty profile for the simulated measurements of Figure 1. The
profile is shown as the piecewise-linear function joining the points(xi, σi), i = 1, . . . ,m.
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Figure 3:Weighted residual deviations associated with a weighted least-squares spline fit
to the data shown in Figure 1, with weightswi = 1/σi, i = 1, . . . ,m.

Figure 4: Scaled frequency distribution for the weighted residual deviations shown in
Figure 3. The probability density function forN(0, s̃2) is also shown with̃s the weighted
root-mean-square residual deviation.
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Figure 5:Residual deviations associated with an unweighted least-squares spline fit to the
data shown in Figure 1.

Figure 6: Scaled frequency distribution for the residual deviations shown in Figure 5.
The probability density function forN(0, s2) is also shown withs the root-mean-square
residual deviation.
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Figure 7:Standard uncertainties associated with the measurementsyi for the data shown
in Figure 1 obtained using the local analysis procedure described in Section 4. The solid
line shows the standard uncertainty profile for the data.

Figure 8: Estimated standard uncertainty profiles obtained by ‘smoothing’ the standard
uncertainties shown in Figure 7. Smoothing is based on polynomials of degrees 2, 3, 4 and
5. The black solid line shows the (correct) standard uncertainty profile for the simulated
data.
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Figure 9: Weighted residual deviations associated with a weighted least-squares spline
fit to the data shown in Figure 1, with estimated weights. The weights are based on
standard uncertainties obtained by evaluating a degree five polynomial approximation to
the standard uncertainty data shown in Figure 7.

Figure 10:Scaled frequency distribution for the weighted residual deviations shown in
Figure 9. The probability density function forN(0, s̃2) is also shown.
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Figure 11: Part of a data set obtained from the application of the thermal analysis
technique of differential scanning calorimetry.

No (quantitative) information concerning the standard uncertainties associated with
the measurements is provided.19 Figure 12 shows the residual deviationsei, i =
1, . . . ,m, associated with an unweighted least-squares spline fit to the data. Figure
13 shows the residual deviations as a scaled frequency distribution together with the
probability density function forN(0, s2), wheres is the root-mean-square residual
deviation given by (9). The fitted function is chosen to be a cubic (ordern = 4)
spline withN = 80 knots.20 The first row of numerical values in Table 4 contains
the value ofs2 and the results of applying the three statistical tests to test the null
hypothesis that the residual deviations form a sample of obervations of a random
variable with distributionN(0, s2).

It is clear from these results that it is inappropriate to assume that the devia-
tions associated with the measurements are identically distributed. In particular,
it would appear from Figure 12 that the uncertainty associated with measurements
of heat flow made at temperatures less than (approximately) 210◦C and greater

19However, it is assumed that the standard uncertainties associated with measurements
of temperature are small compared with those associated with measurements of heat flow.
Consequently, for the purposes of this study, the measurements of temperature are regarded as exact.

20Although not presented here, a simple validation of this choice of fitting function was
undertaken. The validation involved calculating the root-mean-square residual deviations associated
with unweighted least-squares cubic spline fits to the data with an increasing numberN of knots
from N = 0 to N = 100. In each case the knots are chosen so that there is an approximately equal
number of data points in each knot interval, except that in the first and last knot intervals there are
approximately twice as many [10, 11]. A number of knots is chosen to correspond to the smallest
number for which the root-mean-square residual deviation saturates to an (essentially) constant value.
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than (approximately) 260◦C is smaller than that associated with measurements
made between these temperatures.

s̃2 p–value
χ2 K–S S–W

(a) Unweighted 2.47× 10−7 0.00 0.00 0.00
(b) Weighted, estimated 3.74 0.00 0.03 0.76
(c) Weighted, smoothed 2.86 0.00 0.01 0.17

Table 4:Results of the analysis of the data shown in Figure 11. The residual deviations
associated with least-squares spline fits to the data are tested for normality. The fits are
obtained on the basis of weights that are assigned (a) to be unity (unweighted), (b) on the
basis of a local analysis of the data (weighted, estimated), and (c) by smoothing the results
from a local analysis of the data (weighted, smoothed).

Figure 14 shows the standard uncertaintiessk, k = 0, . . . ,m − ` + 2, associated
with the data obtained using the local analysis procedure described in Section
4.21 The overall trend in the standard uncertainty values shown in this figure is
consistent with the observations inferred (above) from Figures 12 and 13 about
the inhomogeneity of the measurements. However, some additional information is
apparent, viz., that the standard uncertainty associated with measurements of heat
flow would appear generally to increase for temperatures below (approximately)
255◦C and, thereafter, generally to decrease before becoming essentially constant
for temperatures above 265◦C.

Also shown in Figure 14 is a standard uncertainty profile for the data obtained
by ‘smoothing’ the standard uncertainty values obtained from the local analysis.
A function is chosen for the smoothing, viz., a piecewise-linear function,22 to
represent the ‘underlying trends’ apparent in the standard uncertainty data. This
is in contrast to the approach taken for the simulated data considered in Section 5
for which a ‘smooth’ (polynomial) function was chosen to represent the standard
uncertainty profile.

Figures 15 and 16 show the weighted residual deviationsẽi, i = 1, . . . ,m, as-
sociated with a weighted least-squares spline fit using estimated weights. The
weights are calculated in terms of the standard uncertainties obtained using the
local analysis procedurewithout applying any smoothing to the standard uncer-
tainty data. Figures 17 and 18 show the results when the weights are calculated
in terms of standard uncertainties obtained by evaluating the smoothed uncertainty
profile shown in Figure 14. In Figures 16 and 18 the probability density function
for N(0, s̃2) is also shown, wherẽs2 is the weighted root-mean-square residual

21Based on quadratic polynomial fits to subsets of` = 5 points (Section 4).
22In fact, a linear (ordern = 2) spline with knots, chosen by inspection, at 210◦C, 255◦C and

265 ◦C. In Figure 14 the values of the gradient of the first and second straight-line pieces of the
piecewise-linear function are approximately equal and, consequently, appear as a single piece.
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Figure 12:Residual deviations associated with an unweighted least-squares spline fit to
the data shown in Figure 11.

Figure 13:Scaled frequency distribution for the residual deviations shown in Figure 12.
The probability density function forN(0, s2) is also shown, wheres is the root-mean-
square residual deviation.
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Figure 14: Standard uncertainties associated with the measurementsyi for the data
shown in Figure 11 obtained using the local analysis procedure described in Section 4.
A ‘smoothed’ standard uncertainty is also shown, which takes the form a piecewise linear
function composed of four straight-line pieces.

deviation given by (8). The second and third rows of numerical values in Table 4
contain for the two cases (of, respectively, ‘unsmoothed’ and ‘smoothed’ standard
uncertainty profiles) the values of̃s2 and the results of applying statistical tests
to test the null hypothesis that the weighted residual deviations form a sample of
observations of a random variable with distributionN(0, s̃2).

In both cases, much of the inhomogeneity apparent in the residual deviations (of
Figure 12) has been removed. The results of the statistical tests are somewhat in-
conclusive, but nevertheless suggest that the statistical model for the measurements
inferred from the local analysis is an improvement over one based on the assump-
tion of equal weighting of the data. We would expect to have more confidence in
predictions made on the basis of weighted least-squares spline fits to the data using
weights obtained from such an analysis.
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Figure 15:Weighted residual deviations associated with a weighted least-squares spline
fit to the data shown in Figure 11, with estimated weights. The weights are based on
standard uncertainties obtained using the local analysis procedure described in Section 4.
No smoothing is applied to the standard uncertainties provided by that procedure.

Figure 16:Scaled frequency distribution for the weighted residual deviations shown in
Figure 15. The probability density function forN(0, 1) is also shown.
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Figure 17:Weighted residual deviations associated with a weighted least-squares spline
fit to the data shown in Figure 11, with estimated weights. The weights are based on
standard uncertainties obtained by smoothing the standard uncertainties provided by the
local analysis procedure described in Section 4.

Figure 18:Scaled frequency distribution for the weighted residual deviations shown in
Figure 17. The probability density function forN(0, 1) is also shown.
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7 Summary and recommendations

This report has considered least-squares data approximation or regression for mod-
elling experimental data as can arise, for example, in the calibration of a measure-
ment system or instrument. Often, and certainly when there is no information to the
contrary, the regression is undertaken under the assumption that the measurement
deviations (‘errors’) associated with the data are samples of independent and iden-
tically distributed random variables described by a normal distribution. In many
circumstances such as assumption will be valid, and predictions made on the basis
of the fitted model can be regarded as reliable.

Consideration has been given to the application of standard statistical tests, such as
theχ2 goodness-of-fit, Kolmogorov-Smirnov and Shapiro-Wilks’ tests, to validate
assumptions made about the statistical model for the experimental data, viz., about
the distribution for the measurement deviations. Alone, these tests (at least for
the examples considered here) can be misleading and (together) inconclusive. It
is therefore strongly recommended that the tests are not used in isolation, but
in combination with other indicators, particularly plots of the residual deviations
associated with the fitted model.

In cases where there is doubt that the statistical model applies, an approach is
presented to modify the model. The modification is in terms of relaxing the as-
sumption that the measurement deviations are samples of random variables that
are identically distributed. The approach involves applying a local analysis of the
data to evaluate the standard uncertainties associated with the measurements, and
representing the derived uncertainties by a ‘smooth’ standard uncertainty profile.

Applications to simulated and real data have been given. The focus has been on
using empirical models, in particular polynomial spline curves, to represent the
measured data. However, the ideas would apply also for other model functions.
Indeed, the local analysis procedure has been used in the context of modelling
spectral irradiance data for which a hybrid model is used that takes the form of a
product of a Planck function and a polynomial [13].

Particular recommendations are as follows:

• It is difficult to draw conclusions about the application of the statistical tests
considered within the context of this work. Theχ2 goodness-of-fit test
behaved ‘as expected’ for simulated data (although it gave a large range
of p–values) but not for real (thermophysical) data. It is possible that the
apparently good performance of theχ2 goodness-of-fit test at identifying
non-normality when ‘incorrect’ weights are used (Table 2) is a consequence
of the test being sensitive to small deviations from non-normality, and this
makes it a poor test in practical situations (Table 4). On the other hand, the
Kolgomorov-Smirnov and Shapiro-Wilks’ tests appeared to be more ‘dis-
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cerning’ of the statistical model for real data but less so for simulated data.

• Although the data sets analysed here were (reasonably) large (hundreds of
data points), the interpretation of the results from the tests was not straight-
forward. It is likely to be (even) less straightforward for smaller sets.

• Visual aids, including residuals plots, frequency distributions and normal
probability paper, are an important and useful tool for making decisions
about the statistical model, and should always be used.

• To derive a standard uncertainty profile using the local analysis approach
described it is desirable to have a large quantity of data.

• Further work is required regarding the application of statistical tests (of
normality) to the residual deviations associated with a fitted model to ex-
perimental data in the context of validating the statistical model assigned to
the data. In particular, it is recommended that an investigation in terms of (a
large number of) simulated data sets is undertaken.
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